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introduction to First Edition* 

This text represents a first step in communicating the revolution in the actuarial 
profession that is taking place in this age of high-speed computers. During the 
short period of time since the invention of the microchip, actuaries have been freed 
from numerous constraints of primitive computing devices in designing and man- 
aging insurance systems. They are now able to focus more of their attention on 



To provide an educational basis for this focus, the major objectives of this work 
are to integrate life contingencies into a full risk theory framework and to dem- 
onstrate the wide variety of constructs that are then possible to build from basic 
models at the foundation of actuarial science. Actuarial science is ever evolving, 
and the procedures for model building in risk theory are at its forefront. Therefore, 
we examine the nature of models before proceeding with a more detailed discus- 
sion of the text. 

Intellectual and physical models are constructed either to organize observations 
into a comprehensive and coherent theory or to enable us to simulate, in a labo- 
ratory or a computer system, the operation of the corresponding full-scale entity. 
Models are absolutely essential in science, engineering, and the management of 
large organizations. One must, however, always keep in mind the sharp distinction 
between a model and the reality it represents. A satisfactory model captures enough 
of reality to give insights into the successful operation of the system it represents. 

The insurance models developed in this text have proved useful and have deep- 
ened our insights about insurance systems. Nevertheless, we need to always keep 



"Chapter references and nomenclature have been changed to be in accord 
edition. These changes are indicated by italics. 
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before us the idea that real insurance systems operate in an environment that is 
more complex and dynamic than the models studied here. Because models are only 
approximations of reality, the work of model building is never done; approxima- 
tions can be improved and reality may shift. It is a continuing endeavor of any 
scientific discipline to revise and update its basic models. Actuarial science is no 
exception. 

Actuarial science developed at a time when mathematical tools (probability and 
calculus, in particular), the necessary data (especially mortality data in the form of 
life tables), and the socially perceived need (to protect families and businesses from 
the financial consequences of untimely death) coexisted. The models constructed 
at the genesis of actuarial science are still useful. However,, the general environment 
in which actuarial science exists continues to change, and it is necessary to peri- 
odically restate the fundamentals of actuarial science in response to these changes. 

We illustrate this with three examples: 

1. The insurance needs of modern societies are evolving, and, in response, new 
systems of employee benefits and social insurance have developed. New mod- 
els for these systems have been needed and constructed. 

2. Mathematics has also evolved, and some concepts that were not available for 
use in building the original foundations of actuarial science are now part of 
a general mathematics education. If actuarial science is to remain in the main- 
stream of the applied sciences, it is necessary to recast basic models in the 
language of contemporary mathematics. 

3. Finally, as previously stated, the development of high-speed computing equip- 
ment has greatly increased the ability to manipulate complex models. This has 
far-reaching consequences for the degree of completeness that can be incor- 
porated into actuarial models. 

This work features models that are fundamental to the current practice of actu- 
arial science. They are explored with tools acquired in the study of mathematics, 
in particular, undergraduate level calculus and probability. The proposition guid- 
ing Chapters 1-14 is that there is a set of basic models at the heart of actuarial 
science that should be studied by all students aspiring to practice within any of 
the various actuarial specialities. These models are constructed using only a limited 
number of ideas. We will find many relationships among those models that lead 
to a unity in the foundations of actuarial science. These basic models are followed, 
in Chapters 15-21, by some more elaborate models particularly appropriate to life 
insurance and pensions. 

While this book is intended to be comprehensive, it is not meant to be exhaustive. 
In order to avoid any misunderstanding, we will indicate the limitations of the text: 

• Mathematical ideas that could unify and, in some cases, simplify the ideas 
presented, but which are not included in typical undergraduate courses, are 
not used. For example, moment generating functions, but not characteristic 
functions, are used in developments regarding probability distributions. 
Stieltjes integrals, which could be used in some cases to unify the presentation 
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of discrete and continuous cases, are not used because of this basic decision on 
mathematical prerequisites. 

• The chapters devoted to life insurance stress the randomness of the time at 
which a claim payment must be made. In the same chapters, the interest rates 
used to convert future payments to a present value are considered deterministic 
and are usually taken as constants. In view of the high volatility possible in 
interest rates, it is natural to ask why probability models for interest rates were 
not incorporated. Our answer is that the mathematics of life contingencies on 
a probabilistic foundation (except for interest) does not involve ideas beyond 
those covered in an undergraduate program. On the other hand, the modeling 
of interest rates requires ideas from economics and statistics that are not in- 
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problems in building models to combine random interest and random time of 
claim that are in the process of being solved. 

• Methods for estimating the parameters of basic actuarial models from obser- 
vations are not covered. For example, the construction of life tables is not 
discussed. 

• This is not a text on computing. The issues involved in optimizing the orga- 
nization of input data and computation in actuarial models are not discussed. 
This is a rapidly changing area, seemingly best left for readers to resolve as 
they choose in light of their own resources. 
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ance regulation are not discussed. This is true in sections treating topics such 
as premiums actually charged for life insurance policies, costs reported for pen- 
sions, restrictions on benefit provisions, and financial reporting as required by 
regulators. 

• Ideas that lead to interesting puzzles, but which do not appear in basic actuarial 
models, are avoided. Average age at death problems for a stationary population 
do not appear for this reason. 

This text has a number of features that distinguish it from previous fine textbooks 
on life contingencies. A number of these features represent decisions by the authors 
on material to be included and will be discussed under headings suggestive of the 
topics involved. 



Probability Approach 

As indicated earlier, the sharpest break between the approach taken here and 
that taken in earlier English language textbooks on actuarial mathematics is the 
much fuller use of a probabilistic approach in the treatment of the mathematics of 
life contingencies. Actuaries have usually written and spoken of applying proba- 
bilities in their models, but their results could be, and often were, obtained by a 
deterministic rate approach. In this work, the treatment of life contingencies is 
based on the assumption that time-until-death is a continuous-type random vari- 
able. This admits a rich field of random variable concepts such as distribution 
function, probability density function, expected value, variance, and moment 
generating function. This approach is timely, based on the availability of high-speed 
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computers, and is called for, based on the observation that the economic role of 
life insurance and pensions can be best seen when the random value of time-until- 
death is stressed. Also, these probability ideas are now part of general education 
in mathematics, and a fuller realization thereof relates life contingencies to other 
fields of aDDlied probability, for example, reliabilitv theorv in eneineerine. 

Additionally, the deterministic rate approach is described for completeness and 
is a tool in some developments. However, the results obtained from using a deter- 
ministic model usually can be obtained as expected values in a probabilistic model. 



Integration with Risk Theory 

Risk theory is defined as the study of deviations of financial results from those 
expected and methods of avoiding inconvenient consequences from such devia- 
tions. The probabilistic approach to life contingencies makes it easy to incorporate 
long-term contracts into risk theory models and, in fact, makes life contingencies 
only a part, but a very important one, of risk theory. Ruin theory, another important 
part of risk theory, is included as it provides insight into one source, the insurance 
claims, of adverse long-term financial deviations. This source is the most unique 
aspect of models for insurance enterprises. 



Utility Theory 

This text contains topics on the economics of insurance. The goal is to provide a 
motivation, based on a normative theory of individual behavior in the face of un- 
certainty, for the study of insurance models. Although the models used are highly 
simplified, they lead to insights into the economic role of insurance, and to an 
appreciation of some of the issues that arise in making insurance decisions. 



Consistent Assumptions 

The assumption of a uniform distribution of deaths in each year of age is con- 
sistently used to evaluate actuarial functions at nonintegral ages. This eliminates 
some of the anomalies that have been observed when inconsistent assumptions are 
applied in situations involving high interest rates. 

Newton L. Bowers 
Hans U. Gerber 
James C. Hickman 
Donald A. Jones 
Cecil J. Nesbitt 
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of Actuarial Mathematics, actuarial science has absorbed additional ideas from 
economics and the mathematical sciences. At the same time, computing and 
communications have become cheaper and faster, and this has helped to make 
feasible more complex actuarial models. During this period the financial risks that 
modern societies seek to manage have also altered as a result of the globalization 
of business, technological advances, and political shifts that have changed public 
policies. 

It would be impossible to capture the full effect of all these changes in the re- 
vision of a basic textbook. Our objective is more modest, but we hope that it is 
realistic. This edition is a step in an ongoing process of adaptation designed to keep 
the fundamentals of actuarial science current with changing realities. 

In the second edition, changes in notation and nomenclature appear in almost 
every section. There are also basic changes from the first edition that should be 
listed. 

1. Commutation functions, a classic tool in actuarial calculations, are not used. 
This is in response to the declining advantages of these functions in an age 
when interest rates are often viewed as random variables, or as varying deter- 
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pend on variables other than attained age. Starting in Chapter 3, exercises that 
illustrate actuarial calculations using recursion formulas that can be imple- 
mented with current software are introduced. It is logically necessary that the 
challenge of implementing tomorrow's software is left to the reader. 

2. Utility theory is no longer confined to the first chapter. Examples are given that 
illustrate how utility theory can be employed to construct consistent models 
for premiums and reserves that differ from the conventional model that im- 
plicitly depends on linear utility of wealth. 

3. In the first edition readers were seldom asked to consider more than the first 
and second moments of loss random variables. In this edition, following the 
intellectual path used earlier in physics and statistics, the distribution functions 
and probability density functions of loss variables are illustrated. 

4. The basic material on reserves is now presented in two chapters. This facilitates 
a more complete development of the theory of reserves for general life insur- 
ances with varying premiums and benefits. 

5. In recent years considerable actuarial research has been done on joint distri- 
butions for several future lifetime random variables where mutual indepen- 
dence is not assumed. This work influences the chapters on multiple life ac- 
tuarial functions and multiple decrement theory. 

6. There are potentially serious estimation and interpretation problems in multiple 
decrement theory when the random times until decrement for competing 
causes of decrement are not independent. Those problems are illustrated in the 
second edition. 
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7. The applications of multiple decrement theory have been consolidated. No at- 
tempt is made to illustrate in this basic textbook the variations in benefit for- 
mulas driven by rapid changes in pension practice and regulation. 

8. The confluence of new research and computing capabilities has increased the 
use of recursive formulas in^ calculating the distribution of total losses derived 
from risk theory models. This development has influenced Chapter 12. 

9. The material on pricing life insurance with death and withdrawal benefits and 
accounting for life insurance operations has been reorganized. Business and 
regulatory considerations have been concentrated in one chapter, and the foun- 
dations of accounting and provisions for expenses in an earlier chapter. The 
discussion of regulation has been limited to general issues and options for 
addressing these issues. No attempt has been made to present a definitive in- 
terpretation of regulation for any nation, province, or state. 

10. The models for some insurance products that are no longer important in the 
market have been deleted. Models for new products, such as accelerated ben- 
efits for terminal illness or long-term care, are introduced. 

11. The final chapter contains a brief introduction to simple models in which in- 
terest rates are random variables. In addition, ideas for managing interest rate 
risk are discussed. It is hoped that this chapter will provide a bridge to recent 
developments within the intersection of actuarial mathematics and financial 
economics. 

As the project of writing this second edition ends, it is clear that a significant 
new development is under way. This new endeavor is centered on the creation of 
general models for managing the risks to individuals and organizations created by 
uncertain future cash flows when the uncertainty derives from any source. This 
blending of the actuarial / statistical approach to building models for financial se- 
curity systems with the approach taken in financial economics is a worthy assign- 
ment for the next cohort of actuarial students. 

Newton L. Bowers 
James C. Hickman 
Donald A. Jones 



Guide to Study 

The reader can consider this text as covering the two branches of risk theory. 
Individual risk theory views each policy as a unit and allows construction of a 
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in the group. Collective risk theory uses a probabilistic model for total claims that 
avoids the step of adding the results for individual policies. This distinction is 
sometimes difficult to maintain in practice. The chapters, however, can be classified 
as illustrated below. 
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Individual Risk Theory 



Collective Risk Theory 



I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 19, 20 

II, 15, 16, 17, 18, 21 

It is also possible to divide insurance models into those appropriate for short- 
term insurance, where investment income is not a significant factor, and long-term 
insurance, where investment income is important. The following classification 
scheme provides this division of chapters along with an additional division of long- 
term models between those for life insurance and those for pensions. 



Long-Term Insurances 
Short-Term Insurances Life Insurance Pensions 

1, 2, 12, 13, 14 3, 4, 5, 6, 7, 8, 9, 10, 9, 10, 11, 

11, 15, 16, 17, 18, 21 19, 20, 21 



The selection of topics and their organization do not follow a traditional pattern. 

a „ ^-l^i-^a ~-,^r;^, fUa noi»7 nma ni 7a Han arnQp frnm thp emal to first cover ma- 

terial considered basic for all actuarial students (Chapters 1-14) and then to include 
a more in-depth treatment of selected topics for students specializing in life insur- 
ance and pensions (Chapters 15-21). 

The discussion in Chapter 1 is devoted to two ideas: that random events can 
disrupt the plans of decision makers and that insurance systems are designed to 
reduce the adverse financial effects of these events. To illustrate the latter, single 
insurance policies are discussed and convenient, if not necessarily realistic, distri- 
butions of the loss random variable are used. In subsequent chapters, more detailed 
models are constructed for use with insurance systems. 

In Chapter 2, the individual risk model is developed, first in regard to single 
policies, then in regard to a portfolio of policies. In this model, a random variable, 
S, the total claims in a single period, is the sum of a fixed number of independent 
random variables, each of which is associated with a single policy. Each component 
of the sum S can take either the value 0 or a random claim amount in the course 
of a single period. 

From the viewpoint of risk theory, the ideas developed in Chapters 3 through 
1 1 ran Vip cppn aQ pv tPndinP- the ideas of Chapter 2. Instead of considering the 
potential claims in a short period from an individual policy, we consider loss var- 
iables that take into account the financial results of several periods. Since such 
random variables are no longer restricted to a short time period, they reflect the 
time value of money. For groups of individuals, we can then proceed, as in 
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Chapter 2, to use an approximation, such as the normal approximation, to make 
probability statements about the sum of the random variables that are associated 
with the individual members. 

Tn f^Kantpr "3 timp-nf-rlpatV\ iq frrpafprl aQ a rnnHm ini ic mr\Arim -uariahlp c*r\A 

after defining the probability density function, several features of the probability 
distribution are introduced and explored. In Chapters 4 and 5, life insurances and 
annuities are introduced, and the present values of the benefits are expressed as 
functions of the time-of-death. Several characteristics of the distributions of the 
present value of future benefits are examined. In Chapter 6, the equivalence prin- 
ciple is introduced and used to define and evaluate periodic benefit premiums. In 
Chapters 7 and 8, the prospective future loss on a contract already in force is 
investigated. The distribution of future loss is examined, and the benefit reserve is 
defined as the expected value of this loss. In Chapter 9, annuity and insurance 
contracts involving two lives are studied. (Discussion of more advanced multiple 
life theory is deferred until Chapter 18.) The discussion in Chapters 10 and 11 
investigates a more realistic model in which several causes of decrement are pos- 
sible. In Chapter 10, basic theory is examined, whereas in Chapter 11 the theory is 
applied to calculating actuarial present values for a variety of insurance and pen- 
sion benefits. 

In Chapter 12, the collective risk model is developed with respect to single-period 
considerations of a portfolio of policies. The distribution of total claims for the 
period is developed by postulating the characteristics of the portfolio in the aggre- 
gate rather than as a sum of individual policies. In Chapter 13, these ideas are 
extended to a continuous-time model that can be used to study solvency require- 
ments over a long time period. Applications of risk theory to insurance models are 
given an overview in Chapter 14. 

Elaboration of the individual model to incorporate operational constraints such 
as acquisition and administrative expenses, accounting requirements, and the ef- 
fects of contract terminations is treated in Chapters 15 and 16. In Chapter 17, in- 
dividual risk theory models are used to obtain actuarial present values, benefit and 
contract premiums, and benefit reserves for selected special plans including life 
annuities with certain periods that depend on the contract premium, variable and 
flexible products, and accelerated benefits. In Chapter 18, the elementary models 
for plans involving two lives are extended to incorporate contingencies based on a 
larger number of lives and more complicated benefits. 

In Chapter 19, concepts of population theory are introduced. These concepts are 
then applied to tracing the progress of life insurance benefits provided on a group, 

,1 tU^ t.„^i^ c~ ~ — — , l ~. n ^— . t-U,-,^,.,, .i:,-,.-J j.^ t-U,-, 

\->i uiauui i, ucidio. i lie iuuid liuui y\j^jixia\.i\jn uicuiy cue a^^ncu iu nav-uig luc 

progress of retirement income benefits provided on a group basis in Chapter 20. 

Chapter 21 is a step into the future. Interest rates are assumed to be random 
variables. Several stochastic models are introduced and then integrated into models 
for basic insurance and annuity contracts. 
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The following diagram illustrates the prerequisite structure of the chapters. The 
arrows indicate the direction of the flow. For any chapter, the chapters that are 
upstream are prerequisite. For example, Chapter 6 has as prerequisites Chapters 1, 
2, 3, 4, and 5. |- 
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We have a couple of hints for the reader, particularly for one for whom the 
material is new. The exercises are an important part of the text and include material 
not covered in the main discussion. In some cases, hints will be offered to aid in 
the solution. Answers to all exercises are provided except where the answer is given 
in the formulation of the problem. Writing computer programs and using electronic 
spreadsheets or mathematical software for the evaluation of basic formulas are 
excellent ways of enhancing the level of understanding of the material. The student 
is encouraged to use these tools to work through the computing exercises. 

We conclude these introductory comments with some miscellaneous information 

f f-Uio fovf Fi«-cf oacli rViar\l-or mnrlnHpc wif-h a rp>fe>re>r\rp> •ze>rt\nr\ tViat 

provides guidance to those who wish to pursue further study of the topics covered 
in the chapter. These sections also contain comments that relate the ideas used in 
insurance models to those used in other areas. 



Second, Chapters 1, 12, 13, 14, and 18 contain some theorems with their proofs 
included as chapter appendices. These proofs are included for completeness, but 
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are not essential to an understanding of the material. They may be excluded from 
study at the reader's discretion. Exercises associated with these appendices should 

Third, general appendices appear at the end of the text. Included here are nu- 
merical tables for computations for examples and exercises, an index to notation, 
a discussion of general rules for writing actuarial symbols, reference citations, 
answers to exercises, a subject index, and supplemental mathematical formulas that 
are not assumed to be a part of the mathematical prerequisites. 

Fourth, we observe two notational conventions. A referenced random variable, 
X, for example, is designated with a capital letter. This notational convention is not 
used in older texts on probability theory. It will be our practice, in order to indicate 
the correspondence, to use the appropriate random variable symbol as a subscript 
on functions and operators that depend on the random variable. We will use the 
general abbreviation log to refer to natural (base e) logarithms, because a distinction 
between natural and common logarithms is unnecessary in the examples and ex- 
ercises. We assume the natural logarithm in our computations. 

Fifth, currencies such as dollar, pound, lira, or yen are not specified in the 
examples and exercises due to the international character of the required 
computations. 

Finally, since we have discussed prerequisites to this work, some major theorems 
from undergraduate calculus and probability theory will be used without review 
or restatement in the discussions and exercises. 
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THE ECONOMICS OF INSURANCE 



1.1 Introduction 

Each of us makes plans and has expectations about the path his or her life will 
follow. However, experience teaches that plans will not unfold with certainty and 
sometimes expectations will not be realized. Occasionally plans are frustrated be- 
cause they are built on unrealistic assumptions. In other situations, fortuitous cir- 
cumstances interfere. Insurance is designed to protect against serious financiaLre- 

VCL3CU3 lildl 1C3UU 11VJ11L IdllUUilL tVUHJ iiuiuu.m^ v/n u i%- ]^ 1Ltl 1 < J ^' 1 '"v 1 " *^ 

We should understand certain basic limitations on insurance protection. First, jt . 
is restricted to reducing those consequences of random events that can be measured 
in monetary terms. Other types of losses may be important, but not amenable to 
reduction through insurance. 

For example, pain and suffering may be caused by a random event. However, 
insurance coverages designed to compensate for pain and suffering often have been 
troubled by the difficulty of measuring the loss in monetary units. On the other 
hand, economic losses can be caused by events such as property set on fire by its 
owner. Whereas the monetary terms of such losses may be easy to define, the events 
are not insurable because of the„nonrandom nature of creating the losses. 

A second basic limitation is that insurance does not directly reduce the proba- 
bility of loss. The existence of windstorm insurance will not alter the probability 
of a destructive storm. However, a well-designed insurance system often provides 
financial incentives for loss prevention activities. An insurance product that en- 
couraged the destruction of property or the withdrawal of a productive person 
from the labor force would affect the probability of these economically adverse 
events. Such insurance would not be in the public interest. 

Several examples of situations where random events may cause financial losses 
are the following: 

• The destruction of property by fire or storm is usually considered a random 
event in which the loss can be measured in monetary terms. 
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• A damage award imposed by a court as a result of a negligent act is often 
considered a random event with resulting monetary loss. 

• Prolonged illness may strike at an unexpected time and result in financial 
losses. These losses will be due to extra health care expenses and reduced 
earned income. 

• The death of a young adult may occur while long-term commitments to family 
or business remain unfulfilled. Or, if the individual survives to an advanced 
age, resources for meeting the costs of living may be depleted. 

These examples are designed to illustrate the definition: 

An insurance system is a mechanism for reducing the adverse financial impact 
of random events that prevent the fulfillment of reasonable expectations. 

It is helpful to make certain distinctions between insurance and related systems. 
Banking institutions were developed for the purpose of receiving, investing, and 
dispensing the savings of individuals and corporations. The cash flows in and out 
of a savings institution do not follow deterministic paths. However, unlike insur- 
ance systems, savings institutions do not make payments based on the size of a 
financial loss occurring from an event outside the control of the person suffering 
the loss. 

Another system that does make payments based on the occurrence of random 
events is gambling. Gambling or wagering, however, stands in contrast to an in- 
surance system in that an insurance system is designed to protect against the ec- 
onomic impact of risks that exist independently of, and are largely beyond the 
control of, the insured. The typical gambling arrangement is established by defining 
payoff rules about the occurrence of a contrived event, and the risk is voluntarily 
sought by the participants. Like insurance, a gambling arrangement typically re- 
distributes wealth, but it is there that the similarity ends. 

Our definition of an insurance system is purposefully broad. It encompasses sys- 
tems that cover losses in both property and human-life values. It is intended to 
cover insurance systems based on individual decisions to participate as well as 
systems where participation is a condition of employment or residence. These ideas 
are discussed in Section 1.4. 

The economic justification for an insurance system isjhat it contributes to general 
welfare by improving the prospect that plans will not be frustrated by random 
events. Such systems may also increase total production by encouraging individuals 
and corporations to embark on ventures where the possibility of large losses would 
inhibit such projects in the absence of insurance. The development of marine in- 

JUlHllV.t, l W l ItWUtllt^ lilt UllClllt-lCll HH^CH-l \JL Li IC J^tl 11^ UI LI It OCCi, ID an LJ^IC W 1 

this point. Foreign trade permitted specialization and more efficient production, yet 
mutually advantageous trading activity might be too hazardous for some potential 
trading partners without an insurance system to cover possible losses at sea. 
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Section 1.1 Introduction 



1.2 Utility Theory 



Tf r-\£ir\r\]n rr\i 1 1 A fnrata] I fko rnncprinpnrpc fViPir rlpricirvnc fViPir Iivpc wnillH hp 

simpler but less interesting. We would all make decisions on the basis of prefer- 
ences for certain consequences. However, we do not possess perfect to re,sight_At_ 
best, we can select an action that will lead to one set of uncertainties rather than 
another. An_elaborate theory ha,s been developed that provides . insights Jnto^deci- 
sip n m aking inj:he face of uncertainty., Tjiis.JbQdy £>f knowledge is called utility 
theory.. Because oMts relevance to insurance systems,Jts main points will be out- 
lined here. 

One solution to the problem of decision making in the face of uncertainty is to 
define the value of an economic project, with a random outcome to be its expected 
value. By this expected vjz/«e_prcndj^ 

be replaced for decision purposes by -a single number, the expected value of the 
random monetary outcomes. By this p rinripje, a decisio n _maker_ w pjuld J3&. indif- 
fereniJjetw^ejijLsju^^ E[X1 in order t o 

be relieved of the possible \qsSu Similarly, a decision maker would be willing to pay 
up to E[Y] to participate in a gamble with random payoff Y. In economics fEKel 
[expected value of random prospects with monetary payment! is frequently called 
the fair or actuarial value of the prospect. 

Many decision makers do not adopt the expected value principle. For them, their 
wealth level and other aspects of the distribution of outcomes influence their 
decisions. 

Below is an illustration designed to show the inadequacy of the expected value 
principle for a decision maker considering the value of accident insurance. In all 
cases, it is assumed that the probability of an accident is 0.01 and the probability 
of no accident is 0.99. Three cases are considered according to the amount of loss 
arising from an accident; the expected loss is tabulated for each. 



Case 


Possible Losses 


Expected Loss 


1 


0 1 


0.01 


2 


0 1 000 


10.00 


3 


0 1 000 000 


10 000.00 



A loss of 1 might be of little concern to the decision maker who then might be 
unwilling to pay more than the expected loss to obtain insurance. However, the 
loss of 1,000,000, which may exceed his net worth, could be catastrophic. In this 
case, the decision maker might well be willing to pay more than the expected loss 
of 10,000 in order to obtain insurance. The fact that the amount/A decision make£ 
would, pay for protection against a random loss/may differ from the expected value '■ 
suggests that the expected value principle is inadequate to model behavior. ' 
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We now study another approach to explain why a decision maker may be willing 
to jjay more than the expected value. At first we simply assume tha^^^u^r 
utility ;that a particular decision maker attaches to wealth of amount^measured 
m monetary "units, can be specified in the form of a function u(w), called a utility 

jl ia7„ j„™ — „i-^t- a nm^i.rc Viv wbirh *a fpw values of such a function 

can be determined. For this we assume that our decision maker has wealth equal 
to 20,000. A linear transformation, 

u*(w) = a u(w) + b a > 0, 

7?/, _ 

yields & function )<*(;<'), Which is essentially equivalentto' "u(zuk It then follows by 
choice of a "and b that we can determine arbitrarily the 0 point and one additional 
point of an individual's utility function. Therefore, we fix u{0) 
= 0. These values are plotted on the solid line in Figure 1.2.1. 



,,cn\ = —1 uton nnn\ 



Determination of a Utility Function 

u(w) 




wealth in 
thousands 



We now ask a question of our decision maker: Suppose you face a loss of 20,000 
with probability 0.5, and will remain at your current level of wealth with proba- 
bility l Q.5. What is the maximum amount* G you would be willing to pay for 



♦Premium quantities, by convention in insurance literature, are capitalized although they 
are not random variables. 



4 



Section 1.2 Utility Theory 



complete insurance protection against this random loss? We can express this ques- 
tion in the following way: For what value of G does 

h(20,000 - G) = 0.5 m(20,000) + 0.5 w(0) 

= (0.5)(0) + (0.5)(-l) = -0.5? 

If he pays amount G, his wealth will certainly remain at 20,000 - G. The equal 
sign indicates that the decision maker is indifferent between paying G with cer- 
tainty and accepting the expected utility of wealth expressed on the right-hand 
side. 

Suppose the decision maker's answer is G = 12,000. Therefore, 

w(20,000 - 12,000) = u(8,000) = -0.5. 

This result is plotted on the dashed line in Figure 1.2.1. Perhaps the most important 
aspect of the decision maker's response is that he is willing to pay an amount for 
insurance that is greater than 

(0.5)(0) + (0.5)(20,000) = 10,000, 

the expected value of the loss. 

This procedure can be used to add as many points [w, u(w)], for 0 < w < 20,000, 

noaAoA fn nVifain a caticfarfnrw annrnvimafinn fn flip HpricHnn maker's lltilitv of 
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wealth function. Once a utility value has been assigned to wealth levels w x and w 2 , 
where 0 < w 1 < w 2 < 20,000, we can determine an additional point by asking the 
decision maker the following question: What is the maximum amount you would 
pay for complete insurance against a situation that could leave you with wealth w 2 
with specified probability p, or at reduced wealth level w l with probability 1 — p? 
We are asking the decision maker to fix a value G such that 

u(w 2 - G) = (1 - p)u{w^) + p u(w 2 ). (1-2.1) 

Once the value w 2 - G = w 3 is available, the point [u> 3 , (1 - p)w(w 1 ) + p u(w 2 )] is 
determined as another point of the utility function. Such a process has been used 
to assign a fourth point (12,500, -0.25) in Figure 1.2.1. Such solicitation of prefer- 
ences leads to a set of points on the decision maker's utility function. A smooth 
function with a second derivative may be fitted to these points to provide for a 
utility function everywhere. 

After a decision maker has determined his utility of wealth function by the 
method outlined, die function can be used to compare two random economic pros- 
pects. The prospects are denoted by the random variables X and Y. JWe seek a 
decision rule that is consistent with the preferences already elicited in the deter- 
mination _pf the utility of wealth function. Thus, if the decision maker has wealth 
w, and must compare the random prospects X and Y, the decision maker selects X 
if 

E[u(iv + X)] > E[u{w + Y)] r 
and the decision maker is indifferent between X and Y if 
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E[«(w + X)] = E[u(u> + Y)]. 

Although the method of eliciting and using a utility function may seem plausible, 

... , .1... : _£ .1 ^roinnmpnt must be augmented bv a more rigorous 

it is Clear tnai uui uuuniLai u.,_v_*~ r ^ ^ - - 

chain of reasoning if utility theory is to provide a coherent and comprehensive 
framework for decision making in tne race or unceruumy. n w C w ~.v.~~~.- 
the economic role of insurance, such a framework is needed. An outline of this 
more rigorous theory follows. 

The theory starts with the assumption that a rational decision maker, when faced 
with two distributions of outcomes affecting wealth, is able to express a preference 
fnr one of the distributions or indifference between them. Furthermore, the pref- 
erences must satisfy \certain consistency requirements} The theory culminates m a 
theorem stating that if preferences satisfy the consistency requirements, therms a 
utility function- u( W >uch that if the distribution of X is preferred to the distrjbution 
of Y E[w(X)] > E[u(Y)}, and if the decision maker is indifferent betweenjhe .two 
distributions, E[u(X)] = E[u(Y)]. That is, the qualitative preference or indifference 
relation may be replaced by a consistent numerical comparison. In Section 1.6, 
references are given for the detailed development of this theory. 

Before turning to applications of utility theory for insights into insurance, we 
record some observations about utility. 

Observations: 

1 Utility theory is built on the assumed existence and consistency of preferences 
' for probability distributions of outcomes. A utility function should reveal no 

surprises. It is a numerical description of existing preferences. 
2. A utility function need not, in fact, cannot, be determined uniquely. For example, 

if 

then 
is equivalent to 

E[u*(X)] > E[«*(Y)]. 

That is, preferences are preserved when the utility function is an increasing linear 
transformation of the original form. This fact was used in the Figure 1.2.1 illus- 
tration where two points were chosen arbitrarily. 
3. Suppose the utility function is linear with a positive slope; that is, 

u{w) = aw + b a > 0. 
Then, if E[X] = \l x and E[Y] = M-y, we have 

E[h(X)] = a^ x + b > E[w(Y)] = a^ Y + b 
if and only if ^ > m-v That is, for increasing linear utility functions, preference 



u*(w) = a u(w) + b a > 0, 
E[m(X)] > E[u(Y)] 



for distributions of outcomes are in the same order as the expected values of the 
distributions being compared. Therefore, the expected value principle for ra- 
tional economic behavior in the face of uncertainty is consistent with the ex- 
pected utility rule when the utility function is an increasing linear one. 



1.3 Insurance and Utility 

In Section 1.2 we outlined utility theory for the purpose of gaining insights into 
the economic role of insurance. To examine this role we start with an illustration. 
Suppose a decision maker owns a property that may be damaged or destroyed in 
the next accounting period. The amount of the loss, which may be 0, is a random 
variable denoted by X. We assume that the distribution of X is known. Then E[X], 
the expected loss in the next period, may be interpreted as the long-term average 
loss if the experiment of exposing the property to damage may be observed under 
identical conditions a great many times. It is clear that this long-term set of trials 
could not be performed by an individual decision maker. 

Suppose that an insurance organization (insurer) was established to help reduce 
the financial consequences of the damage or destruction of property. The insurer 
would issue contracts (policies) that would promise to pay the owner of a property 
a defined amount equal to or less than the financial loss if the property were dam- 
aged or destroyed during the period of the policy. The contingent payment linked 

to the amount of thp loss is rallpd a rlnim navtnpnt Tn rpfnrn fnr (4-ip nrnmicp 

*" — - - r~j 

contained in the policy, the owner of the property (insured) pays a consideration 
(premium). 

The amount of the premium payment is determined after an economic decision 
principle has been adopted by each of the insurer and insured. An opportunity 
exists for a mutually advantageous insurance policy when the premium for the 
policy set by the insurer is less than the maximum amount that the property owner 
is willing to pay for insurance. 

Within the range of financial outcomes for an individual insurance policy, the 
insurer's utility function might be approximated by a straight line. In this case, the 
insurer would adopt the expected value principle in setting its premium, as indi- 
cated in Section 1.2, Observation 3; that is, the insurer would set its basic price for 
full insurance coverage as the expected loss, E[X] = fx. In this context jjl is called 
the pure or net premium for the 1-period insurance policy. To provide for expenses, 
taxes, and profit and for some security against adverse loss experience, the insur- 
ance system would decide to set the premium for the policy by loading, adding 
to, the pure premium. For instance, the loaded premium, denoted by H, might be 
given by 

H = (1 + rt)|x + c a > 0, c > 0. 

In this expression the quantity a\L can be viewed as being associated with expenses 
that vary with expected losses and with the risk that claims experience will deviate 
from expected. The constant c provides for expected expenses that do not vary with 
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- we wD. iHustrate other economic principles for defining premiums 

that might be adopted by the msurer. 

,. A. t„ the decision problems faced by the owner of t..e 
We now apply utility theory to the decisio p funct)on u(TO) 

property subject to loss. The ' P™P«* ™ n rms Th owner faces a possible loss 
Uere wealth w is measured in ^"^^ The distribution of the ran- 
due to random events that may <W L in (1 2.1), the owner will be indif- 
dom loss X is assumed to be known. Much /^ n J^ ^ wi| , assume the ra ndom 
ferent between paying an amount b to fce s(ated as 

financial loss, and assuming me ns, . ^ 
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h > 0 the owner will be adopting the expected value p 
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• linear utility function, the premium pay- 
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certain consistency requirements to ensure ^ ^ spedflcatl0ns 

a .n*7^ m . other decision maker's preferences. 
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smoother functions, the two properties suggested by observation are u'(w) > 0 and 
u"(w) < 0. The second inequality indicates that u(w) is a strictly concave downward 



runctiuu. 
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In discussing insurance decisions using sin«_uy Lu»,av C w ~- ---- 

tions, we will make use of one form of Jensen's inequalities. These inequalities state 
that for a random variable X and function u{w), 

if u"(w) < 0, then E[u(X)] < u(E[X]), (!- 3 - 2 ) 
if u"(w) > 0, then E[u(X)] > u(E[X]). (I- 3 - 3 ) 
t„„._'. ;-_„„_ii + „c rpnuirP the existence of the two expected values. Proofs of the 
inequalities^ required by Exercise 1.3. A second proof of (1.3.2) is almost im- 
mediate from consideration of Figure 1.3.1 as follows. 



Proof of Jensen's Inequalities 
for the Case u'(w) > 0 
and u"{w) < 0 



u(/i) 




u{p) + u'm){w-V) 
u(w) 



_____ »- w 



If E[X] = (jl exists, one considers the line tangent to u(w), 

y = k(|x) + u'(ix){w - p.), 
at the point (p., ufa)). Because of the strictly concave characteristic of u(w), the graph 
of u{w) will be below the tangent line; that is, 

u{w) < + u'{\l)(w - m.) ( L3 - 4 ) 
for all values of w. If w is replaced by the random variable X, and the expectation 
is taken on each side of the inequality (1.3.4), we have E[m(X)] - u(n-)- 

This basic inequality has several applications in actuarial mathematics. Let us 
apply Jensen's inequality (1.3.2) to the decision maker's insurance problem as for- 
mulated in (1.3.1). We will assume that the decision maker's preferences are such 
that u'(w) > 0 and u» < 0. Applying Jensen's inequality to (1.3.1), we have 

u(w -G) = E[u(u> - X)] < u(w - jt). C 1 - 3 - 5 ) 



Chapter 1 The Economics of Insurance 



Because > 0, „<„> is an leasing hmctio. Therefor, 

„ - G * „ - * or G ^ 7^ an > /;";r b r0,';h; dedsio'n "maker will pay an 
u,,«, fmmrf that if u'(w) > 0 and u [W) v, 

wc nw^- 1 - £ i-cranrp It" (j IS at least euuai 

insurance policy. 

FormaHy we say a decision maker with utility function U « is risk averse if. and 
only if, «"(">) < 0. 

We now employ a general utility function for We let , « denote the 

ut „ Ity of wealth function o the msu rer an d, , * - emium h 

insurer measured ,n ™" * of the insurer , may be determined 

for assuming random loss X, from tne viewpum u 

from (1.3.6): n mi 

«,(«>,) = E I"'<»' + H " X)1 ' 

^ ngh * nd „lt w , I other word's, the insurer is indifferent between the 

ana paying . f y nremium H. If the insurer s uuiny 

current position and providing — ce for X a, prem u (1 . 3 . 2) 

function is such that u\(W) ^ u, — > 

along with (1.3.6) to obtain 

u M ) = E[«M + H - X)] ^ «M + H - ji). 

PoUow.g the same Une of — ^^T^ S 

conclude that H > ^. If U as determineu y „ n „ 1b 1e That is, the expected 

is such that G 2 H 2 (i, an insurance contract is possible. That P 
utility of neither party to the contract is decrease.. 

A .ihty function >^^J^^^£ZZ t 

„,(.,), *e insurer's utility function, may In a jathe ^comp es u ^ 

ample , if the ^^"^^^.nS^y i-urance venture, 
rsetSret^ it Xe°L P ^om,ses between conflicting attitudes toward 
risk among the groups of stockholders. 

^ral elementary functions are used to illustrate l*^*^ 1 *^ 

Here we examine exponential fractional power, ana quaur^.u 

Te iZ^MH -d 1.13 cover the logarithmic utility function. 

An exponential utility function is of the form 

u{w) = _ t ,— for all it' and for a fixed a > 0 

and has several attractive features. First, 
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u'{w) = ae~ aw > 0. 

Second, 

u"{w) = -aV aI " < 0. 
Therefore, u{w) may serve as the utility function of a risk-averse individual. Third, 
finding 

E[-e~ aX ] = -E[e' aX ] = -M x (-a) 

is essentially the same as finding the moment generating function (m.g.f.) of X. In 
this expression, 



denotes the m.g.f. of X. Fourth, insurance premiums do not depend on the wealth 
of the decision maker. This statement is verified for the insured by substituting the 
exponential utility function into (1.3.1). That is, 

_g-«(«-c) = E[-e- a{w ~ X) ], 
e aG = M x (a), 

a 

and G does not depend on w. 

The verification for the insurer is done by substituting the exponential utility 
function with parameter a, into (1.3.6): 

_ e -*m = - e -«,(w t +H) M x (a,), 
u - lp g M x( a <) 

i i — 

a, 



Example 1.3.1 



A decision maker's utility function is given by u(w) = -e~* w . The decision maker 
has two random economic prospects (gains) available. The outcome of the first, 
denoted by X, has a normal distribution with mean 5 and variance 2. Henceforth, 
a statement about a normal distribution with mean jjl and variance cr 2 will be ab- 
breviated as N((jl, cr 2 ). The second prospect, denoted by Y, is distributed as 
N(6, 2.5). Which prospect will be preferred? 

Solution: 

We have 

E[h(X)] = E[-e~ 3X ] 

= -M x (-5) = -e>l-w:)(2)/2, 

= -h 
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and 

E[m(Y)] = E[-e' 5Y \ 

= -M Y (-5) = - e ^ b ^ 23),2] 

= -e 1 - 25 . 

Therefore, 

E[k(X)] - -1 > E[u(Y)] = -e 1 - 25 , 
and the distribution of X is preferred to the distribution of Y. ▼ 

In Example 1.3.1 prospect X is preferred to Y despite the fact that n. x - 5 < \i Y = 6. 
Since the decision maker is risk averse, the fact that the distribution of Y is more 
diffuse than the distribution of X is weighted heavily against the distribution of Y 
in assessing its desirability. If Y had a N(6, 2.4) distribution, E[u(Y)] - -1 and the 
decision maker would be indifferent between the distributions of X and Y. 

The family of fractional power utility functions is given by 
u(w) = w > 0, 0 < y < 1. 

A member of this family might represent the preferences of a risk-averse decision 
maker since 

u'iw\ = yw y ~ x > 0 

and 

u"{w) = y(y ~ IK -2 < 0. 
In this family, premiums depend on the wealth of the decision maker in a manner 
that may be sufficiently realistic in many situations. 



A decision maker's utility function is given by u(w) - The decision maker 
has wealth of w = 10 and faces a random loss X with a uniform distribution on 
(0, 10). What is the maximum amount this decision maker will pay for complete 
insurance against the random loss? 



Solution: 

Substituting into (1.3.1) we have 



VlO - G = E[Vl0 - XI 



= I VlO - x 10" 1 dx 
j o 



-2(10 - x 



,3/1 



3(10) 



I Wo, 



Lj = 
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The decision maker is risk averse and has u\w) > 0. Following the discussion of 
(1.3.5), we would expect G > E[X], and in this example G = 5.5556 > E[X] = 5.T 

The family of quadratic utility functions is given by 

u(zv) = zv - aw 2 iv < (2a)" 1 , a > 0. 
A member of this family might represent the preferences of a risk-averse decision 
maker since u"{w) = -2a. While a quadratic utility function is convenient because 
decisions depend only on the first two moments of the distributions of outcomes 
under consideration, there are certain consequences of its use that strike some peo- 
ple as being unreasonable. Example 1.3.3 illustrates one of these consequences. 



Example 1.3.3 



A decision maker's utility of wealth function is given by 

u{zv) = w - Omw 2 iv < 50. 

The decision maker will retain wealth of amount iv with probability p and suffer a 
financial loss of amount c with probability 1 - p. For the values of w, c, and p 
exhibited in the table below, find the maximum insurance premium that the deci- 
sion maker will pay for complete insurance. Assume c < zv < 50. 

Solution: 

For the facts stated, (1.3.1) becomes 

u(w - G) = pu{w) + (1 - p)u{w - c), 

(zo - G) - 0.01 {zv - G) 2 = p{w - 0.01 ur) 

+ (1 - p)[(w - c) - 0.01(u> - c) 2 ]. 

For given values of w, p, and c this expression becomes a quadratic equation. Two 
solutions are shown. 



Wealth 


Loss 


Probability 


Insurance Premium 


w 


c 


P 


G 


10 


10 


0.5 


5.28 


20 


10 


0.5 


5.37 



In Example 1.3.3, as anticipated, G is greater than the expected loss of 5. However, 
the maximum insurance premium for exactly the same loss distribution increases 
with the wealth of the decision maker. This result seems unreasonable to some who 
anticipate that more typical behavior would be a decrease in the amount a decision 
maker would pay for insurance when an increase in wealth would permit the 
decision maker to absorb more of a random loss. Unfortunately, a maximum in- 
surance premium that increases with wealth is a property of quadratic utility func- 
tions. Consequently, these utility functions should not be selected by a decision 
maker who perceives that his ability to absorb random losses goes up with in- 
creases in wealth. 
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If we rework Example 1.3.3 using an exponential utility function we know that 
^ a will not depend on w, the amount of wealth. In fact, if u(io) - 
it can be shown that G = 5.12 for both w = 10 and w - 20. 



lilt J-''- 4 - 

„-0.01« 



Example 1.3.4 



The probability that a property will not be damaged in the next period is 0.75. 
The probability density function (p.d.f.) of a positive loss is given by 

f(x) = 0.25(0.01e-° 0u ) x > 0. 

c nmnarh; W a utility function given by 

ine ownei ui int — ~ - j ~ 

u[l0) = - e -o*** m 

Calculate the expected loss and the maximum insurance premium the property 
owner will pay for complete insurance. 



Solution: 

The expected loss is given by 



E[X] = 0.75(0) + 0.25 | x(0.01^ oolA >i* 



Jo 

- 25. 



We apply (1.3.1) to determine the maximum premium that the owner will pay iur 
compete France. This premium will be consistent with the property owner s 
preferences as summarized in the utility function: 



u(w - G) = 0.75u(uO + 



u{w - x)f{x)dx, 



)ax, 



_ p -oxm^o = _o ys^ 0 - 005 "' - 0.25 I <' '' v, ' ;n " "(O.Oic ' 
^ ' Jo 

e o.oo-c = 075 + (0.25)(2) 
= 1.25, 
G = 200 log 1.25 
= 44.63. 

Therefore, in accord with the property owner's preferences, he will pay up to 
44.63 - 25 = 19.63 in excess of the expected loss to purchase insurance covering 
all losses in the next period. 

In Example 1.3.5 the notion of insurance that covers something less than the 
complete loss is introduced. A modification is made in (1.3.1) to accommodate the 
fact that losses are shared by the decision maker and the insurance system. 



ThPorooertv owner in Example 1.3.4 is offered an insurance policy that will pay 
1/2 "of any loss during the next period. The expected value of the partial tos, 
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payment is E[X / 2] = 12.50. Calculate the maximum premium that the property 
owner will pay for this insurance. 



Solution: 

Consistent with his attitude toward risk, as summarized in his utility function, 
the premium is determined from 

0.75u(w - G) + | o u (w - G - f(x)dx 

= 0.75u(w) + I u(w - x)f{x)dx. 
Jo 

The left-hand side of this equation represents the expected utility with the partial 
insurance coverage. The right-hand side represents the expected utility with no 
insurance. For the exponential utility function and p.d.f. of losses specified in Ex- 
ample 1.3.4, it can be shown that G = 28.62. The property owner is willing to pay 
up to G - (x = 28.62 - 12.50 = 16.12 more than the expected partial loss for the 
partial insurance coverage. ▼ 



1.4 Elements of Insurance 

Individuals and organizations face the threat of financial loss due to random 
events, in section i.j we saw nuw msuian^e un nn-icast tut t y>.^._v-tv_,_t <_n.m...j ~ 
decision maker facing such random losses. Insurance systems are unique in that 
the alleviation of financial losses in which the number, size, or time of occurrence 
is random is the primary reason for their existence. In this section we review some 
of the factors influencing the organization and management of an insurance system. 

An insurance system can be organized only after the identification of a class of 
situations where random losses may occur. The word random is taken to mean, 
along with other attributes, that the frequency, size, or time of loss is not under the 
control of the prospective insured. If such control exists, or if a claim payment 
exceeds the actual financial loss, an incentive to incur a loss will exist. In such a 
situation, the assumptions under which the insurance system was organized will 
become invalid. The actual conditions under which premiums are collected and 
claims paid will be different from those assumed in organizing the system. The 
system will not achieve its intended objective of not decreasing the expected util- 
ities of both the insured and the insurer. 

Once a class of insurable situations is identified, information on the expected 
utilities and the loss-generating process can be obtained. Market research in insur- 
ance can be viewed as an effort to learn about the utility functions, that is, the risk 
preferences of consumers. 

The processes generating size and time of loss may be sufficiently stable over 
time so that past information can be used to plan the system. When a new insurance 
system is organized, directly relevant statistics are not often available. However, 
enough ancillary information from similar risk situations may be obtained to 
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identify the risks and to provide preliminary estimates of the probability distri- 
butions needed to determine premiums. Because most insurance systems operate 
under dynamic conditions, it is important that a plan exist for collecting and ana- 
lyzing insurance operating data so that the i 

in this case may mean changing premiums, paying an experience-based dividend 
— pviiuum ^^uiiu, v-'l inuuii^iiig luiure policies. 

In a competitive economy, market forces encourage insurers to price short-term 
policies so that deviations of experience from expected value behave as indepen- 
dent random variables. Deviations should exhibit no pattern that might be ex- 
ploited by the insured or insurer to produce consistent gains. Such consistent 
deviations would indicate inefficiencies in the insurance market. 

As a result, the classification of risks into homogeneous groups is an important 
function within a market-based insurance system. Experience deviations that are 
random indicate efficiency or equity in classification. In a competitive insurance 
market, the continual interaction of numerous buyers and sellers forces experimen- 
tation with classification systems as the market participants attempt to take advan- 
tage of perceived patterns of deviations. Because insurance losses may be relatively 
rare events, it is often difficult to identify nonrandom patterns. The cost of classi- 
fication information for a refined classification system also places a bound on ex- 
perimentation in this area. 

For insurance systems organized to serve groups rather than individuals the 
issue is no longer whether deviations in insurance experience are random for'each 
individual. Instead, the question is whether deviations in group experience are 
random. Consistent deviations in experience from that expected would indicate the 
need for a revision in the system. 

Group insurance decisions do not rest on individual expected utility compari- 
sons. Instead- 

0 — r viailD aic L^st-u un a collective decision on whether 

the system increases the total welfare of the group. Group health insurance pro- 
viding benefits for the employees of a firm is an example. 

1.5 Optimal Insurance 

The ideas outlined in Sections 1.2, 1.3, and 1.4 have been used as the foundation 
of an elaborate theory for guiding insurance decision makers to actions consistent 
with their preferences. In this section we present one of the main results from this 
theory and review many of the ideas introduced so far. 

A decision malcw J-iac utocHU „™ 1 ... j <■ _ , 

w cunuuiu iv cinu races a loss in trie next period 

This loss is a random variable X. The decision maker can buy an insurance contract 

that will pay I(x) of the loss x. To avoid an incentive to incur the loss, we assume 

that all feasible insurance contracts are such that 0 < I(x) < x. We make the 
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simplifying assumption that all feasible insurance contracts with E[I(X)] = (3 can be 
purchased for the same amount P. 

The decision maker has formulated a utility function u(w) that is consistent with 
his preferences for distributions of outcomes. We assume that the decision maker 
is risk averse, u"(w) < 0. We further assume that the decision maker has decided 
on the amount, denoted by P, to be paid for insurance. The question is: which of 
the insurance contracts from the class of feasible contracts with expected claims, (3, 
and premium, P, should be purchased to maximize the expected utility of the de- 
cision maker? 

One subclass of the class of feasible insurance contracts is defined as follows: 

<i ' 5 - ,) 

This class of contracts is characterized by the fact that claim payments do not start 
until the loss exceeds the deductible amount d. For losses above the deductible 
amount, the excess is paid under the terms of the contract. This type of contract is 
sometimes called stop-loss or excess- of-loss insurance, the choice depending on 
the application. 

In the problem discussed in this section the expected claims are denoted by p. 
In (1.5.2) the symbol /(*) denotes the p.d.f. and the symbol F{x) denotes the distri- 
bution function (d.f.) associated with the random loss X: 

3 = f (x - d)f(x)dx (1.5.2A) 

J d 

or 

p = f [1 - F(x)]dx. (1.5.2B) 

J d 

Equation (1.5.2B) is obtained from (1.5.2A) by integration by parts. When p is given, 
then (1.5.2) provides explicit equations for the corresponding deductible, denoted 
by d*. In Exercise 1.17, it is shown that d* exists and is unique. 

The main result of this section can be stated as a theorem. 
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Theorem 1.5.1 is an important result and illustrates many of the ideas developed 
in this chapter. However, it is instructive to consider certain limitations on its ap- 
plicability. First, the ratio of premium to expected claims is the same for all available 
contracts. In fact, the distributions of the random variables /(X) can be very differ- 
ent, and the provision for risk in the premium usually depends on the character- 
istics of the distribution of J(X). Second, in Theorem 1.5.1, it is assumed that the 
premium P is fixed by a budget constraint. Alternatives to amount P are not con- 
sidered. In Exercise 1.22, relaxation of the budget constraint is considered. Third, 
while the theorem indicates the form of insurance, it does not help to determine 
the amount P to spend. In the theorem, P is fixed. 



1.6 Notes and References 

Definitions and principles of actuarial science can be found in "Principles of 
Actuarial Science" (SOA Committee on Actuarial Principles 1992). 

The role of risk in business was developed in a pioneering thesis by Willett (1951). 
Borch (1974) has published a series of papers applying utility theory to insurance 
questions. DeGroot (1970) gives a complete development of utility theory starting 
from basic axioms for consistency among preferences for various distributions of 
outcomes. DeGroot and Borch both discuss the historically important St. Petersburg 
paradox, outlined in Exercise 1.2. A paper by Friedman and Savage (1948) provides 
many insights into utility theory and human behavior. 

Pratt (1964) has studied (1.3.1) and derived several theorems about premiums 
and utility functions. Exercise 1.10, which uses two rough approximations, is related 
to one of Pratt's results. 

-yi 1 c 1 i„c,ir a iirp wa<i nrnved bv Arrow (1963) in the context 

of health insurance. The theorem in Exercise 1.21, in which the goal of insurance 
is to minimize the variance of retained losses, was the subject of papers by Borch 
(1960) and Kahn (1961). The use of the variance of losses as a measure of stability 
is discussed by Beard, Pentikainen, and Pesonen (1984). Exercise 1.23 is based on 
their discussion. 
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Appendix 



Lemma: 

If u"(iv) < 0 for all w in [a, b\, then for w and z in [a, b], 



u(w) - u(z) < (iv - z)u'(z). (1.A.1) 



Proof: 

The lemma may be established with the aid of Figure 1.3.1. Using the point 
slope form, a line tangent to n(w) at the point (z, n(z)) has the equation y - w(z) = 
»'(z)(w — z) and is above the graph of the function u(w) except at the point (z, u(z)). 
Therefore, 



u(w) - u(z) < u'(z){w - z). 
Figure 1.3.1 shows the case u'(w) > 0. The same argument holds for u'(w) < 0. 

In Exercise 1.20 an alternative proof is required. 
Proof of Theorem 1.5.1: 



1 . . 1 



Let i(x) oe associated witn an insurance policy satiSTymg me nypomesis ui me 
theorem. Then from the lemma, 

u(w - x + l{x) - P) - u(w - x + I d .(x) - P) 

^ - IAx)]u\w - x + lAx) - P). (1-A.2) 
In addition, we claim 

[I(x) - 1Ax)]u'(io - x + IAx) - P) 

< [I(x) - IAx)]u'(io - d* - P). (l.A.3) 

To establish inequality (l.A.3), we must consider three cases: 
Case I. I,(.v) = l(x) 

In this case equality holds, (l.A.3) is 0 on both sides. 
Case II. IAx) > I{x) 

In this case IAx) > 0 and from (1.5.1), x - IAx) = d*. Therefore, 

equality holds with each side of (l.A.3) equal to [I{x) - IAx)\u'{w - 

d* - P). 
Case III. IAx) < I{x) 

In this case I(x) - IAx) > 0. From (1.5.1) we obtain IAx) - x ^ -d* 

and IAx) ~ x - P > -d* - P. Therefore, 

u'{iv - x + IAx) - P) ^ u'{w - d* - P) 

since the second derivative of u(x) is negative and u'(x) is a decreas- 
ing function. 
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Therefore, in each case 

[/(*) - W*)]"> ~x + lA*) ~ p ) ^ ~ W*)K(«> - p - A *)' 
establishing inequality (1.A.3). 

Now, combining inequalities (1.A.2) and (1.A.3) and taking expectations, we have 
E[w(w - X + I(X) - P)] - E[u(w - X + J rf .(X) - P)] 

< E[Z(X) - WX)]u'(u> - d* - P) - ((3 - P)u'(w - - P) = 0. 

Therefore, 

, u , t/i^x mi - rr../.„ _ v j_ r _ DM 

— A -t- ha; — r;j = ju^ti/ — -n. < i^vv * ;j 

and the expected utility will be maximized by selecting I Ax), the stop-loss policy. 



Exercises 

Section 1.2 

1.1. Assume that a decision maker's current wealth is 10,000. Assign w(0) - -1 
and «(10,000) = 0. 

a. When facing a loss of X with probability 0.5 and remaining at current 
wealth with probability 0.5, the decision maker would be willing to pay 
up to G for complete insurance. The values for X and G in three situations 
are given below. 



X 


G 


10 000 


6 000 


6 000 


3 300 


3 300 


1 700 



Determine three values on the decision maker's utility of wealth function 

it. 

b. Calculate the slopes of the four line segments joining the five points de- 
termined on the graph u(zv). Determine the rates of change of the slopes 
from segment to segment. 

c. Put yourself in the role of a decision maker with wealth 10,000. In addition 
to the given values of u(0) and w(10,000), elicit three additional values on 
your utility of wealth function u. 

d. On the basis of the five values of your utility function, calculate the slopes 
and the rates of change of the slope? as done in part (b). 

1.2. St. Petersburg paradox: Consider a game of chance that consists of tossing a 
coin until a head appears. The probability of a head is 0.5 and the repeated 
trials are independent. Let the random variable N be the number of the trial 
on which the first head occurs. 
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Exercises 



a. Show that the probability function (pi.) of N is given by 

f(n) = n = 1, 2, 3 

b. Find E[N] and Var(N). 

ti: _ i v *v\' :j i_l i-1 — C i-U„ - — .,~~A 

L. ll A [ewaiu ui j\. — l. lb paiu, piuvc uicu luc c\p>ev_iai.njii \ji uic icwaiu 

does not exist, 
d. If this reward has utility u(iu) = log w, find E[w(X)]. 

Section 13 

1.3. Jensen's inequalities: 

a. Assume u"(zv) < 0. E[X1 - u., and E[m(X)] exist; prove that E[w(X)] < w(m-). 
[Hint: Express u(w) as a series around the point w = (jl and terminate the 
expansion with an error term involving the second derivative. Note that Jen- 
sen's inequalities do not require that u'(io) > 0.] 

b. If u"(iv) > 0, prove that E[i/(X)] > u(fji). 

c. Discuss Jensen's inequalities for the special case u(w) = zv 2 . What is 

E[«(X)] - «(E[X])? 

1.4. If a utility function is such that u'(w) > 0 and u"(w) > 0, use (1.3.1) to show 
G < (jl. A decision maker with preferences consistent with w"(z(;) > 0 is a n'sJc 

1.5. Construct a geometric argument, based on a graph like that displayed in 
Figure 1.3.1, that if u'(iv) < 0 and u"(w) < 0, then (1.3.4) follows. 

1.6. Confirm that the utility function u(w) = log zv, iv > 0, is the utility function 
of a decision maker who is risk averse for w > 0. 

1.7. A utilitv function is eiven bv 

_ ioo>=/ 200 w < 100 

= [2 - e'-^- m)ljm) w ■ 100. 

a. Is k'(u') > 0? 

b. For what range of iv is it"(w) < 0? 

1.8. If one assumes, as did D. Bernoulli in his comments on the St. Petersburg 
paradox, that utility of wealth satisfies the differential equation 

du(iv) k „ , n 

— — = - iv > 0, k > 0, 
aw w 

confirm that u{io) = k log zv + c. 

1.9. A decision maker has utility function n(w) = k log zv. The decision maker has 
wealth zv, zv > 1, and faces a random loss X, which has a uniform distribution 
on the interval (0, 1). Use (1.3.1) to show that the maximum insurance pre- 
mium that the decision maker will pay for complete insurance is 
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G = w - 7— i ■ 

e(zv - 1) 

1.10. a. In (1.3.1) use the approximations 

u(w - G) = u(iv - jjl) + (p. - G)u'(a> - M-), 

tt(w - *) = «(u> - p.) + (m- - x)u'(w - M-) + \ (M- - *)V(zy " 

and derive the following approximation for G: 

1 - |x) , 

= ii. — — ~ <J • 

r " 2 M'(a> - M-) 

b. If u(w) = it log w, use the approximation developed in part (a) to obtain 



G = (JL + - 



1 a 2 



2 (it; - p.) 



1.11. The decision maker has a utility function M (zy) = -e" UI " and is faced with a 
random loss that has a chi-square distribution with n degrees of freedom. If 
0 < a < 1 / 2, use (1.3.1) to obtain an expression for G, the maximum insurance 

nrpmium the decision maker will pay, and prove that G > n = (x. 

i •■ - 



1.12. Rework Example 1.3.4 fur 

a. M(it>) = - e - wlm 

b. w(w) = -e- u ' /15 °. 



1.13. a. An insurer with net worth 100 has accepted (and collected the premium 

for) a risk X with the following probability distribution: 

1 

Pr(X = 0) = Fr(X = M) = -. 

What is the maximum amount G it should pay another insurer to accept 
100% of this loss? Assume the first insurer's utility function of wealth is 
u(w) = log IV. 

b. An insurer, with wealth 650 and the same utility function, u(w) = log iv, 
is considering accepting the above risk. What is the minimum amount H 
this insurer would accept as a premium to cover 100% of the loss? 

1.14. If the complete insurance of Example 1.3.4 can be purchased for 40 and the 
50% coinsurance of Example 1.3.5 can be purchased for 25, the purchase of 
which insurance maximizes the property owner's expected utility? 

Section 1.4 

1.15. A hospital expense policy is issued to a group consisting of n individuals. 
The policy pays B dollars each time a member of the group enters a hospital. 
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Exercises 



The group is not homogeneous with respect to the expected number of hos- 
pital admissions each year. The group may be divided into r subgroups. There 
are n, individuals in subgroup i and X[ n, = n. For subgroup i the number of 
annual hospital admissions for each member has a Poisson distribution with 
parameter k„ i = 1, 2, . . . , r. The number of annual hospital admissions for 
members of the group are mutually independent. 

a. Show that the expected claims payment in one year is 

r 

B ^ rijki = Bn\ 
i 

where 

r 

x = — . 

n 

b. Show that the number of hospital admissions in 1 year for the group has 
a Poisson distribution with parameter n \. 

Section 1.5 

1.16. Perform the integration by parts indicated in (1.5.2). Use the fact that if E[X] 
, exists, if and only if, lim x[l - F(x)] = 0. 



i . 1 / . Ct. . L/UltltlLLlULL I.A n_ AX^iii. 1 11*1 " ^ i ^ — ^' / ' * - - ■ ' p ~ ~ - 

b. Let p be a number such that 0 < (3 < E[X]. Show that (1.5.2) has a unique 
solution d*. 

1.18. Let the loss random variable X have a p.d.f. given by 

f{x) = 0Ae-° Ax x > 0. 

a. Calculate E[X] and VarfX). 

b. If P = 5 is to be spent for insurance to be purchased by the payment of 
the pure premium, show that 

m = \ 

and 

ft) x < d 

~ \x - d x > A, where d = 10 log 2, 

both represent feasible insurance policies with pure premium P = 5. I(x) 
is called proportional insurance. 

1.19. The loss random variable X has a p.d.f. given by 

Ax) = ± 0<x< 100. 
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a. Calculate E[X] and Var(X). 

b. Consider a proportional policy where 

_ i- v n << v <r 1 

anrl a cfnn-lriQ<; nnlirv where 

~ „*~ r | y 

fO ;t < d 

= \x - d x^d. 

Determine k and d such that the pure premium in each case is P = 12.5. 

c. Show that Var[X - /(X)] > Var[X - l A {x)]. 

A vm^n/^JV 

1.20. Establish the lemma by using an analytic rather than a geometric argument. 
[Hint: Expand u(w) in a series as far as a second derivative remainder around 
the point z and subtract u{z).\ 

1.21. Adopt the hypotheses of Theorem 1.5.1 with respect to (3 and insurance con- 
tracts I(x) and assume E[X] = \x. Prove that 

Var[X - 1(X)] = E[(X - /(X) - p. + (3) 2 ] 

is a minimum when l(x) = I Ax)- You will be proving that for a fixed pure 
premium, a stop-loss insurance contract will minimize the variance of re- 
tained claims. [Hint: we may follow the proof of Theorem 1.5.1 by first prov- 
ing that x 2 - z 2 > (x - z)(2z) and then establishing that 

[x - l(x)f - [x - IA*)f ^ VAx) - I(x)][2x - 2IAx)\ 

> 2[IAx) - Kx)]d*. 

The final inequality may be established by breaking the proof into three cases. 
Alternatively by proper choice of wealth level and utility function, the result 
of this exercise is a special case of Theorem 1.5.1.] 

1.22. Adopt the hypotheses of Theorem 1.5.1, except remove the budget constraint; 
that is, assume that the decision maker will pay premium P, 0 < P < E[X] 
= fx, that will maximize expected utility. In addition, assume that any feasible 
insurance can be purchased for its expected value. Prove that the optimal 
insurance is Z n (x). This result can be summarized by stating that full coverage 
is optimal in the absence of a budget constraint if insurance can be purchased 
for its pure premium. [Hint: Use the lemma with the role of w played by w - 
x + I(x) - P and that of z played by w - x + I 0 (x) - E[X] = w - M~ Take 
expectations and establish that E[u(w - X) + J(X) - P] < u(zv - p.).] 

1.23. Optimality properties of stop-loss insurance were established in Theorem 1.5.1 
and Exercise 1.21. These results depended on the decision criteria, the con- 
straints, and the insurance alternatives available. In each of these develop- 
ments, there was a budget constraint. Consider the situation where there is a 
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Exercises 



risk constraint and the price of insurance depends on the insurance risk as 
measured by the variance. 

(i) The insurance premium is E[Z(X)] + /(Var[J(X)]), where f{w) is an increas- 
ing function. The amount of /(Var[i(X)]) can be interpreted as a security 
loading. 

(ii) The decision maker elects to retain loss X — I(X) such that Var[X - /(X)] 
- V > 0. This requirement imposes a risk rather than a budget constraint. 
The constant is determined by the degree of risk aversion of the decision 
maker. Fixing the accepted variance, and then optimizing expected re- 
sults, is a decision criterion in investment portfolio theory. 

(iii) The decision maker selects l(x) to minimize /(Var[I(X)]). The objective is 

4" /a tnmimi7Q J-V\ <n corni'iHi 1 r\ i iA i i-i rr J-Vs <-> nfomium »~\ i /-J lace J-V\ <n ovnorfQ^ 

IV lllll LIIIIIZjV, LA IV- \_ \U.A, i iUUiail Hit L/ltliHUllL LVU1U ±\~JJ LI IV, V_ /V^'\_ V.LV.U 

insurance payments. Confirm the following steps: 

a. Var[J(X)] = V + Var(X) - 2 Cov[X, X - /(X)]. 

b. The l(x) that minimizes Var[/(X)] and thereby /(Var[J(X)]) is such that 
the correlation coefficient between X and X - I(x) is 1. 

c. It is known that if two random variables W and Z have correlation 
coefficient I, then Pr{W - aZ + b, where a > 0} = \. In words, the 
probability of their joint distribution is concentrated on a line of pos- 
itive slope. In part (b), the correlation coefficient of X and X — 7(X) 
was found to be 1. Thus, X - /(X) = aX + b, which implies that 
7(X) — {1 — s)X — h. To be a feasible insurance, 0 — *(~) — x or 0 * - 
(1 - a)x - b =£ x. These inequalities imply that b = 0 and 0 s 
1 - a < 1 and 0 < a < 1. 

d. To determine a, set the correlation coefficient of X and X — I(X) equal 
to 1, or equivalently, their covariance equal to the product of their 
standard deviations. Thus, show that a = VV7 Var(X) and thus that 
the insurance that minimizes /(Var[X]) is Z(X) = [1 - vV/Var(X)]X. 
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INDIVIDUAL RISK MODELS 

1V1\ jTS. Ol 1VJ1\ 1 1 J^IXIVI 



2.1 introduction 

In Chapter 1 we examined how a decision maker can use insurance to reduce 
the adverse financial impact of some types of random events. That examination 
was quite general. The decision maker could have been an individual seeking pro- 
tection against the loss of property, savings, or income. The decision maker could 
have been an organization seeking protection against those same types of losses. 
In fact, the organization could have been an insurance company seeking protection 
against the loss of funds due to excess claims either by an individual or by its 
portfolio of insureds. Such protection is called reinsurance and is introduced in this 
chapter. 



The theory in Chapter 1 requires a probabilistic model for the potential losses. 

[ere we examine one of two mod 
ing, and reinsurance applications. 



Here we examine one of two models commonly used in insurance pricing, reserv- 



For an insuring organization, let the random loss of a segment of its risks be 
denoted by S. Then S is the random variable for which we seek a probability 
distribution. Historically, there have been two sets of postulates for distributions 
of S. The individual risk model defines 

S = X, + X 2 + • • ■ + X„ (2.1.1) 

where X, is the loss on insured unit i and n is the number of risk units insured. 
Usually the X,'s are postulated to be independent random variables, because the 
mathematics is easier and no historical data on the dependence relationship are 

TIPPripH TVip nt-hpr mnHpl ic flip rnllprHvp ricV mnrlpl Apcrv'-iVspA in Phanfpr 19 

^ „ _ „„. , „_^„ — 

The individual risk model in this chapter does not recognize the time value of 
money. This is for simplicity and is why the title refers to short terms. Chapters 4- 
11 cover models for long terms. 
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In this chapter we discuss only closed models; that is, the number of insured 

units n in (2.1.1) is known and fixed at the beginning of the period. If we postulate 

-l i. ~,;m-^l-\nri in anH nnt of the insurance system, we have an open model. 

auuui uugio"«" " — 



2.2 Models for Individual Claim Random Variables 

First we review basic concepts with a life insurance product. In a one-year term 
life insurance the insurer agrees to pay an amount b if the insured dies within a 
year of policy issue and to pay nothing if the insured survives the year. The prob- 
ability of a claim during the year is denoted by q. The claim random variable, X, 
has a distribution that can be described by either its probability lunction, p..., or 
its distribution function, d.f. The p.f. is 



f x (x) = Pr(X = x) = 



x = 0 

x = b (2-2-1) 



and the d.f. is 



F x (x) = Pr(X < x) 



1 

0 elsewhere, 



0 x < 0 

\ - q 0 < x <b (2.2.2) 

1 x ^ b. 



From the pi. and the definition of moments, 

E[X] = bq, 

E[X 2 ] = b 2 q, ( 2 - 2 - 3 ) 

and 

Var(X) = b 2 q(l - q). ( 22A> > 

These formulas can also be obtained by writing 

X = Ib (2-2-5) 

where b is the constant amount payable in the event of death and J is the random 
variable that is 1 for the event of death and 0 otherwise. Thus, Pr(i - U) - 1 q 
and Pr(I = 1) = q, the mean and variance of I are q and q(l - q), respectively, and 
the mean and variance of X are bq and b 2 q(l - q) as above. 

The random variable / with its (0, 1} range is widely applicable in actuarial mod- 
els In probability textbooks it is called an indicator, Bernoulli random variable, or 
binomial random variable for a single trial. We refer to it as an indicator for the 
sake of brevity and because it indicates the occurrence, / = 1, or nonoccurrence, 
I = 0, of a given event. 

We now seek more general models in which the amount of claim is also a random 
variable and several claims can occur in a period. Health, automobile and o her 
property and liability coverages provide immediate examples. Extending (2.2.5), 
we postulate that 

X = IB ( 2 - 2 - 6 ) 
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Section 2.2 Models for Individual Claim Random Variables 



where X is the claim random variable for the period, B gives the total claim amount 
incurred during the period, and 7 is the indicator for the event that at least one 
claim has occurred. As the indicator for this event, I reports the occurrence (I = 1) 
or nonoccurrence (7 = 0) of claims in this period and not the number of claims in 
the Deriod. Pr(7 = 11 is still denoted bv <\. 

r 

Let us look at several situations and determine the distributions of 7 and B for a 
model. First, consider a 1-year term life insurance paying an extra benefit in case 
of accidental death. To be specific, if death is accidental, the benefit amount is 
50,000. For other causes of death, the benefit amount is 25,000. Assume that for the 
age, health, and occupation of a specific individual, the probability of an accidental 

UCdLII Will 1111 Llie ycai IS U.UUUJ, Willie uic ^>L\JuauiiLiy a iiunaLuu(.in«i ut«m u 

0.0020. More succinctly, 

Pr(I = 1 and B = 50,000) = 0.0005 

and 

Pr(7 - 1 and B = 25,000) = 0.0020. 
Summing over the possible values of B, we have 

Pr(7 = 1) = 0.0025, 

and then 

p r( 7 = o) = 1 - Pr(/ = 1) = 0.9975. 

The conditional distribution of B, given 7 = 1, is 

Pr(B = 25,000 and / = 1) 0.0020 n 0 
Pr(B - 25,000|/ - 1, = -S ^-^ >- = ^ = 0.8, 

Pr(B = 50,000 and / = 1) 0.0005 n „ 
Pr(B = 50,000|/ = 1) = — ¥ ^j ) >- - ^ = 0.2. 

Let us now consider an automobile insurance providing collision coverage (this 
indemnifies the owner for collision damage to his car) above a 250 deductible up 
to a maximum claim of 2,000. For illustrative purposes, assume that for a particular 
individual the probability of one claim in a period is 0.15 and the chance of more 
than one claim is 0: 

Pr(I - 0) = 0.85, 
Pr(7 = 1) = 0.15. 

This unrealistic assumption of no more than one claim per period is made to sim- 
plify the distribution of B. We remove that assumption in a later section after we 
discuss the distribution of the sum of a number of claims. Since B is the claim 

^ A , - ~ «-Un ^.tviAimf r\( A -» rvi a rrc* fr\ fV»o raf t*rP ran i n for 

11H.U11CU Uy II IC U15U1C1, laillCl LIICILL LUC Clll IVUi i l v/i uumu^v. ivy m»- ^s~*.>- , » * ^ 1 

two characteristics of 7 and B. First, the event 7 = 0 includes those collisions in 
which the damage is less than the 250 deductible. The other inference is that B's 
distribution has a probability mass at the maximum claim size of 2,000. Assume 
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this probability mass is 0.1. Furthermore, assume that claim amounts between 0 
and 2 000 can be modeled by a continuous distribution with a p.d.f. proposal 
f * n nnn for 0 < x < 2,000. (In practice the continuous curve chosen to 
r e presen7tn7dis"tnbution of claims is the result of a study of claims by size over 

represent me ^^^nn* about the conditional distribution 

a recent period.) summarizing u icoc h<««"'k — — - 

of B Riven J = 1, we have a mixed distribution with pos.fve density from 0 to 
2,0* and a mass at 2,000. This is illustrated in Figure 2.2.1. The d.f. of th.s con- 
ditional distribution is 



Pr(B < x\I = 1) = ' 



0 

0.9 
1 



1 - 1 - 



~) 2 
1 nnn / 



x < 0 

0 < x < 2,000 
x > 2,000. 



Distribution Function for B, given / 

Fb(*) 



= 1 




w„ _ i„ WHnn 2.4 that the moments of the claim random variable, X, in 
partiX t'he mean and variance, are extensively used. For this «tomoWie -ur 
ance we shall calculate the mean and the variance by two methods First, we derive 
the dilibution of X and use it to calculate E[X] and Var(X). Letting F x (x) be the 
d.f. of X, we have 



Fx(x) = p r (X < x) = Pr(IB < x) 

= p r (IB < x\l = 0) Pr(I = 0) 
+ Pr(IB < x\l = 1) Pr(I = 1). 



(2.2.7) 



For x < 0, 



Fx(x) = 0(0.85) + 0(0.15) = 0. 

For 0 < x < 2,000, 

F x (x) = 1(0-85) + 0.9 1 - (l - ^5 



(0.15). 
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2.2 Mode/s for Individual Claim Random Variables 



For x > 2,000, 



l i • _ . 



F x (x) = 1(0.85) + 1(0.15) = 1. 



T. 1 1 .1 1 t >1 • 



i nis is a mixea custriDunon. it nas Dotn proDaDinty masses ana a continuous part 
as can be seen in its graph in Figure 2.2.2. 



Distribution Function of X = IB 



1.000 
0.985 T 

0.850 



0 



2,000 



Corresponding to this d.f. is a combination p.f. and p.d.f. given by 

Pr(X = 0) = 0.85, 
Pr(X - 2,000) = 0.015 

with p.d.f. 

x 



fx(x) = { 



F' x (x) = 0.000135 1 - 



0 



2,000 



0 < x < 2,000 
elsewhere. 



Moments of X can then be calculated by 



E[X*] = 0 x Pr(X = 0) + (2,000/' x Pr(X = 2,000) + x%(x) dx, (2.2.9) 



/■2.000 

Jo 



(2.2.8) 



specifically, 



and 



E[X] = 120 
E[X 2 ] = 150,000. 



Thus, 



Var(X) - 135,600. 

There are some formulas relating the moments of random variables to certain 
conditional expectations. General versions of these formulas for the mean and var- 
iance are 



E[W] = E[E[W|V]] 



(2.2.10) 
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and 

Var(W) - Var(E[W|V]) + E[War(W\V)]. (2-2.11) 
In these equations we think of calculating the terms of the left-hand sides by direct 
use of W's'distribution. In the terms on the right-hand sides, n m v j auu v ^ , , , 
are calculated by use of W's conditional distribution for a given value of V These 
components are then functions of the random variable V, and we can calculate 
their moments by use of V's distribution. 

In many actuarial models conditional distributions are used. This makes the for- 
„uL a ^ + u, ^nnlirable. In our model X = IB, we can substitute X for W 

muicis awv^ """•>•"; — ri 

and I for V to obtain 

E[X] = E[E[X|Z]] ( 2 - 2 - 12 ) 

and 

Var(X) = Var(E[X|J]) + E[Var(X|I)]. (2.2.13) 

Now let us write 

» = E[B|I = 1], ( 2 " 2 ' 14 ) 

cr 2 - Var(B|I = 1), ( 2 - 2 - 15 ) 

and look at the conditional means 

E[X|I = 0] = 0 ^ X1U ' 

and 

E[X|I = 1] = E[B|J = 11 = M- ^ 2 - 2 - 17) 
Formulas (2.2.16) and (2.2.17) define E[X|I] as a function of I, which can be written 
by the formula 

E[X|I] = M-I. 



Hence, 

E[E[X|I]] = \xE[I] = m (2.2.19) 



and 

Var(E[X|Z]) = ^ Var(I) = ^(1 " q)- ( 2 ' 2 - 20) 
Since X = 0 for I = 0, we have 

Var(X|I = 0) = 0. ( 2 - 2 -21) 

t — 1 TAra hx\re> Y = R and 

Var(X|I = 1) = Var(B|I = 1) = (T 2 . (2-2-22) 

Formulas (2.2.21) and (2.2.22) can be combined as 

Var(X|I) = a 2 /. ( 2 - 2 - 23 ) 
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Then 

E[Var(X|Z)] = cr 2 E[Z] = a 2 q. (2.2.24) 
Substituting (2.2.19), (2.2.20), and (2.2.24) into (2.2.12) and (2.2.13), we have . 

E[X] - m (2.2.25) 

and 

Var(X) = p}q(l - q) + <r 2 q. (2.2.26) 

Let us now apply these formulas to calculate E[X] and Var(X) for the automobile 
insurance in Figure 2.2.2. Since the p.d.f. for B, given I = 1, is 

/b|/<*|1) 



°- 0009 ( 1 - ;r£^ ) 0 < x < 2,000 



2,000, 

0 elsewhere, 



with Pr(B = 2,000|I = 1) = 0.1, we have 

(jl = J Q 0.0009 x 1 - ^ ] dx + (0.1)(2,000) = 800, 

E[B 2 |I = 1] = J 0.0009 x 1 (l - dx + (0.1)(2,000) 2 = 1,000,000, 

and 

a 2 = 1,000,000 - (800) 2 = 360,000. 
Finally, with q = 0.15 we obtain the following from (2.2.25) and (2.2.26): 

E[X] - 800(0.15) - 120 

and 

vm\aj = (ouu)-(u.i^)(u.oo) -1- (jou,uuu)(u.ioj 
= 135,600. 

There are other possible models for B in different insurance situations. As an 
example, let us consider a model for the number of deaths due to crashes during 
an airline's year of operation. We can start with a random variable for the number 
of deaths, X, on a single flight and then add up a set of such random variables 
over the set of flights for the year. For a single flight, the event I - 1 will be the 
event of an accident during the flight. The number of deaths in the accident, B, 
will be modeled as the product of two random variables, L and Q, where L is the 
load factor, the number of persons on board at the time of the crash, and Q is the 
fraction of deaths among persons on board. The number of deaths B is modeled in 
this way since separate statistical data for the distributions of L and Q may be more 
readily available than are total data for B. We have X = HQ. While the fraction of 
passengers killed in a crash and the fraction of seats occupied are probably related, 
L and Q might be assumed to be independent as a first approximation. 
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2.3 



Sums of Independent Random Variables 



In the individual risk model, claims of an insuring organization are modeled as 
4.u^v ^,1™ fVio Haimc of m^nv insnrpd individuals. 

LI IC OUllL w i. 11 »v_ ^.iuiiii^ ■-/ 

The claims for the individuals are assumed to be independent in most applica- 
tions. In this section we review two methods for determining the distribution of 
the sum of independent random variables. First, let us consider the sum of two 
random variables, S = X + Y, with the sample space shown in Figure 2.3.1. 




The line X + Y = s and the region below the line represent the event 

[S < X + Y < s]. - • • i , >/ 

Hence the d.f. of S is 

F s (s) = Pr(S < s) = Pr(X + Y < s). (2-3.1) 

For two discrete, non-negative random variables, we can use the law of total 
probability to write (2.3.1) as 

F s (s) = 2 Pr(X + Y < s|Y = y) Pr(Y = y) 

all y^ 

= 2 Pr ( x ^ s - y|Y = y) Pr(Y = y). (2.3.2) 

all i/Ss 

When X and Y are independent, this last sum can be written 

m= E W-y)My)- (2.3.3) 

-.11 „<c 

The pi. corresponding to this d.f. can be calculated by 

f s (s) - 2 Ms - y)f Y (y). (2-3-4) 

all yss 

For continuous, non-negative random variables the formulas corresponding to 
(2.3.2), (2.3.3), and (2.3.4) are 
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F s (s) = J q Pr(X < s - y|Y = y)f Y {y) dy, (2.3.5) 

f s (s) = I f x (s - y)/ y (y) dy, (2.3.6) 

** t) 

fs(s) = j o / x (s - y)/ y (y) dy. (2.3.7) 

When either one, or both, of X and Y have a mixed-type distribution (typical in 
individual risk model applications), the formulas are analogous but more complex. 
For random variables that may also take on negative values, the sums and integrals 
in the formulas abnvp arp nvpr all u valnpc fmm — tn 

. _ _ . y . „ . . 

In probability, the operation in (2.3.3) and (2.3.6) is called the convolution of the 
pair of distribution functions F x {x) and F y (y) and is denoted by F x * F y . Convolu- 
tions can also be defined for a pair of probability functions or probability density 
functions as in (2.3.4) and (2.3.7). 

To determine the distribution of the sum of more than two random variables, 
we can use the convolution process iteratively. For S = Xj + X 2 + • • • + X„ where 
the X,'s are independent random variables, F, is the d.f. of X„ and F ,k) is the d.f. of 

X, + X-, + • • • + X,. we nroreeH thus: 

» - i' ■ - i 

F<2> = f 2 * f0> = f 2 * F, 
F<3) = f 3 * 

p (4, = p + „ p(3) 

Example 2.3.1 illustrates the procedure using probability functions for three discrete 
random variables. 



Example 2.3.1 



The random variables X u X 2 , and X 3 are independent with distributions defined 
by columns (1), (2), and (3) of the table below. Derive the pi. and d.f. of 

S = X, + X 2 + X 3 . 

Solution: 

The notation of the previous Daraexaoh is used in the table: 

A A <_/ A 

• Columns (l)-(3) are given information. 

• Column (4) is derived from columns (1) and (2) by use of (2.3.4). 

• Column (5) is derived from columns (3) and (4) by use of (2.3.4). 

The determination of column (5) completes the determination of the distribution of 
S. Its d.f. in column (8) is the set of partial sums of column (5) from the top. 
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X 


(1) 

AW 


(2) 
/ 2 (x) 


(3) 


(4) 

f t2) {x) 


n 
u 


0 4 


0 5 


0.6- 


- 0.20 


i 




, -0.2 


0.0 


- - -0.23 


2 




>0.1 


0.1 


0.20 


3 


0.1 ^ 


t"0.1 


0.1 


0.16 ! 


4 




%1 


0.1 


0.11 


5 






0.1 


0.06 


6 








■ 0.03 


7 








0.01 



10 

11 

12 



(5) 


(6) 


(7) 




j w 


TAr\ 
- i 


F u '(x) 


r (3) / 
t yx) 


0.120 


0.4 


0.20 


0.120 


0.138 
0.140 


u./ 


0 43 


0.258 


0.9 


0.63 


0.398 


0.139 


1.0 


0.79 


0.537 


0.129 


1.0 


0.90 


0.666 


0.115 


1.0 


0.96 


0.781 


0.088 


1.0 


0.99 


0.869 


0.059 


1.0 


1.00 


0.928 


0.036 


1.0 


1.00 


0.964 


0.021 


1.0 


1.00 


0.985 


0.010 


1.0 


1.00 


0.995 


0.004 


1.0 


1.00 


0.999 


0.001 


1.0 


1.00 


1.000 



For illustrative purposes we include column (6), the d.f. for column (1), column (7) 
which can be derived directly from columns (2) and (6) by use of (2.3.3), and col- 
umn (8), derived similarly from columns (3) and (7). Column (5) can then be ob- 
tained by differencing column (8). ^ 

We follow with two examples involving continuous random variables. 



Example 2.3.2 



Let X have a uniform distribution on (0, 2) and let Y be independent of X with 
a uniform distribution over (0, 3). Determine the d.f. of S - X + Y. 



Solution: 

Since X and Y are continuous, we use (2.3.6) 

f 

0 
x 
2 
1 



x < 0 
0 < x < 2 
x > 2 



and 



Then 



My) = 



0 < y < 3 
elsewhere. 



r >(s) = J o F x (s - J/)/r(y) dy. 



The X, Y sample space is illustrated in Figure 2.3.2. The rectangular region contains 
all of the probability for X and Y. The event of interest, X + Y < s, has been 
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Convolution of Two Uniform Distributions 



A B C D E 




illustrated in the figure for five values of s. For each value, the line intersects the 
y-axis at s and the line x = 2 at s - 2. The values of F s for these five cases are 



P 1 A, = ^ 

Jo 2 3 ~" J 12 



s < 0 line A 



("!<<;<? linp R 



F s 0O= < 1 5^ + L L r 1 ^ y = L T J " 2^s<3 lineC 



1 dy + 

o 5 



s - y i 

2 3 



dy = 1 - 



(5 - s) 
12 



3 < s < 5 line D 

s s 5 line £. 

▼ 



Example 2.3.3 



Consider three independent random variables X u X 2 , X 3 . For / = \, 2, 3, X, has 
an exponential distribution and E[X,] = 1 / i. Derive the p.d.f. of S = Xj + X 2 + X 3 
by the convolution process. 



Solution: 





— t 




/ 2 (*) 




.r > 0, 


/><*) 


= 3e" aT 


x > 0. 



Using (2.3.7) twice, we have 
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f\x) = £/,<* - y)/ 2 (y) dy = \l e-«-» 2e^ dy 
e' y dy 



= 2e' 



= 2e~ x - 2e 



-Zx 



x > 0, 



f s (x)=f\x)= ^ 

(2<r (JC- - v) 



-r 



fV(x - y)My) dy 
2e -2(x-y))3 e -3y dy 



= 6e~ x 



e~ 2y dy - 6e~ 



f 

Jo 



- (3e" v - 3e~ 3x ) - {^ lx ~ &~ . 
= 3e~ x - 6e _2x + 3e" 3r x > 0. ▼ 

Another method to determine the distribution of the sum of random ^variables is 
based on the uniqueness of the moment generating function (m.g.f.), which, for the 
random variable X is defined by M x (f) = E[e tx ]. If this expectaUon ,s foute for a U 

tV.pn MJfl is the only m.g.t. or xne uism- 
f m an open interval ctL/uut. ""f,»v avj - - 

button of X, and it is not the m.g.f. of any other distribution. Th.s umqueness can 
be used as follows. For the sum S = X l -t- A 2 -t- • ■ • t a„, 

M s {t) = E[e ts ) = E[e>(X, + X 2 + ■ • ■ + X„)] 

= E[<?'<V Xi • • • e>H ( 23 - 8) 
, X„ are independent, then the expectation of the product in (2.3.8) is 



If X v X 2 , 
equal to 

so that 



E[e ,x >] E[e >x >] • • ■ W X ") 



(2.3.9) 



M s (0 = M Xl (0 M X2 (f) • • • M x „(f). 
Recognition of the unique distribution corresponding to (2.3.9) would complete : the 
determination of S's distribution. If inversion by recognition is not possible, then 
inversion by numerical methods may be used. (See Section 2.6.) 



Example 2.3.4 



Consider the random variables of Example 2.3.3. Derive the p.d.f. of S - X, + 
y. 4- Y, bv recognition of the m.g.f. of S. 



Solution: 

By (2.3.9), M s (f) = u 
partial fractions, as 



1 



_JL_ \ / 3 | which we write, by the method of 
f/\2 - t)\3 - tj' 
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Section 2.3 Sums of Independent Random Variables 



A 2B 3C 

MM) = + + r— ■ 

lW 1 - t 2 - t 3 - t 



The sokition for this is A = 3, B = -3, C = 1. But 3 / (3 - 0 is the moment 
generating function of an exponential distribution with parameter 3, so the p.d.f. 



ror 5 is 



f s (x) = 3(e~ x ) - 3(2e~ 2x ) + (3e 



-3a\ 



Example 2.3.5 



The inverse Gaussian distribution was developed in the study of stochastic pro- 
cesses. Here it is used as the distribution of B, the claim amount. It will have a 
similar role in risk theory in Chapters 12-14. The p.d.f. and m.g.f. associated with 
the inverse Gaussian distribution are given by 



ot 



- 3 / 1 

x '- exp 



(3x - a) 2 
23* 



x > 0, 



M x (t) ~ exp 



a 1 



1 



2 1 

V 3 

Find the distribution of S = X 1 + X 2 + X 3 + • • • + X„ where the random variables 
X u X 2 , . . . , X„ are independent and have identical inverse Gaussian distributions. 



\ 



Solution: 

Using (2.3.9), the m.g.f. of S is given by 
M s (f) = [M x (f)]" = exp 



na I 1 - 1 - — 
V 3 



The m.g.f. M,(f) can be recognized and shows that S has an inverse Gaussian dis- 
tribution with parameters ;/a and 3- ▼ 



2.4 Approximations for the Distribution of the Sum 

The central limit theorem suggests a method to obtain numerical values for the 
distribution of the sum of independent random variables. The usual statement of 
the theorem is for a sequence of independent and identically distributed random 
variables, X,, X 2 , . . . , with E[X,] = |jl and Var(X,) = <r 2 . For each n, the distribution 
of \ h (X„ - |a) / ct, where X„ = (X, + X 2 + • ■ • + X„) / n, has mean 0 and vari- 
ance 1. The sequence of distributions (n - I, 2, . . . ) is known to approach the 
standard normal distribution. When n is large the theorem is applied to approxi- 
mate the distribution of X„ by a normal distribution with mean fx and variance 
a 2 / n. Equivalentiv, the distribution of the sum of the n random variables is ap- 
proximated bv a normal distribution with mean nu. and variance na 1 . The effect- 
iveness of these approximations depends not only on the number of variables 
but also on the departure of the distribution of the summands from normality. 
Ma nv elementary statistics textbooks recommend that n be at least 30 for the 
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approximations to be reasonable. One routine used to generate normally distrib- 
uted random variables for simulation is based on the average of only 12 inde- 
pendent random variables uniformly distributed over (0, 1). 

In many individual risk models the random variables in the sum are not iden- 
tically distributed. This is illustrated by examples in the next section. The central 
limit theorem extends to sequences of nonidentically distributed random variables. 

To illustrate some applications of the individual risk model, we use a normal 
approximation to the distribution of the sum of independent random variables to 
obtain numerical answers. If 

s = x, + x 2 + • • • + x„, 

then 

E[S] = E E[XJ, 

k=l 

and, further, under the assumption of independence, 

n 

Var(S) = X Var(X*). 

k=\ 

Fnr an annlir^Hnn wp noe>A nnlv 

- rr .. ..w ..v., — v^.. v 

• Evaluate the means and variances of the individual loss random variables 

• Sum them to obtain the mean and variance for the loss of the insuring orga- 
nization as a whole 

• Apply the normal approximation. 
Illustrations of this process follow. 



2.5 Applications to Insurance 

In this section four examples illustrate the results of Section 2.2 and use of the 
normal approximation. 



Example 2.5.1 



A life insurance company issues 1-year term life contracts for benefit amounts of 
1 and 2 units to individuals with probabilities of death of 0.02 or 0.10. The following 
table gives the number of individuals n k in each of the four classes created by a 
benefit amount b k and a probability of claim q k . 



k 




K 


n k 


1 


0.02 


l 


500 


2 


0.02 


2 


500 


3 


0.10 


1 


300 


4 


0.10 


2 


500 
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Section 2. 5 Applications to Insurance 



The company wants to collect, from this population of 1,800 individuals, an amount 
equal to the 95th percentile of the distribution of total claims. Moreover, it wants 
each individual's share of this amount to be proportional to that individual's ex- 

I , .... ^..^ ^, LWA ^ iu, inuiviuuai j W1L1L iiurclIL WUUia Dt? (l -f- 0)j2[A J. 

The 95th percentile requirement suggests that 9 > 0. This extra amount, 9E[X ; ], is 
the security loading and 9 is the relative security loading. Calculate 9. 

Solution: 

The criterion for 9 is Pr(S < (1 + 8)E[S]) = 0.95 where S = X, + X 2 + • • • + 
x i.8oo- Tr) is probability statement is equivalent to 

Pr \ S ~ Ej 5 ] < 9E[5] 
" LVVar(S) War(S). 

Following the discussion of the central limit theorem in Section 2.4, we approximate 
the distribution of (S - E[S]) / War(S) by the standard normal distribution and 
use its 95th percentile to obtain 

8E[S] 

1 J " 1.645. 



VVar(S) 



It remains to calculate the mean and variance of S and to calculate 8 by this 
equation. 

For the four classes of insured individuals, we have the results given below. 



k 


<lk 


h 


Mean 


Variance 


"k 


1 


0.02 


1 


0.02 


0.0196 


500 


2 


0.02 


2 


0.04 


0.0784 


500 


3 


0.10 


1 


0.10 


0.0900 


300 


4 


0.10 


2 


0.20 


0.3600 


500 



Then 



and 



E[S] = S E[X,] = 2 = 160 



1.800 4 

Var(S) = 2 Var(X,) = 2 «A 2 fc(l " fc) - 256. 



Thus, the relative security loading is 



VVarfM u 
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Example 2.5.2 



The policyholders of an automobile insurance company fall into two classes. 



Class 

_k 

1 

7 



Number 
in Class 



500 
7 nnn 



Claim 
Probability 

Qk 



0.10 
n.05 



Distribution 

of Claim 
Amount, B k , 

Parameters 
of Truncated 

Exponential 



2.5 

5.0 



A truncated exponential distribution is defined by the d.f. 

F(x) = • 



0 

1 - e 
1 



x < 0 
0 < x < L 
x>L. 



This is a mixed distribution with p.d.f. /(*) = \e K \ 0 < x < L, and a probability 
mass e~ KL at L. A graph of the d.f. appears in Figure 2.5.1. 



F(x) 



1.0 



0 



Again, the probability that total claims exceed the amount collected from policy- 
holders is 0.05. We assume that the relative security loading, 6, is the same for the 
two classes. Calculate 6. 



Solution: 

This example is much like the previous one. It differs in that the claim amounts 
are random variables. First, we obtain formulas for the moments of the truncated 
exponential distribution in preparation for applying (2.2.25) and (2.2.26): 
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ix = E[B\I = 1] = f x\e- Kx dx + Le~ xl = — , 

Jo \ 

f l ? ?J 

x:rD2lr _ n — I „2\ „-\x j.. i r2„-\L _ /1 ,-x/a iLj _-xr 

i^lU II — II — I A At UA T L C — ~ II — f ") — t "~, 

Jo X 2 v ' X 

a 2 = E[B 2 |/ = 1] - (E[B|/ = l]) 2 = . 

X 

Using the parameter values given and applying (2.2.25) and (2.2.26), we obtain the 
following results. 











Mean 


Variance 




k 


fa 




< 






"it 


1 


0.10 


0.9179 


0.5828 


0.09179 


0.13411 


500 


2 


0.05 


0.5000 


0.2498 


0.02500 


0.02436 


2 000 



Then S, the sum of the claims, has moments 

E[S] = 500 (0.09179) + 2,000 (0.02500) - 95.89, 
Var(S) = 500 (0.13411) + 2,000 (0.02436) = 115.78. 
The criterion for 0 is the same as in Example 2.5.1, 

Pr(S < (1 +6)E[S]) - 0.95. 
Again by the normal approximation, 

-^L = 1.645 
War(S) 

and 



1.645V115.78 

— = 0.1846. 

95.89 



Example 2.5.3 



A life insurance company covers 16,000 lives for 1-year term life insurance in 
amounts shown below. 



Benefit Amount 


Number Covered 


10 000 


8 000 


20 000 


3 500 


30 000 


2 500 


50 000 


1 500 


100 000 


500 





The probability of a claim q for each of the 16,000 lives, assumed to be mutually 
independent, is 0.02. The company wants to set a retention limit. For each life, the 
retention limit is the amount below which this (the ceding) company will retain 
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the insurance and above which it will purchase reinsurance coverage from another 
(the reinsuring) company. For example, assume the retention limit is 20,000. The 
companv will retain up to 20,000 on each life and purchase reinsurance for the 
difference between the benefit amount and 20,000 for each of the 4,500 individuals 

Willi UeilCIIl dlllUUllia III CALC33 Ul ±.<j,\j\j\j. na a u^lioiui i ^hlvhwh, niv. <_wi> i ij- 

wants to minimize the probability that retained claims plus the amount that it pays 
for reinsurance will exceed 8,250,000. Reinsurance is available at a cost of 0.025 per 
unit of coverage (i.e., at 125% of the expected claim amount per unit, 0.02). We will 
consider the block of business as closed. New policies sold during the year are not 
to enter this decision process. Calculate the retention limit that minimizes the prob- 
ability that the company's retained claims plus cost of reinsurance exceeds 
8,250,000. 

Partial Solution: 

First, do all calculations in benefit units of 10,000. As an illustrative step, let S 
be the amount of retained claims paid when the retention limit is 2 (20,000). Our 
portfolio of retained business is given by 





Retained Amount 


Number Covered 


k 


K 


n k 




1 

i. 


8 000 


2 


2 


8 000 


and 


2 





E[S] = 2 n k b k q k = 8,000 (1)(0.02) + 8,000 (2)(0.02) = 480 

A- = l 

and 

2 

Var(S) = £ n k b 2 k q k (l - q k ) 

= 8,000 (1)(0.02)(0.98) + 8,000 (4)(0.02)(0.98) = 784. 

In addition to the retained claims, S, there is the cost of reinsurance premiums. The 
total coverage in the plan is 

8,000 (1) + 3,500 (2) + 2,500 (3) + 1,500 (5) + 500 (10) = 35,000. 

The retained coverage for the plan is 

8,000 (1) + 8,000 (2) = 24,000. 

Therefore, the total amount reinsured is 35,000 - 24,000 = 11,000 and the reinsur- 
ance cost is 11,000(0.025) = 275. Thus, at retention limit 2, the retained claims plus 
reinsurance cost is S + 275. The decision criterion is based on the probability that 
this total cost will exceed 825, 
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Pr(S + 275 > 825) = Pr(S > 550) 



= Pr p ~E[S] > 550 - E[S 



L v v cti^j ; 



E[S] 

. . ./c \ 

V V Ctl ^t_7 ^ 



r.s - Fr.si 

= Pr " ~ 1 " J > 2.5 
LVVar(S) 

Using the normal distribution, this is approximately 0.0062. The solution is com- 
pleted in Exercises 2.13 and 2.14. ▼ 

In Section 1.5 stop-loss insurance, which is available as a reinsurance coverage, 
was discussed. The expected value of the claims paid under the stop-loss reinsur- 
ance coverage can be approximated by using the normal distribution as the distri- 
bution of total claims. 



Let total claims, X, have a normal distribution with mean |x and variance a 2 and 
let d be the deductible of the stop-loss insurance. Then, by (1.5.2A), the expected 
claims equal 



dx. 



(2.5.1; 



Changing the variable of integration to z = (x - |x) / a and defining (3 by d = \x + 
Per, we obtain the following general expression for the expected value of stop-loss 

rlatmc nnHpr a normal HiQrrihuHnn flwirmntinn' 

. „ ~- „ — ~ 

E[/,(X)] = cr [ eXP ( ( 2 ^a/ 2) " PI* " *(P)l} i 232 ) 
where 4>(x) is the distribution function for the standard normal distribution. 



Example 2.5.4 



Consider the portfolio of insurance contracts in Example 2.5.3. Calculate the ex- 
pected value of the claims provided by a stop-loss reinsurance coverage where 

a. There is no individual reinsurance and the deductible amount is 7,500,000 

b. There is a retention amount of 20,000 on individual policies and the deductible 
amount on the business retained is 5,300,000. 

Solution: 

a. With no individual reinsurance and the use of 10,000 as the unit, 

E[S] = 0.02[8,000(1) + 3,500(2) + 2,500(3) + 1,500(5) + 500(10)] = 700 

and 

Var(S) = (0.02)(0.98)[8,000(1) + 3,500(4) + 2,500(9) + 1,500(25) + 500(100)] 
= 2,587.2 
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so 



cr(S) = 50.86. 

Then, with 

p = WzjO = (75^700) = ^ 

the application of (2.5.2) gives us 

P = 50.86[0.24608 - (0.983)(0.16280)] = 4.377. 
This is equivalent to 43,770 in the example as posed, 
b. In Example 2.5.3 we determined the mean and the variance of the aggregate 
claims, after imposing a 20,000 retention limit per individual, to be 480 and 784, 
respectively, in units of 10,000. Thus a(S) = 28. 



Then, with 



„ rf - p. 530 - 480 

P = — = —28— = 1786 



the application of (2.5.2) gives us 

P = 28[0.08100 - (1.786)(0.03707)] = 0.414. 
This is equivalent to 4,140 in the example as posed. 



z.o Notes ana References 



The basis of the material in Sections 2.2, 2.3, and 2.4 can be found in a number 
of post-calculus probability and statistics texts. Mood et al. (1974) prove the theo- 
rems given in (2.2.10) and (2.2.11). They also provide an extensive discussion of 
properties of the moment generating function. For a discussion of the advanced 

mathematical method'; fnr Hprivino A;ei r ;u,,n^ t..„„i-:, — a._i. i_ . 

„w.*„i.ii & uuii.uunuu luiiLiiun nidi t-urrespunas to a 

given moment generating function, see Bellman et al. (1966). Methods are also 

available to obtain the p.f. of a discrete distribution from its probability generating 

function; see Kornya (1983). 

DeGroot (1986) provides a discussion of several conditions under which the cen- 
tral limit theorem holds. Kendall and Stuart (1977) give material on normal power 
expansions that may be viewed as modifications of the normal approximation to 
improve numerical results. Bowers (1967) also describes the use of normal power 
expansions and gives an application to approximate the distribution of present 
values for an annuity portfolio. 



Section 2. 6 Notes and References 



Exercises 

Section 2.2 



2.1. 



2.4. 



2.5. 



Use (2.2.3) and (2.2.4) to obtain the mean and variance of the claim random 
variable X where q = 0.05 and the claim amount is fixed at 10. 



2.2. Obtain the mean and variance of the claim random variable X where q = 0.05 
and the claim amount random variable B is uniformly distributed between 0 
and 20. 



2.3. ' Let X be the number of h 



T1 \r 

men, A 



true dice are thrown. Let Y be the sum of the numbers showing on the dice. 
Determine the mean and variance of Y. [Hint: Apply (2.2.10) and (2.2.11).] 

Let X be the number showing when one true die is thrown. Let Y be the 
number of heads obtained when X true coins are then tossed. Calculate 
E[Y] and Var(Y). 

Let X be the number obtained when one true die is tossed. Let Y be the sum 
of the numbers obtained when X true dice are then thrown. Calculate ETY1 
and Var(Y). L J 

The probability of a fire in a certain structure in a given time period is 0.02. 
If a fire occurs, the damage to the structure is uniformly distributed over the 
interval (0, a) where a is its total value. Calculate the mean and variance of 
fire damage to the structure within the time period. 

Section 2.3 

2.7. Independent random variables X, for four lives have the discrete probability 
functions given below. 



Pr(X, = .v) 



Pr(X 2 = x) 



0 
1 
2 
3 
4 



Pr(X 3 - .v) 



0.6 
0.0 
0.3 
0.0 
0.1 



0.7 
0.2 
0.1 
0.0 
0.0 



0.6 
0.0 
0.0 
0.4 
0.0 



Pr(X 4 = X ) 

0.9 
0.0 
0.0 
0.0 
0.1 



Use a convolution process on the non-negative integer values of x to obtain 
FAx) for .y = 0. 1 . 2. 1 ^ c = v _i_ v _l v , v 

Let X, for / = 1, 2, 3 be independent and identically distributed with the d.f. 



x < 0 
0 < x < 1 

A" > 1. 
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Let S = X, + X 2 + X 3 . 

a. Show that F s (x) is given by 



0 
6 



3(x - 1; 



- 3(x - l) 3 + 3(x - If 



x < 0 

0 < x < 1 

1 < x < 2 

2 < x < 3 
x > 3. 



b. Show that E[S] = 1.5 and Var(S) = 0.25. 

c. Evaluate the following probabilities using the di. of part (a): 

(i) Pr(S < 0.5) 

(ii) Pr(S < 1.0) 

(iii) Pr(S < 1.5). 

2.9. Find the mean and variance of the inverse Gaussian distribution by using its 
m.p.f. as eiven in Example 2.3.5. 



Section 2.4 



2.10. Calculate the mean and variance of X and Y in Example 2.3.2. Use a normal 
distribution to approximate Pr(X + Y > 4). Compare this with the exact 
answer. 

2.11. a. Use the central limit theorem to calculate b, c, and d, for given a, in the 

statement 

Pr X, > nil + aVinaj = c + b<t>(d) 

where the X,'s are independent and identically distributed with mean jjl 
and variance a 2 and O(z) is the d.f. of the standard normal distribution, 
b. Evaluate the probabilities in Exercise 2.8(c) by use of the normal approx- 
imation developed in part (a). 

2.12. A random variable U has m.gi. 

M.,m = n - 2fr 9 t <-. 

a. Use the m.gi. to calculate the mean and variance of ii. 

b. Use a normal approximation to calculate points i/ 005 and i/ ()0] such that 
Pr(ii > y t ) = e. 
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Exercises 



Note the random variable U has a gamma distribution with parameters a - 9 
and (3 = 1/2. Gamma distributions with a = n / 2 and (E = 1 / 2 are chi-square 
distributions with n degrees of freedom. Thus U has a chi-square distribution 
with 18 degrees of freedom. From tables of d.f.'s of chi-square 

rlicf riKi i f innc \ArO r*V*+^in 1/ — RAQ ^r^A 1/ = RO 1 ^ 

Section 2.5 

2.13. Calculate the probability that the total cost in Example 2.5.3 will exceed 
8,250,000 if the retention limit is 

a. 30,000 b. 50,000. 

2.14. Calculate the retention limit that minimizes the probability of the total cost 
in Example 2.5.3 exceeding 8,250,000. Assume that the limit is between 30,000 
and 50,000. 

2.15. A fire insurance company covers 160 structures against fire damage up to an 
amount stated in the contract. The numbers of contracts at the different con- 
tract amounts are given below. 



Contract Amount Number of Contracts 

10 000 80 
20 nnn 35 

30 000 25 
50 000 15 
100 000 5 



Assume that for each of the structures, the probability of one claim within a 
year is 0.04, and the probability of more than one claim is 0. Assume that 
fires in the structures are mutually independent events. Furthermore, assume 
that the conditional distribution of the claim size, given that a claim has oc- 
curred, is uniformly distributed over the interval from 0 to the contract 
amount. Let N be the number of claims and let S be the amount of claims in 
a 1-year period. 

a. Calculate the mean and variance of N. 

b. Calculate the mean and variance of 5. 

c. What relative security loading, 0, should be used so the company can col- 
lect an amount equal to the 99th percentile of the distribution of total 
claims? (Use a normal approximation.) 

2.16. Consider a portfolio of 32 policies. For each policy, the probability q of a claim 
is 1 / 6 and B, the benefit amount given that there is a claim, has p.d.f. 

_ [2(1 - ,,) 0 < y < 1 

' ' [0 elsewhere. 

Let S be the total claims for the portfolio. Using a normal approximation, 
estimate Pr(S > 4). 
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SURVIVAL DISTRIBUTIONS 

A X TT^V T TF'T' rp a T">T r>P 



3.1 Introduction 

Chapter 1 was dedicated to showing how insurance can increase the expected 
utility of individuals facing random losses. In Chapter 2 simple models for single- 
period insurance policies were developed. The foundations of these models were 
Bernoulli random variables associated with the occurrence or nonoccurrence of a 
loss. The occurrence of a loss., in some examples., resulted in a second random 
process generating the amount of the loss. Chapters 4 through 8 deal primarily 
with models for insurance systems designed to manage random losses where the 
randomness is related to how long an individual will survive. In these chapters 
the time -until- death random variable, T(x), is the basic building block. This chapter 
develops a set of ideas for describing and using the distribution of time-until-death 
and the distribution of the corresponding age-at-death, X. 

We show how a distribution of the age-at-death random variable can be sum- 
marized bv a life table. Such tables are useful in many fields of science. Conse- 
quently a profusion of notation and nomenclature has developed among the vari- 
ous professions using life tables. For example, engineers use life tables to study the 
reliabilitv of complex mechanical and electronic systems. Biostatisticians use life 
tables to compare the effectiveness of alternative treatments of serious diseases. 
Demographers use life tables as tools in population projections. In this text, life 
tables are used to build models for insurance systems designed to assist individuals 
facing uncertainty about the times of their deaths. This application determines the 
viewpoint adopted. However, when it provides a bridge to other disciplines, notes 
relating the discussion to alternative applications of life tables are added. 

A life table is an indispensable component of many models in actuarial science. 
In fact, some scholars fix the date of the beginning of actuarial science as 1693. In 
that year, Edmund Halley published "An Estimate of the Degrees of the Mortality 
of Mankind, Drawn from Various Tables of Births and Funerals at the City of 
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Breslau." The life table, called the Breslau Table, contained in Halley's paper re- 
mains of interest because of its surprisingly modern notation and ideas. 



3.2 Probability for the Age-at-Death 

In this section we formulate the uncertainty of age-at-death in probability 
concepts. 



3.2.1 The Survival Function 

^ twiui^t^i u ncnwui uiniu. mis utrwuijiii s age-ai-ueain, a, lb a continuous- 
type random variable. Let F x (x) denote the distribution function (d.f.) of X, 

F x (x) = Pr(X < x) x > 0, (3.2.1) 

and set 

six) = 1 - F x (x) = Pr(X > x) x > 0. (3.2.2) 

We always assume that F x (0) = 0, which implies s(0) = I. The function s(x) is 
called the survival function (si.). F or any positive x, s(x) is the probability a new- 
born will attain age x. The distribution of X can be defined by specifying either the 
function F y (x) or the function s(x). Within actuarial science and demnoranhv tF.P 

.. -- o*~i — / ' 

survival function has traditionally been used as a starting point for further devel- 
^j^i.^in.^. iiinim pu^ai/iuij emu sLciusuLSi, me u.r. usuany piays mis roie. nowever, 
from the properties of the d.f., we can deduce corresponding properties of the 
survival function. 

Using the laws of probability, we can make probability statements about the age- 
at-death in terms of either the survival function or the distribution function. For 
example, the probability that a newborn dies between ages x and z (x < z) is 

Pr(x < X < 2) = F x (z) - F x (x) * \-^?J -t-i coy 
- six) - s(z). 



3.2.2 Time-until-Death for a Person Age x 

The conditional probability that a newborn will die between the ages x and z, 
given survival to age x, i s 

Pr(.t < X < z\X > x) = fx(2) ~ Fx(x) 

s(x) - s{z) 
= (3-2.3) 

The symbol (x) is used to denote a life-age-x. The future lifetime of (x), 
X - x, is denoted by T(x). ^(x^^r x 
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Within actuarial science, it is frequently necessary to make probability statements 
about T{x). For this purpose, and to promote research and communication, a set of 
symbols, part of the International Actuarial Notation, was originally adopted by 
the 1898 International Actuarial Congress. Symbols for common actuarial functions 
and principles to guide the adoption of new symbols were established. This system 
^or, cKJo^f f-rvncf-an)- rpuiew anH is rpvispd nr pvt-pndpd as npcpssarv bv the 

I 111..! U\.\.1L . ' 1-4 k. ' j V_ V L I V < w 1 l.'tL.i . t i ' ■ ' > ^ " " ' * - ■ - ' — J -J 

International Actuarial Association's Permanent Committee on Notation. These no- 
tational conventions are followed in this book whenever possible. 

These symbols differ from those used for probability notation, and the reader 
may be unfamiliar with them. For example, a single-variate function that would be 
written q(x) in probability notation is written q x in this system. Likewise, a multi- 
variate function is written in actuarial notation using combinations of subscripts, 
superscripts, and other symbols. The general rules for defining a function in ac- 
tuarial notation are given in Appendix 4. The reader may want to study these forms 
before continuing the discussion of the future-lifetime random variable. 

To make probability statements about T(x), we use the notations 

t q x = Pr[T(x) < t] t > 0, *%* + rfx~\ ( 32A ) 

jVx = i _ ^ = p r [T(x) > t] t > 0. (3.2.5) tV^B^I 

The symbol ,q x can be interpreted as the proba bil ity that (x) will die within t years; tp\= \- *Ya~ PCT • ; 
that is, fl x is the d.f. o f T(x) . On the other hand, ,p x can be interpreted as the prob- f * 

„u;iii.., i-U^i. /„\ ...ill , n. , ; i- _u t-1-.^f ie n i e fl-io c f fni- ( v 1 Tn ct-ifirial tpiqp . , i _C , ^ . f_ , / \ 

auimy mai \A) w hi auajn age a i i, iuui u, »j j.j.. > v^.. ^ j. i*. . — ~- ^UJvnv^j £ ; V\ -T^r 

of a life-age-0, we have 7(0) = X and r 

,p 0 = s(x) x > 0. r? o ^ (3.2.6) 

If r = 1, convention permits us to omit the prefix in the symbols defined in (3.2.4)f * I % k-- 4$tC 
and (3.2.5), and we have )* , f x ~ Px 

q x = Pr[(x) will die within 1 year], ( 

-l — t~ :i i 

l\ = Pr[(x) will attain age x + I]. x -t 

There is a special symbol for the more general event that (x) will survive t years 
and die within the following u years; that is, (x) will die between ages x + t and 
x + t + u. This special symbol is given by 

tl „q x = Pr[f < T(x) < f + w] 

= f + „<?.v - fix 

= - ,.„P, • (3-2.7) 
As before, if u = 1, the prefix is deleted in tl „q x , and we have t f] x . 

At this point it appears there are two expressions for the probability that (x) will 
die between ages x and x + u. Formula (3.2.7) with t = 0 is one such expression; 
(3.2.3) with 2 = x + u is a second expression. Are these two probabilities different? 
Formula (3.2.3) can be interpreted as the conditional probability that a newborn 
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will die between ages x and z = x + u, given survival to age x. The only information 
on the newborn, now at age x, is its survival to that age. Hence, the probability 
statement is based on a conditional distribution of survival for newborns. 

On the other hand, (3.2.7) with t = 0 defines a probability that a life observed at 
age x wiil die between ages x and x + u. The observation on the life at age x might 
include information other than simply survival. Such information might be that the 
life has just passed a physical examination for insurance, or it might be that the 
life has commenced treatment for a serious illness. Life tables for situations where 
the observation of a life at age x implies more than simply survival of a newborn 
to age x are discussed in Section 3.8, where additional notation for those life tables 
is introduced. We will continue development of the theorv with nut fnrthpr rpfpr- 
ence t o the distinction between (3.2.3) and (3.2.7), andgilSi^^it^^rj^ 
^ section, o bservation of suryivaKit age x will yield the sain e conditional dis trt button 
?giviyal db fellyp^the^ihat, a newborn has survived to a ge^; that is7 



six + t) 



tlx = 1 



S(X) 

s(x + t) 
six) 



(3.2.8) 



(3.2.9) 



Under this approach, (3.2.7), and its many special cases, can be expressed as 

six + f) - six + t + it) 



■i A = 



S(X) 



six + t) 
six) 



sjx + t) - six + t + u) 
six + f) 



(3.2.10) 



3.2.3 CurtatP-Fiitura-l rFo+im< 



A discrete random variable associated with the future lifetime is the number of 
future years completed by (x) prior to death. It is called the curtate-future-lifetime 
of (x) and is denoted by K(j). Because K{x) is the greatest integer in T(x), its p.f. is 

Pr[Kix) = k] = Pr[k < Tix) < k + 1] 
= Fr[k < Tix) < k + 1] 

= klh q x+k = kl q> k = 0, 1, 2 (3.2.11) 

The switching of inequalities is possible since, under our assumption that Tix) is a 
continuous-type random variable, Pr[T(x) = k] = Pr[I(x) = k + 1] = 0. Expression 
(3.2.11) is a special case of (3.2.7) where u = 1 and jt is a non-negative integer. 
From (3.2.11) we can see that the d.f. of Kix) is the step function 

k 

Fk(x) (y) = 2 hfl.x - t+i^v y - 0 and k is the greatest integer in y. 
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It often follows from the context that T(x) is the future lifetime of (x), in which 
case we may write T instead of T(x). Likewise, we may write K instead of K(x). 



3.2.4 Force of Mortality 

Formula (3.2.3) expresses, in terms of the d.f. and in terms of the survival func- 
tion, the conditional probability that (0) will die between ages x and z, given sur- 
vival to x. With z — x held constant, say, at c, then considered as a function of x, 
this conditional probability describes the distribution of the probability of death in 
the near future (between time 0 and c) for a life of attained age x. An analogue of 
this function for instantaneous death can be obtained by using the density of prob- 
ability of death at attained age x, that is, using (3.2.3) with z = x + Ax, 

F x (x + Ax) - F x (x) 



Pr(x < X < x + Ax\X > x) = 

f..{r\\r 

(3.2.12) 



1 - F x (x) 

In this expression F' x (x) = f x (x) is the p. d.f. of the continuous age-at-death ran- 
dom variable. The function 

/*(*) 



1 " F x (x) 



in (3.2.12) has a conditional probability density interpretation. For each age x, it 
gives the value of the conditional p.d.f. of X at exact age x, given survival to that 
age, and is denoted by |x(x). 

We have 

fx(x) 



\l(x) -■ 

(3.2.13) 



s(x) 

The properties of f x (x) and 1 - F x (x) imply that |a(a') > 0. 

In actuarial science and demography |x(x) is called the force of mortality. In 
reliability theory, the study of the survival probabilities of manufactured parts and 
systems, |x(x) is called the failure rate or hazard rate or, more fully, the hazard 
rate function. 

As is true for the s.f., the force of mortality can be used to specify the distribution 
of X. To obtain this result, we start with (3.2.13), change x to y, and rearrange to 
obtain 

-M-(y) dy = d log s(y). 
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Integrating this expression from x to x + n, we have 

M-(y) rfy = log —l 

L S M 

= ] og „P, , 

and on taking exponentials obtain 

nPx = exp[~/f " ^(y) rfy]. 

Sometimes it is convenient to rewrite (3.2.14), with s = y - x, as 

„p x = exp[-/S + s) ds]. 



(3.2.14) 



(3.2.15) 



In particular, we will change the notation to conform with that used in (3 2 6) by 
setting the age already lived to 0 and denoting the time of survival bv v We then 
have 



In addition, 



and 



x p 0 = six) = exp[-fl As) ds]. 
fx (*) - 1 - s(x) = 1 - ex P [-/> ^(s) ds] 
f.vM =f x (x) = exp[-/> jxOO ds] fji(.v) 



(3.2.16) 
(3.2.17) 

(3.2.18) 



pTi,\(t) and f T ,.,(t) denote. rpqnprHuplv tko ,-! f „ j r _r -r-, . , ,i r . 

lifetime of (x). From (3.2.4) we note that F m> (t) = ^ ; therefore, 



/WO - ^ ^ 



1 
dt 



1 - 



s(jr + t) 
six) 



six + f) 



s'jx + t) 
six + f) 



S(X) 

= M-(* + f) f > 0. (3.2.19) 
Thus ,p x ^x + 0 df is the probability that (*) dies between t and f + df, and 

/P.t JJ.(Jr + 0 dt = 1 

where the upper limit on the integral is written as positive infinity (an abbreviation 
tor integrating over all positive probability density). 

It follows from (3.2.19) that 

d_ d 

J f 0-- >P,) = - j f t p x = tP \ Ax + f). (3.2.20) 
This equivalent form is useful in several developments in actuarial mathematics. 
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Since 

lim n p x = 0, 

we have 

lim (-log n p x ) = x ; 

ji— 

that is, 



fx r n 

lim 



.. ^...^...^ v , , Liiu ^>-uuii cij.c auiiunaili!.CU 111 1 clUlt O.Z.I. 

The lower half of Table 3.2.1 summarizes some of the relationships among func- 
tions of general probability theory and those specific to age-at-death applications: 
There are many other examples where age-at-death questions can be formed in the 
more general probability setting. The following will illustrate this point. 



Probability Theory Functions for Age-at-Death, X 





d.f. 

FJx) 


c..„,:,,~i 

Jul v l v dl 

Function 

c(v) 




p.d.f. 

/■ /„\ 

/XV-*' 




Force of 
Mortality 

u.(x) 


For 


Requirements 


For 




Requirements 


x < 0 
x = 0 
x > 0 
lim 


F x (x) = 0 
F x (0) = 0 
nondecreasing 
FxW = 1 


s(x) = 1 
s(0) - 1 
nonincreasing 
s(=) = 0 


x < 0 
x = 0 
x > 0 
lim 


fxM = 0 
undefined 
/x(*) ^ o 
fofx(x) dt = 


1 


v4x) = o 

undefined 

fJL(x) > 0 

So ^{x)dx = oc 


Functions 
in Terms of 




Relationsh 


ips 






s(x) 
fxW 

|l(X) 


1 - s(x) 
S x 0 f x (u)du 

1 - exp[-/J ii(t)dt} 


1 " Fxix) 
s(x) 

S*fx(it)du 
exp[-/S jx(f) dt] 




F'x(x) 
-s'(x) 
fx(x) 

(X(x)exp[-/S JUL(f ) dt] 


F x (x)/[1-F x (x)] 
-s'(x)/s(x) 
f x {x)IS:fx(u)du 

(J.(X) 



Example 3.2.1 



If A refers to the complement of the event A within the sample space and 
Pr(A) + 0, the following expresses an identity in probability theory: 

Pr(A U B) = Fr(A) + Fr(A) Pr(BjA). 

Rewrite this identity in actuarial notation for the events A = [T(x) < t] and B = 
[t < T(x) < 1], 0 < f < 1. 
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3 3 



Solution: 

Pr(A U B) becomes Pr[T(x) < 1] = ^ Vr{A) is A , and Pr(B|^) is , _, 7w ; hence 

1* = fa + ,P X 1 Tt ■ ▼ 



uiicr iaui» 



A published life table usually contains tabulations, by individual ages, of the 
basic functions q x , /„ d,, and, possibly, additional derived functions. Before pre- 
senting such a table, we consider an interpretation of these functions that is directly 
related to the probability functions discussed in the preceding section. 

^ Relation of Life Table Functions to tKe Survival Function 

In (3.2.9) we expressed the conditional probability that (,v) will die within t years 



by 



and, in particular, we have 



fa = 1 - 



six + f) 
s(x) ' 



S(X) 



We now consider a group of / 0 newborns, / 0 = 100,000, for instance. Each new- 
born s age-at-death has a distribution specified by s.f. s(x). In addition, we let iix) 
denote the group's number of survivors to age x. We index these lives by / = 1 
2, . . . , / 0 and observe that 

;-l 

where l } is an indicator for the survival of life /; that is, 

I _ I 1 if life / survives to age x 
' [0 otherwise. 

Since E[7 ; ] - S (x), 

E[.^)] = £ E[/ ; ] = /„ S (x). 

We denote E[X\x)] by I- that is, /, represents the expected number of survivors 
to age x from the 1 0 newborns, and we have 



l x = l 0 s(x). 



ex 1 1 \ 



Moreover under the assumption that the indicators 7, are mutually independent 
Z\ ,** * *™ m ^ distribution with parameters n = / 0 and p = six). Note, however,' 
mat (3.3.1) does not require the independence assumption. 
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In a similar fashion, „ L J\ denotes the number of deaths between ages x and x + n 
from among the initial / 0 lives. We denote E[„ l J\] by „d x . Since a newborn has prob- 
ability s(x) - s(x + n) of death between ages x and .v + n we can, by an argument 
similar to that for i x , express 



^ 1 11 -'.I J 'UL'-'V'*/ "'V' ' "/J 



= - W (3-32) 
When n — 1, we omit the prefixes on „y\ and „d r 



From (3.3.1), we see that 

1 c/L 1 ds(x) 



|jl(x) (J.J.JJ 



/ v dx s(x) dx 
and 

-d/ A = l x \l(x) dx. (3.3.4) 

Since 

h MX*) = ! o ,Po ^( x ) = f 0 
the factor / v |x(x) in (3.3.4) can be interpreted as the expected density of deaths in 
the age interval (x, x + dx). We note further that 

/ A = / 0 exp[-/S |x(y) dyl (3.3.5) 
/ A + H = /", exp[-/r" M-(y) dy\, (3.3.6) 
/, - U = JT" K M-(y) rfy- (3-3-7) 

For convenience of reference, we calLihis concept of^/ 0 newborns, each with 
survival function s(x), a random survivorship group. ' . , ; 

^ ~~ - - L L< ^ 

3.3.2 Life Tabie Example 

In "Life Table for the Total Population: United States, 1979-81" (Table 3.3.1), the 
functions t q x , l x , and t d x are presented with l 0 = 100,000. Except for the first year of 
life, the value of t in the tabulated functions t q x and t d x is 1. The other functions 
appearing in the table are discussed in Section 3.5. 

The 1979-81 U.S. Life Table was not constructed by observing 100,000 newborns 
until the last survivor died. Instead, it was based on estimates of probabilities of 
death, given survival to various ages, derived from the experience of the entire 
U.S. population in the years around the 1980 census. In using the random survi- 
vorship group concept with this table, we must make the assumption that the 
probabilities derived from the table _ will be appropriate for the lifetimes of those 
who belong to the survivorship group. 
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Life Table for the Total Population: United States, 1979-81 



(1) 



Age Interv al 

Period of 
Life between 
Two Ages 
x to X + t 



Days 

0- 1 

1- 7 
7-28 

28-365 

Years 



(2) 

Pronortinn 
i 

Dying 
Proportion of 
Persons Alive 
at Beginning 
of Age 
Interval 
Dying during 

Interval 
Ax 



(3) 



Of 100,000 Born Alive 



0.00463 
0.00246 
0.00139 
0.00418 



Number 
Living at 
Beginning of 
Aee Interval 



Number 
Dying during 

A or> Tr-ifot-v'Til 

A. 



100 000 
99 537 
99 292 
99 154 



0-1 


0.01260 


100 000 


1-2 


0.00093 


98 740 


2-3 


0.00065 


98 648 


j — *± 


0.00050 


98 584 


a r 


0.00040 


98 535 






98 495 




u.uuuj/ 


6-7 


0.00033 


98 459 


7-8 


0.00030 


98 426 


8-9 


0.00027 


98 396 


9-10 


0.00023 


98 370 


10-11 


0.00020 


98 347 


11-12 


0.00019 


98 328 


12-13 


0.00025 


98 309 


13-14 


0.00037 


98 285 


14-15 


0.00053 


98 248 


15-16 


0.00069 


98196 


16-17 


0.00083 


98 129 


17-18 


0.00095 


98 047 


18-19 


0.00105 


97953 


19-20 


0.00112 


97 851 


20-21 


0.00120 


.. 97 74V 


21-22 


0.00127 


97 623 


22-23 


0.00132 


97499 


23-24 


0.00134 


97 370 


24-25 


0.00133 


97 240 


25-26 


0.00132 


97110 


26-27 


0.00131 


96 982 


27-28 


0.00130 


96 856 


28-29 


0.00130 


96 730 


29-30 


0.00131 


96 604 



463 
245 
138 
414 



Stationary Population* 

Years Lived 
in This 
and All 
Subsequent 

^ I A 1 i i 

■ rl g c intervals 



Years Lived 
in the Age 



273 
1 635 
5 708 
91 357 / 



7 387 758 
7 387 485 
7 385 850 
7 380 142 



r/) 

Average 
Remaining 
Lifetime 

Average 
Number of 
Years of Life 
Remaining 
at Beginning 
of Age 



73.88 
74.22 
74.38 
74.43 



•Stationary population is a demographic concept treated in Chapter 19 



1 260 


98 973 


7 187 7^8 

/ OOj /do 


71 QC 


92 


98 694 




/3.82 


64 


98 617 


7 190 091 


72.89 


49 


98 560 


7 091 474 


71.93 


40 


Q8 =;i r 

yo did 


b vvz 914 


70.97 




Q8 A77 
yO / 


o o94 399 


70.00 


33 


no A AD 
yo "±"iZ 


6 /So 922 


69.02 


30 


98 412 


6 6Q7 48D 
u vy/ rtou 


Do.Ub 


26 


98 383 


6 599 068 


67.07 


23 


98 358 


6 500 685 


66.08 


19", 


98 338 


6 402 327 


65.10 


19, 


98 319 


6 303 989 


64.11 


24 


98 297 




63.12 


37 


98 266 


6 107 373 


62.14 


52 


98 222 


6 009 107 ■ 


61.16 


67 


98 163 


5 910 885 


60.19 


82 


98 087 


5 812 722 


59.24 


94 


98 000 


5 714 635 


58.28 


102 


97 902 


5 616 635 


57.34 


110 


97 796 


5 518 733 


56.40 


118 


97 682 


5 420 937 


55.46 


124 


97 561 


5 323 255 


54.53 


129 


97 435 


5 225 694 


53.60 


130 


97 306 


5 128 259 


52.67 


130 


97175 


5 030 953 


51.74 


128 


97 046 


4 933 778 


50.81 


126 ~ 


96 919 


4 836 732 


49.87 


126 


96 793 


4 739 813 


48.94 


126 


96 667 


4 643 020 


48.00 


127 


96 541 


4 546 353 


47.06 
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Life Table for the Total Population: United States, 1979-81 



u; 



Age Interval 

Period of 
Life between 
Two Ages 
x to x + t 



Proportion 
Dying 

Proportion of 
Persons 
Alive 

at Beginning 
of Age 
Interval 

Dying during 
Interval 



Of 100,000 Born Alive 
Number 

Living at Number 
Beginning of Dying during 



/vgc imervdi 
I 



/Age niicivai 



Stationary Population* 

Years Lived 
in This 
and All 
Subsequent 

^5* 



Years Lived 
in the Age 

T— « ,^1 

Aiuci vai 



Average 

Lifetime 

Average 
Number of 
Years of Life 
Remaining 
at Beginning 
of Age 
Interval 



Years 














30-31 


0.00133 


96 477 


127 


96 414 


4 449 812 


46.12 


31-32 


0.00134 


96 350 


130 


96 284 


4 353 39 o 


43. lo 


32-33 


0.00137 


96 220 


132 


96 155 


4 257114 


44.24 


33-34 


0.00142 


96 088 


137 


96 019 


4 160 959 


43.30 


34-35 


0.00150 


95 951 


143 


95 880 


A C\ f A f~i ,1 f\ 

4 064 940 


4i.jb 


35-36 


0.00159 


95 808 


153 


95 731 


3 969 060 


41.43 


36-37 


0.00170 


95 655 


163 


95 574 


3 873 329 


40.49 


37-38 


0.00183 


95 492 


175 


95 404 


3 777 755 


39.56 


38-39 


0.00197 


95 317 


188 


95 224 


3 682 351 


38.63 


39-40 


0.00213 


95 129 


203 


95 027 


3 587127 


37.71 




0 00?3? 

\J t\J\J Am<~? Am 


94 926 


220 


94 817 


3 492 100 


36.79 


41 —4? 


0 00754 


94 706 


241 


94 585 


3 397 283 


35.87 


4? 43 




94 465 


264 


94 334 


3 302 698 


34.96 


43-44 


0.00306 


94 201 


288 


94 057 


3 208 364 


34.06 


44-45 


0.00335 


93 913 


314 


93 756 


3114 307 


33.16 


45— 4o 


U.UUJOD 






93 477 


3 070 551 


32.27 




U.UU^rUl 




374 


93 069 


2 927 124 


31.39 




r\ r\r\ a a ^ 






92 677 


2 034 055 


30.51 


47—48 




y Am OOa~ 


tiu 








48-49 


0.00488 


92 472 


451 


92 246 


2 741 378 


29.65 


49-50 


0.00538 


92 021 


495 


91 773 


2 649 132 


28.79 


50-51 


0.00589 


91 526 


540 


91 256 


2 557 359 


27.94 


51-52 


0.00642 


90 986 


584 


90 695 


2 466 103 


27.10 


52-53 


0.00699 


90 402 


631 


90 086 


2 375 408 


26.28 


53-54 


0.00761 


89 771 


684 


89 430 


2 285 322 


25.46 


54-55 


0.00830 


89 087 


739 


88 717 


2 195 892 


24.65 


55-56 


0.00902 


88 348 


797 


87 950 


2107175 


23.85 


56-57 


0.00978 


87 551 


856 


87 122 


2 019 225 


23.06 


57-58 


0.01059 


86 695 


919 


86 236 


1 932 103 


22.29 


58-59 


0.01151 


85 776 


987 


85 283 


1 845 867 


21.52 


59-60 


0.01254 


84 789 


1 063 


84 258 


1 760 584 


20.76 


60-61 


0.01368 


83 726 


1 145 


83 153 


1 676 326 


20.02 


61-62 


0.01493 


82 581 


1 233 


81 965 


1 593 173 


19.29 


62-63 


0.01628 


81 348 


1 324 


80 686 


1 511 208 


18.58 


63-64 


0.01767 


80 024 


1 415 


79 316 


1 430 522 


17.88 


64-65 


0.01911 


78 609 


1502 


77 859 


1 351 206 


17.19 



'Stationary population is a demographic concept treated in Chapter 19. 
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Life Table for the Total Population: United States, 1979-81 



(l) 



Age Interval 

Period of 
Life between 
Two Ages 
x to X + t 



(2) 

T>m~ — t: 

Dying 

Proportion of 
Persons 
Alive 

at Beginning 
of Age 
Interval 

Dying during 
Interval 



(3) 



(4) 



(5) 



(6) 



Of 100,000 Born Alive 



Number 
Living at 
Beginning of 
Age Interval 



Number 
Dying during 
Age Interval 



Stationary Popu lation* 

Years Lived 
in This 

Years Lived and All 
in the Age Subsequent 
Interval Age Intervals 



(7) 
Average 
Remaining 
Lifetime 

Average 
Number of 
Years of Life 
Remaining 
at Beginning 
of Age 
Interval 



Years 

65- 66 

66- 67 

67- 68 

68- 69 

69- 70 

70- 71 

71- 72 

72- 73 

73- 74 

74- 75 

75- 76 

76- 77 

77- 78 

78- 79 

79- 80 

80- 81 

81- 82 

82- 83 

83- 84 

84- 85 

85- 86 

86- 87 

87- 88 

88- 89 

89- 90 

90- 91 

91- 92 

92- 93 

93- 94 

94- 95 

95- 96 

96- 97 

97- 98 

98- 99 

99- 100 



0.02059 
0.02216 
0.02389 
0.02585 
0.02806 

0.03052 
0.03315 
0.03593 
0.03882 
0.04184 

0.04507 
0.04867 
0.05274 
0.05742 
0.06277 

0.06882 
0.07552 
0.08278 
0.09041 
0.09842 

0.10725 
0.11712 
0.12717 
0.13708 
0.14728 

0.15868 
0.17169 
0.18570 
0.20023 
0.21495 

0.22976 
0.24338 
0.25637 
0.26868 
0.28030 



77 107 


1 587 


76 314 


1 97T XAT 
1 Li d j4 1 


16. ol 


75 520 


1 674 


/ 4 Ooj 


1 19/ \}55 


15.85 


7^ 


1 7£yl 
1 / 04 


72 964 


I 122 350 


15.20 


72 082 


1 864 


71 150 


1 049 386 


14.56 


70 218 


1 970 


69 233 


978 236 


13.93 


68 248 


2 083 


67 906 / 


yVy Wj 


13.32 


66 165 


2 193 


65 06Q 


o41 Jyj 


\.L.J 2. 


63 972 


2 299 


62 823 


77A 79C 


12.14 


61 673 


2 394 


60 476 


713 905 


11.58 


59 279 


2 480 


58 039 


653 429 


11.02 


56 799 


2 560 


55 R?n 


oyo jy(J 


in /I O 

IU.48 


54 239 


2 640 


5? 91Q 


Doy o/U 


O OCT 

9.95 


51 599 


2 721 




4oo 9M 


/\ \ A 

9.44 


48 878 


2 807 


47 475 


436 713 


8.93 


46 071 


2 891 


44 626 


389 238 


8.45 


43180 




41 Oy'i 


344 612 


7.98 


40 208 


J KJJO 


jo boy 


302 918 


7.53 


37 172 


^ D77 


ItZ dA 

dd 634 


O /" A Tin 

264 229 


7.11 


34 095 






o ^ o !rn c 


6.70 


31 012 


3 052 


29 486 


196 042 


6.32 


27 960 


2 999 


26 461 


166 556 


5.96 


24 961 


2 923 


23 500 


140 095 


5.61 


22 038 


2 803 


20 636 


116 595 


5.29 


19 235 


2 637 


17917 


95 959 


4.99 


16 598 


2 444 


15 376 


78 042 


4.70 


14 154 


' 2 246 


13 031 


62 666 


4.43 


11 908 


2 045 


10 886 


49 635 


4.17 


9 863 


1 831 


8 948 


38 749 


3.93 


8 032 


1608 


7 228 


29 801 


3.71 


6 424 


1 381 


5 733 


22 573 


3.51 


5 043 


1 159 


a A^n 


1 /C O A A 

IV o*±u 


3.34 


3 884 


945 


3 412 


12 377 


3.19 


2 939 


754 


2 562 


8 965 


3.05 


2 185 


587 


1 892 


6 403 


2.93 


1598 


' 448 


1 374 


4 511 


2.82 



'Stationary population is a demographic concept treated in Chapter 19. 
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Section 3.3 Life Tables 



Life Table for the Total Population: United States, 1979-81 



(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 




Proportion 
Dying 










A . .»„ 

/ivcmgt 

Remaining 

Average 
Number of 




Proportion of 
Persons 
Alive 






Stationary Population* 




at Beginning 
of Age 


Of 100,000 Born Alive 




Years Lived 


Years of Life 


Age Interval 


i\ umDci 






in This 


Remaining 


Period of 


Interval 


Living oi 




Years Lived 


,.J All 

and rvii 


at Beginning 


Life between 
Two Ages 


Dying during 
Interval 


Dtiiiriniii& ui 

A fro Tnfon73i 


A on Tnforval 
Age iillcival 


1 W f nD \ {Yrt 

in lilc rViic 

interval 


JuDscUUclll 

/\ge intervals 


of Age 
Interval 


x to X + t 


rt 

fix 


; 

*x 


A 

fx 


r 


T 


0 

c x 


Years 




1 










100-101 


0.29120 


• 1 150 


335 


983 


3 137 


2.73 


101-102 


0.30139 


815 


245 


692 


2 154 


2.64 


102-103 


0.31089 


570 


177 


481 


1 462 


2.57 


103-104 


0.31970 


393 


126 


330 


981 


2.50 


104-105 


0.32786 


267 


88 


223 


651 


2.44 


105-106 


0.33539 


179 


60 


150 


428 


2.38 


106-107 


0.34233 


119 


41 


99 


278 


2.33 


107-108 


0.34870 


78 


27 


64 


179 


2.29 


108-109 


0.35453 


51 


18 


42 


115 


2.24 


109-110 


0.35988 


33 


12 


27 


73 


2.20 



'Stationary population is a demographic concept treated in Chapter 19. 



Several observations about the 1979-81 U.S. Life Table are instructive. 
Observations: 

1. Approximately 1% of a survivorship group of newborns would be expected to 
die in the first year of life. 

2. It would be expected that about 77% of a group of newborns would survive to 
age 65. 

3. The maximum number of deaths within a group would be expected to occur 
- between ages 83 and 84. 

4. For human lives, there have been few observations of age-at-death beyond 110. 
Consequently, it is often assumed that there is an age to such that s(x) > 0 for 
x < to, and s(x) - 0 for x > to. The age to, if assumed, is called the limiting age. 
The limiting age for this table is not defined. It is clear that there is a positive 
probability of survival to age 110, but the table does not indicate the age to. 

5. Local minimums in the expected number of deaths occur around ages 11 and 
27 and a local maximum around age 24. 

6. Although the values ofi/jhave been rounded to integers, there is no compelling 
reason, according to (33fl), to do so. 

A display such as Table 3.3.1 is the_conventional method. for describing the. dis_- 
tribution of age-at-death. Alternatively, an s.f. can be described in analytic form 
such as s(x) - e' c \ c > 0, x s 0. However, most studies of human mortality for 
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insurance purposes use the representation s(x) - / v // 0 , as illustrated in Table 3.3.1. 
Since 100,000 s(.v) is displayed for only integer values of x, there is a need to inter- 
polate in evaluating s(.v) for noninteger values. This is the subject of Section 3.6. 



On the basis of Table 3.3.1, evaluate the probability that (20) will 

a. Live to 100 

b. Die before 70 

c. Die in the tenth decade of life. 
Solution: 



s(100) l m 1,150 nn 
a. — = — = — 0.0118 



b. 



s(20) / 20 97,741 
[s(20) - 5(70)] ^ /. 



= 1- ^=1- 



68,248 



s(20) " / 20 " 97,741 



= 0.3017 



c . ^(90) ~ s(100)] = (/ 90 ~ / ]00 ) = (14,154 - 1,150) _ 



s(20) 



'20 



97,741 



= 0.1330. 



Insight into life table functions can be obtained by studying Figures 3.3.1, 3.3.2, 

anrl % ^ "\ TUoco oi-a ^■-....r, j-,^ -„ _ c , 1 .... 

~ wxv_ uiHvvu iu uc ic^icaciiidiive ui current numan mortality and 

are not taken directly from Table 3.3.1. 



Graph of |x(x) 



0.03 



0.02 - 



0.01 - 
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Section 3.3 Life Tables 



In Figure 3.3.1 note two features: 

• The force of mortality is positive and the requirement 

P , . . 
|x(x) ax - 3= 

Jo 

appears satisfied. (See Table 3.2.1.) 

• The force of mortality starts out rather large and then drops to a minimum 
around age 10. 



Graph of l x |x(x) 
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In Figures 3.3.2 and 3.3.3 note the following: 

• The function l x ^(x) is proportional to the p.d.f. of the age-at-death of a new- 
born. Since / v ^(x) is the expected density of deaths at age x, under the random 
survivorship erout> idea, the cranh nf / mW n*\\ 0 A ™„™„ „t a„„^~ 

• There is a local minimum of /, fx(x) at about age 10. The mode/of the distribution 
of deaths— the^a^a^ v^h the maximum of the curve of deaths occurs— is 
around age 80. 

• The function /, is proportional to the survival function s(x). It can also be in- 
terpreted as the expected number living at age x out of an initial group of 
size / 0 . 

• Local extreme points of l y ii(x) correspond to points of inflection of / v since 

A A / A \ J2 

dx PW dx\ dx 7 dx 2 • 

3.4 The Deterministic Survivorship Group 

We proceed now to a second, and nonprobabilistic, interpretation of the life table. 
This is rooted mathematically in the concept of decrement (negative growth) rates. 
As such, it is related to growth-rate applications in biology and economics. It is 
deterministic in nature and leads to the concept of a dttehninistic survivorship 
group or cohort. 



A deterministic survivorship group, as represented by a life table, has the fol- 
lowing characteristics: 

• The group initially consists of / 0 lives age 0. 

• The members of the group are subject, at each age of their lives, to effective 
annual rates of mortality (decrement) specified by the values of a in the life 
table. 

• The group is closed. No further entrants are allowed beyond the initial /„ The 
only decreases come as a result of the effective annual rates of mortality 
(decrement). 

From these characteristics it follows that the progress of the group is determined 
by 

h = / 0 (1 ~ %) = l 0 - do, 

h = 1,(1 ~ <?,) = /,-<*,= / 0 - (d 0 + d,), 



v-l 



x— 1 

2 

!/ = 0 



In 



(3.4.1; 
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Section 3.4 The Deterministic Survivorship Group 



where / T is the number of lives attaining age x in the survivorship group. This chain 
of equalities, generated by a value /„ called the radix and a set of q x values, can be 
rewritten as 

h = k Po> 

h = h Pi = Co Po) Pv 



K = h-i Px-i = k (h p)j = I* ,Fo- (3.4.2) 

There is an analogy between the deterministic survivorship group and the model 
for compound interest. Table 3.4.1 is designed to summarize some of this 
parallelism. 



Related Concepts of the Mathematics of Compound Interest 
and of Deterministic Survivorship Groups 



Compound Interest 


Survivorship Group 


A{t) = Size of fund at time t, time 

rnoQCnrOrl i t-, t 7,-. 
iiiv.u.;ui Hi y vai J 


/, = Size of group at age x, age 
measured in years 


Effective annual rate of interest 
(increment) 


Effective annual rate of mortality 
(decrement) 


_ A(t + 1) - A(t) 
A(t) 




Effective n-year rate of interest, 
starting at time t 


Effective Ji-year rate of mortality, 
starting at age x 


Mt) 


•fa , 


Force of interest at time t 

a [A(t + At) - A(t) 
5, = Jim 

.V-0 L Mt) M 

1 dA(t) 
A{t) dt 


Force of mortality at age x 

Il(x) = Urn ( K ~ {^A 

h dx 


There is no universally accepted symbol for an effective n-year rate of interest. 



The headings of the t q x , l x , and ,d x columns in Table 3.3.1 refer to the deterministic 
survivorship group interpretation. Although the mathematical foundations of the 
jandom survivorship group and the deterministic survivorship group are different, 
ihiraE. 1 ^&-f un ? tions q x , l x , and d, have the same mathematical properties and 
-subsequent analysis. The random survivorship group concept has the advantage of 
allowing for theJull use o£ probability theory. The deterministic survivorship" group 
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is conceptually simple and easy to apply but does not take account of random 
variation L m L the number of survivors. random 



^.5 other Life Table Characteristics ' 1 

th^Tf™ T^ eriVe 8X P ressions fOT so ™ commonly used characteristics of 
^T^^^ «* — * — -Hod for com P u4 



a^l e * P Tf Value ° f denoted by °e v is called the camplete-expectation- 
of-hfe. By definition and an integration by parts, we have fetation 

e x = E[T(x)} = I t iPx ^ x + t) df 



r 



= K-tP x )\o + f ,p x dt. 
The existence of E[T(x)] is equivalent to the lim t(- lPx ) = 0. Thus 



e, = jo tPx dt. 



(3.5.1) 



(3.5.2) 



The complete-expectation-of-life at various ages is often used to compare levels of 
public health among different populations. P 

A similar integration by parts vields eaiiival^nt 



. . .. t rrT^.Oi 



E[T(xf] = r 2 ^ Ax + f) df 



= 2 Jo 

This result is useful in the calculation of Var [T(x)] by 

Var[7(x)] = E[T(x) 2 ] - E[T(x)} 2 



(3.5.3) 



= 2 ' ^ ^ 



(3.5.4) 



can construct 



In these developments, we assume that E[T(x)] and E[^ exist One 
s.i. s sucn as s(x) = (1 + whe re this would not be true. 

Other characteristics of the distribution of T(x) can be determined. The median 
Mure hfettme of (*), to be denoted by rn( X ), can be found by solving 
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(3.5.5) 



Pr[7(.r) > m(x)] = ^ 

or 

s[x + mjx)] _ 1 
six) ~~ 2 

for mix). In particular, m(0) is given by solving s[m(0)] = 1/2. We can also find 
the mode of the distribution of 7"(.t) by locating the value of f that yields a maximum 
value of p x |i(.r + f). 

TVic pv r^^f-fo^ Trillin ZZ/ -v- \ ^ J ] 1 .1 • it i .1 

v« iUt u. ix^y is uenuLtu vy e x ana is canea tne curtate- expect ation- 
of-life. By definition and use of summation by parts as described in Appendix 5, 
we have 

= 2 



= H- k pX + 2 t 4,p v . (3.5.61 

Aeain. the existenrp nf FrKYvM ic on.,n,cUnf +^ ±u„ i™ „ s n ti.. . -.i 

w - ~- - l ..,.. /J ^ nit inn rK{— k p x ) — u. inus, wun a 

change of the summation variable, 

^ = 2 kP.v ■ (3.5.7) 

Following the outline used for the continuous model and using summation by 
parts, we have 



= 2 H- k p x ) 



P(~kP*t + 2 (M^UrJ- (3.5.8) 



The existence nf E[K(x) 2 ] is equivalent to lim k*i- kP J = 0. With a change of the 
summation variable, 

E[K(x) 2 } = 2 (2* + 1) ^p, = 2 (2fr - 1) k p x (3.5.9) 

Now, 

Var(K) = E[K 2 ] - E[K] 2 

■y. 

= 2(2^-1),/^-^. (3.5.10) 
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To complete the discussion of some of the entries in Table 3.3.1, we must define 
additional functions. I he symbol L T denotes the total expected number of years 
lived between ages v and x + 1 by survivors of the initial group of /„ lives. We 

M ,\ V <-> 



n 

L -v = J 0 * U rtx + t) dt + i x+i . (3 . 511) 

where the integral counts the years lived of those who die between ages x and 
x + 1, and the term /, , , counts the years lived between ages x and x + 1 by those 
who survive to age .r + 1. Integration by parts yields 

L. = - f t M 4_ ; 
Jo ' ~"^< ' 

= L dt (3.5.12) 

The function L x is also used in defining the central-death-rate over the interval 
from x to x + 1, denoted by m, where 

f 



/ . nYv -4- i\ Af- 
111. = — - ■ iL_ + 1 



P - ~T~~- / (3.5.13) 

An application of this function is found in Chapter 10. 

The definitions for ;;/, and L x can be extended to age intervals of length other 
than one: 

rn 

uk = J q t / w ^(x + t)dt + 

+ ' dt (3.5.14) 

I T+ , |jl(x + t) dt 
0 I - 



l x+> dt 



v 



For the random survivorship group, „L A is the total expected number of years lived 
between ages x and .v + n by the survivors of the initial group of l 0 lives and m 
^ ^ .,^, a& ^ u C «u, h.lv. v.^^x ltI1 ^ tu U y llus group over the interval (x, * + «). 



The symbol T x denotes the total number of years lived beyond age x by the 
survivorship group with /<> initial members. We have 



i 
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r v = t + o dt 

Jo 

• 0 

h+t dt - (3.5.16) 

The final expression can be interpreted as the integral of the total time lived be- 
tween ages x + / and x + t + dt by the l x+t lives who survive to that age interval. 
We also recognize T x as the limit of „L, as n goes to infinity. 

The average number of years of future lifetime of the l x survivors of the group 
at age x is given by 



= I t Px dt 



o 



as dptprminpr) in H ^ 1 \ anrl CX x. 1\ 

-_ ... v „. w . i/ yy.^.i./. 



We can express the average number of years lived between x and x + n by the 
/ T survivors at age x as 



„L X Jo 



l x+l dt 



1 l 

'X '.V 

T - T 

_ 1 x 1 x + n 



tPx dt. (3.5.17) 

This function is the n-year temporary complete life expectancy of (x) and is denoted 
by e x .^. (See Exercise 3.16.) 

A final function, related to the interpretation of the life table developed in this 
section, is the average number of years lived between ages x and x + 1 by those 
of the survivorship group who die between those ages. This function is denoted 
by a{x) and is defined by 
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M l + f |x(.v + t) dt 

flU') = ~7] . (3.5.18) 

I ; . . /,. i i \ ji 

Jo 



for the probabilistic view of the life table, we would have 

| o t t p x |X(.V + 0 dt 
a(x) = -~ = E[T|r < 1]. 



tPx jx(.v + t)dt 

0 

If we assume that 

h +t m-(a- + t)dt = d,dt 0 < f < 1, 
that is, if deaths are uniformly distributed in the year of age, we have 

P 1 

a(x) t dt 



2 



This is the usual approximation for n(x), except for young and old years of age 
where Figure 3.3.2 shows that the assumption may be inappropriate.' 



Show that 

L x = a(x) I, + [1 - a(x)] 

and 

1 ~ 2 ' 

Solution: 

From (3.5.11), (3.5.12), and (3.5.18), we have 

a(x) = Lx ~ + 1 

or 

L x = a(x) l x + [1 - a(x)] 

The formula 



L, = 



h + U 



can be justified by using the trapezoidal rule for approximate integration on 
(3.5.12). v 

Key life table terminology, defined in Sections 3.3-3.5, is summarized as part of 
Table 3.9.1 in Section 3.9. 
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3.5.2 Recursion Formulas 



Example 3.5.1 illustrates the use of a numerical analysis technique to evaluate a 
life table characteristic. The trapezoidal jule for approximate integration is .used- 
The calculation of complete and curtate expectations-of-life can be used to illustrate 
another computational tool called recursion formulas. The application of recursion 
formulas in this book typically involves one of two forms: 

Backward Recursion Formula 

u(x) = c(x) + d(x) u(x + 1) (3.5.19) 

or 

Forward Recursion Formula 

'«* + 1) = - jp: + l~ u(x). (3.5.20) 
d(x) d(x) 

The variable x is usually a non-negative integer. 

To evaluate a function u(x), for a domain of non-negative integer values of x, we 
need to have available values of c(x) and d(x) and a starting value of u(x). This 
procedure is used in subsequent chapters and is illustrated in Table 3.5.1 where 
backward recursion formulas are developed to compute e x and c\. 



Backward Recursion Formulas for e x and e x 





Step 








o 




1. 


Basic equation 


?x = 


X kPx 

k-- 1 


~ e x = 


>Px ds 

J CI 




2. 


Separate the 
operation 


f X = 


Px + E kPx 


0 

<*x = 


f ^ ds + r 


*Px ds 


3. 


Factor p x and 
change variable in 
the operation 


?x = 


Px + Px X kPx + \ 
A = 1 

Px + Px <\ + 1 


O 

e x = 


f ,Px dS + Px 

Ja 


lPx + l dt 

Jo 

0 


4. 


Recursion 
formula" 


u(x) 
d(x) 


= e x , c(x) = p x 

= Px 


u(x) 


= e x , c(x) = 

Jo 


s p x ds 


5. 


Starting value'' 


e u, = 


w(u>) = 0 


d(x) 

o 


= Px 

u(x) = 0 





a The integral c(x) = Ji s p„ds can be evaluated using the trapezoidal rule as c(x) = (1 + pJ/2. 

b From Section 3.3.1 we have s(x) = 0, x a w, and s(x) > 0, x < w. In this development we will assume that w is 

an integer. 
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3.6 Assumptions for Fractional Ages 



In this chapter we have discussed the continuous random variable remaining 
lifetime, T, and the discrete random variable curtate-future-lifetime, K. The life table 
developed in Section 3.3 specifies the probability distribution of K completely. To 
specify the distribution of T, we must postulate an analytic form or adopt a life 
table and an assumption about the distribution between integers. 

We will examine three assumptions that are widely used in actuarial science. 
These will be stated in terms of the s.f. and in a form to show the nature of inter- 
polation over the interval (x, x + 1) implied by each assumption. In each statement, 

V ic z*r~\ inforror H <~ J <~ 1 TU/-> ^ r-r--. -. «4-I rt « ^ -. — . i-U ~. 

~ v *^ " A 1 miu v/ — i — i. , me a^oL4iiij„'Liuiio ait: uif luiiuwuig. 

• Linear interpolation: s(x + t) = (1 - f) s(.v) + f s(x + 1). This is known as the 
uniform distribution or, perhaps more properly, a uniform distribution of 
deaths assumption within each year of age. Under this assumption ,p, is a linear 
function. 

• Exponential interpolation, or linear interpolation on log six + t): log s(x + /) = 
(1 - f) log six) + t log six + 1). This is consistent with the assumption of a 
constant force of mortality within each year of age. Under this assumption 

is exponential. 

• Harmonic interpolation: 1 / s(x + t) = (1 - t) / six) + t / s(x + 1). This is what 

^ -w^-.i. ..jpnui/ni. yiujiuiltailj UHKIHLH j (155 Ul 1 II Ul L, 1UI Ui lUf 1 11 fpl x 

is a hyperbolic curve. 

With these basic definitions, formulas can be derived for other standard proba- 
bility functions in terms of life table probabilities. These results are presented in 
Table 3.6.1. Note that we just as well could have elected to propose equivalent 
definitions in terms of the p.d.f., the d.f., or the force of mortality. 

The derivations of the entries in Table 3.6.1 are exercises in substituting the stated 
assumption about six + t) into the appropriate formulas of Sections 3.Z and 3.3. 
We will illustrate the process for the uniform distribution of deaths, an assumption 
that is used extensively throughout this text. 

To derive the first entry in the uniform distribution column, we start with 

s(x) - six + f) 

* = 7F) 0 £ ' £ 1 

then substitute for six + t), 

n _ s{x) -[(1-Q sjx) + t si x + 1)] _ / [six) - s(x + 1)] 

tHx 7~ = to, . 

six) six) h 



For the second entry, we use (3.2.13) and 

n(* + 0 = - ' 

six + t) 

This assumption is named after G. Balducci, an Italian actuary, who pointed out its role 
in the traditional actuarial method of constructing life tables. 
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Probability Theory Functions for Fractional Ages 



Assumption 



Uniform Constant 
Function Distribution Force Hyperbolic 



* ^ 1 p[ 1 - (1 - f)<7, 

^• + ') ~ ] ° 8/ '' i - a - fx, •■ 



(l - o <?, 



1 ..i - 1 



w l _ p? ^ 



l - f<j, 

,P,u.(x + 0 <7. log p. 



1 - (1 - 


i/ - 0<7, 






1 - (1 - 


0*7, 


<7t ?' 





[i - (i - o<7,r 



Note that, in this table, x is an integer, 0 < f < 1, 0 == y ^ 1, y + t £ 1. For rows one, three, four, and five, the 
relationships also hold for f = 0 and f = 1. 



[s(x) - s{x + 1)] 

|x(x + /) = 



[(1 - 0 S(x) + ts(x+ 1)] 

Dividing both numerator and denominator of the right-hand side by s(x) yields 

^ + = 

The third entry is the special case of the fourth entry with y = 1 - t. 

For the fourth entry we start with 

_ s(* + 0 - s(x + t + y) 

then substitute for s(x + /) and s(x + / + y) to obtain 

_ [(1 - Q s(x) + t s(x + 1)] -[(!-/- y) s(x) + (f + y) s(* + 1)] 
lA+f ~ (1 - 0 six) + t six + 1) 

_ y[s(x) - sjx + l)]/sjx) 
~ [six) - f[s(x) - six + I)]) /six) 
t 

i - K 

The fifth entry is the complement of the first, and the final entry for the uniform 
distribution column is the product of the second and fifth entries. 
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If, as before, x is an integer, insight can be obtained bv defining a random vari- 
able S = Six) by 

T = K + S (3.6.1) 

where T is time-until-death, K is the curtate-future-lifetime, and S is the random 
variable representing the fractional part of a year lived in the year of death. Since 
K is a non-negative integer random variable and S is a continuous-type random 
variable with all of its probability mass on the interval (0, 1), we can examine their 
joint distribution by writing 

Pr [(K = k) n (S < s)] = Pr (k < T < k + s) 

Now, using the expression for s q^ k under the uniform distribution assumption 
as shown in Table 3.6.1, we have 

Pr [ (K = k) n (S < s)} = kPx s q^ k 

= Pr(K = k) Pr(S < s). (3.6.2) 

Therefore, the joint probability involving K and S can be factored into separate 
probabilities of K and S. It follows that, under the uniform distribution of deaths 

aSSUirmtion. thp ranrlnm variaV-ilpc Y anrl C =>>-o inAa^^A^^ c;~-~ n>_ tc _\ _ - 

1 ' " • - ■ ^ • ^ - ' ' 1 L * * 1 ^ ' ^ "iv- " ivt^j^l^l IVitl LL. ^11LV.C 1 1 \ 0 ~- > } — h 

is the d.f. of a uniform distribution on (0, 1), S has such a uniform distribution. 



Example 3.6.1 



Under the constant force of mortality assumption, are the random variables K 
and S independent? 

{ 

Solution: 

Using entries from Table 3.6.1 for the constant force assumption, we obtain 
Pr [(K = k) n (S - S )] = k p x ^ k 

= ^ [i - (p x+k n 

To discuss this result, we distinguish two cases: 

• If p x+k is not independent of k, we cannot factor the joint probability of K and 
S into separate probabilities. We conclude that K and S are not independent. 

• In the special case where p i+k = p v a constant, 

Pr [(K = k) n (S < s)] = p\{\ - ft) = (1 -pMQ -pD 

(! - Px) 

= Pr (K = k) Pr (S < s). 

For this special case we conclude that K and S are independent under the 
constant force assumption. w 
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Example 3.6.2 



Under the assumption of uniform distribution of deaths, show that 
a - c x - c .v F 2 
b. Var(T) = Var(K) + ^. 

Solution: 

a. e x = E[T] — E[K + S] 

= E[K] + E[S] 
1 

= , ' + 2- 

b. Var(T) = Var(K + S). 

From the independence of K and S, under the uniform distribution assumption, 
it follows that 

Var(T) = Var(K) + Var(S). 
Further, since S is uniformly distributed over (0, 1), 

Var(T) - Var(X) + ^. ▼ 



3.7 Some Analytical Laws of Mortality 

^ There are three principal justifications for postulating an analytic form for mor- 
tality or survival functions. The first is philosophical. Many phenomena studied in 
physics can be explained efficiently by simple formulas. Therefore, using biological 
arguments, some authors have suggested that human survival is governed by an 
equally simple law. The second justification is practical. It is easier to communicate 
a function with a few parameters than it is to communicate a life table with perhaps 
100 parameters or mortality probabilities. In addition, some of the analytic forms 
have elegant properties that are convenient in evaluating probability statements 
that involve more than one life. The third justification for a simple analytic survival 
function is the ease of estimating a few parameters of the function from mortality 
data. 

The support for simple analytic survival functions has declined in recent years. 
Many feel that the belief in universal laws of mortality is naive. With the increasing 
speed and storage capacity of computers, the advantages of some analytic forms 
in computations involving more than one life are no longer of great importance. 
Nevertheless, some interesting research has recently reiterated the biological ar- 
guments for analytic laws of mortality. 

In Table 3.7.1, several families of simple analytic mortality and survival functions, 
corresponding to various postulated laws, are displayed. The names of the origi- 
nators of the laws and the dates of publication are included for identification 
purposes. 
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Mortality and Survival Functions under Various Laws 



Originator 


u(x) 


De Moivre 


(w - x) 


(1/29) 


Gompertz 


Bc x 


(1825) 




Makeham 


A + Be" 


(1860) 




Weibull 


kx" 


(1939) 





s(x) 



I _ £ , 0 < x < to 



exp[-»/(c T - 1)] b > 0, c> \, x > 0 

exp[-Av - H ,(c* - l)] B > 0, A > -B, c > 1, x > 0 
exp(-,ar" Tl ) )t>0, h>0, x>0 



Note: 

• The special symbols are defined as 

B 



m = 



log c' (n + 1)' 

• Gompertz's law is a special case of Makeham' s law with A = 0. 

• If c = 1 in Gompertz's and Makeham's laws, the exponential (constant force) 
distribution results. 

• In connection with Makeham's law, the constant A has been interpreted as 
capturing the accident hazard, and the term Rr 1 ^ ranf,ir,w ^ u^^a „c 
aging. 

,J^f n J ri6S ^ ^ S(X) C ° lumn ° f Table 37 - 1 were obtained b y substituting into 
(3.2.16). For example, for Makeham's law, we have 

s(x) = exp[-ff,(A + Bc s )ds] 

(c" - 1) 



= exp 



-Ax - B 



where m = B / log c. 



log c 

= exp[-/h- - m (c 1 - 1)] 



Two objectives governed the development of a mortality table for computational 
purposes in the examples and exercises of this book. One objective was to have 
mortality rates in the middle of the range of variation for groups, such variation 
caused by factors such as residence, gender, insured status, annuity status, marital 
status, and occupation. The second objective was to have a Makeham law at most 
ages to illustrate how calculations for multiple lives can be performed. 

The Illustrative Life Table in Appendix 2A is based on the Makeham law for 
ages 13 and greater, 

1,000 |x(x) = 0.7 + 0.05 (10 I)D4 )\ (3. 7-] ) 



Section 3. 7 Some Analytical Laws of Mortality 



The calculations of the basic functions q u I x , and d x from (3.7.1) were all done 
directly from (3.7.1) instead of calculating /, and d x from the truncated values of 
It was found that the latter choice would make little difference in the applications. 
It should be kept in mind that the Illustrative Life Table, as its name implies, is for 
illustrative purposes only. 



3.8 Select and Ultimate Tables 

In Section 3.2 we discussed how j\ [the probability that (x) will survive to age 
x + t] might be interpreted in two ways. The first interpretation was that the 
probability can be evaluated by a survival function appropriate for newborns, un- 
der the single hypothesis that the newborn has survived to age .v. This interpreta- 
tion has been the basis of the notation and development of the formulas. The second 
interpretation was that additional knowledge available about the life at age x might 
make the original survival function inappropriate for evaluating probability state- 
ments about the future lifetime of (.y). For example, the life might have been un- 
derwritten and accepted for life insurance at age .y. This information would lead 
us to believe that (x)'s future-lifetime distribution is different from what we might 
otherwise assume for lives age ,y. As a second example, the life might have become 
disabled at age x. This information would lead us to believe that the future-lifetime 
distribution for (x) is different from that of those not disabled at age x. In these 
two illustrations, a special force of mortality that incorporates the particular infor- 
mation available at age x would be preferred. Without this particular information 
for (x), the form of mortality at duration t would be a function of only the attained 
age x + t, denoted in the previous sections bv |jl(x + t). Given the additional 
information at x, the force of mortalitv at x + t is a function of this information at 
x and duration t. Its notation will be |x,.(f), showing separately the age, x, at which 
the additional information was available, and the duration, f. The additional infor- 
mation is usually not explicit in the notation but is conveyed by the context. In 

^i/U — , -1„ „ l^j.„ J~l f„_ „ . — i- ~C „ r. 

uuici wuius, uic ^uiiLpicic: uiuuci iui ^uui uvea is a stri vji auivivai luin-uvjuo in- 
cluding one for each age at which information is available on issue of insurance, 
disability, and so on. Jhis_set of survival functions can be thought of as a function 
of two variables. One variable is the age at selection (e.g., at policy issue or the 
onset of disability), [x], and the second variable is the duration since policy issue 
or duration since selection, /. Then each of the usual life table functions associated 
with this bivariate survival function is a two-dimensional array on [x] and f. Note 
the bracket notation to indicate which variable identifies the age of selection. 

The schematic diagrajn in Figure 3.8.1 illustrates these ideas. For instance, sup- 
pose some special information is available about a group of lives age 30. Perhaps 
they have been accepted for life insurance or perhaps they have become disabled. 
A special life table can be built for these lives. The conditional probability of death 
in each year of duration would be denoted by q [i0]+ „ i - 0, 1, 2, . . . , and would 
be entered on the first row of Figure 3.8.1. The subscript reflects the bivariate nature 
of this function with the bracketed thirty, [30], denoting that the survival function 
in the first row is conditional on special information available at age 30. The second 
row of Figure 3.8.1 would contain the probabilities of death for lives on which the 
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Select, Ultimate, and Aggregate Mortality, 15- Year Select Period 



Year Following Selection 



2nd 15th 16th 17th 



[30] 
[31] 

Age 
at 

Selection 
[32] 

[34] 

Time in 
Years since 


<?|30| 


( 7|30]tl 




<7|30!» 14 


<7[3tt]-ifi /// 

or <?4^ 


/ 

( 7|30| + !h 






<7[31|-1 
— — — ». 




<7|31M4 


or <?4h 


</|31]-16 ' 

/or <?47 




<7|32| 


<7[32hl 




^132], 14 
v 


7|32|- 1? 

or <?47 


<7[32] • 16 ^ 

/L__ 

/or <?4s 


/ 


<7|33| 


<?[33M 




<7|33hl4 


{ 7|33hlS / 

y 

•k 

T 

Or 748 

* 


7*1 33b lb^ 

/or <7-iy 


/ 


<7[34j 




£7 n.i i * i 




n. 

•; i.m] * n 


•71341- 15 

or ^49 


7 [34]- 16 ' 

/or <7m) 


Selection 















(Duration) 0 1 2 14 15 16 ^ 17 



Path followed by a survivorship group selected at \x]. 
Links (age at selection and duration) cells after a 15-year 
select period into attained age groups. 
Alternative path followed by survivorship groups after a 
15-year select period. These probabilities constitute an 
ultimate mortality table. 



Notes: 

1. In biostatistics the select table index [x] may not be age. For example, in cancer research, [x] could be a 
classification index that depends on the size and location of the tumor, and time following selection would be 
measured from the time of diagnosis. 

2. Ultimate mortality, following a 15-year select period, for age [x] + 15, would be estimated by using observations 

from all cells identified by fx- J\ + 15 + ,, for j = 0, 1, 2 Therefore, g MM5 = q„., 5 is estimated by a 

weighted average of mortality estimates from several different selection groups. If the effect of selection is not 
small, the resulting estimate will be influenced by the amount of data from the various cells. 
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special information became available at age 31. In actuarial science such a two- 
dimensional life table is called a select life table. 

The impact of selection on the distribution of time-until-death, T, may diminish 
following selection. Beyond this time period the q's at equal attained ages would 

hp pccpnh'allv prmal re>crarr\]p<is. nf fhp aws at G.p>\e>ct\nr\ Mnrp nrprieplv if fhprp iq a 

-v. ^-g - ~- "0~" — -J, ~ ~ 

smallest integer r such that \q M+r - is less than some small positive con- 

stant for all ages of selection [x] and for all / > 0, it would be economical to 
construct a set of select- and-ultimate tables by truncation of the two-dimensional 
array after the (r + 1) column. For durations beyond r we would use 

Tl — cx^t. ~c a r. — 4.1 — „ j^j 

111c iiiai. i ycais ui uuidiiuii i-eiiiiyiisc uic scien yci tun. 

The resulting array remains a set of life tables, one for each age at selection. For 
a single age at selection, the life table entries are horizontal during the select period 
and then vertical during the ultimate period. This is shown in Figure 3.8.1 by the 
arrows. 

The Society of Actuaries mortality studies of lives who were issued individual 
life insurance on a standard basis use a 15-year select period as illustrated in Figure 
3.8.1; that is, it is accepted that 

9l.x-;bl5+, S 1[.vH15 } > 0- 

Beyond the select period, the probabilities of death are subscripted by attained age 
onl^i that is, q lx ^ l]+r+j is written as q x ^ r . For instance, with r = 15, tjpoj+is and ^ 125 ] + 2o 
would both be written as q 45 . 

A life table in which the functions are given only for attained ages is called an 
aggregate table, Table 3.3.1, for instance. The last column in a select-and-ultimate 
table is a special aggregate table that is usually referred to as an ultimate table, to 
reflect the select table setting. 

Table 3.8.1 contains mortality probabilities and corresponding values of the l [x]+k 
function, as^iven in the Permanent Assurances, Females, 1979-82, Table, published 
by the Institute of Actuaries and the Faculty of Actuaries; it is denoted as the 



Excerpt from the AF80 Select-and-Ultimate Table 





(1) 


(2) 


(3) 


M 


1,000 q M 


1,000 


1,000 q„ 2 


30 


0.222 


0.330 


0.422 \ 


31 


0.234 


0.352 


0459 


32 


' 0.250 


0.377 


0.500 


33 


0.269 


0.407 


0.545 


34 


0.291 


0.441 


0.596 



(4) (5) (6) (7) 

'l>! hi\ + 1 '< • : x + 2 



9 906.7380 9 904.5387 9 901.2702 32 

{ 9>02.8941 . 1 9 900.5769 > 9 897.0919 33 

9 898.7547 9 896.2800 9 892.5491 34 

9 894.2903 9 891.6287 < 9 887.6023 , 35 

9 889.4519 9 886.5741 9 882.2141 36 
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AF80 Table. This table has a 2-year select period and is easier to use for illustrative 
purposes than tables with a 15-year select period such as the Basic Tables, pub- 
lished by the Society of Actuaries. 

In Table 3.8.1 we observe three mortality probabilities for age 32, namely, 

q l32] = 0.000250 < t/ [31]+] = 0.000352 < q 32 = 0.000422. 

The order among these probabilities is plausible since mortality should be lower 
for lives immediately after acceptance for life insurance. Column (3) can be viewed 
as providing ultimate mortality probabilities. 

Given the 1-year mortality rates of a select-and-ultimate table, the construction 
of the corresponding select-and-ultimate life table (survival functions) is started 
with the ultimate portion. Formulas such as (3.4.1) can be used, which would yield 
a set of values of l x+r = l [x]+r where r is the length of the select period. We would 
then complete the select segments by using the relation 

Wr-i-i = l]Xl ^ k k = 0, 1, 2 r-l, 

V\x] + r-k-\ 

working from duration r — 1 down to 0. 



Use Table 3.8.1 to evaluate 



Solution: 

Formulas developed earlier in this chapter can be adapted to select-and-ultimate 
tables yielding 

W2 Ui 9,901.2702 „ 

a - *™ = tr = i, = 9-^0 = °" 945 

/ 3S 9,887.6028 n 

b - ^ = £ = 9^515 = °" 807 

Wi " 1* 9,900.5769 - 9,897.0919 n 

C ^ = = 9^941 = °- 00035 

j n _ Wi ~ *3 5 9,900.5769 - 9,887.6028 

d ^ ~ = 9,900.5769 = °-° 0131 - ▼ 
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Chapter 3 Concepts 



Symbol 


Name or Description of the Concept 


(-V) 


Notation for a life aee x 


M 


Age, or other status, at selection 


X 


Age at death, a random variable 




Future lifetime of (,v), equals X - .v 


X(.V) 


Curtate-future-lifetime of (.v), equals the integer part of T(x) 


Six) 


Future lifetime of (x) within the year of death, equals T(x) - K(x) 


six) 


Survival function, equal to the probability that a newborn will live to 




at least x 


Ax) 


Force of mortality at age x in an aggregate life table 


MO 


Force of mortality at attained age x + t given selection at age x 


fa 


Probability that (x) dies within f years 




Probability that (x) survives at least f years 


<:fa 


Probability that (x) dies between t and t + u years 


o 

<\ 


Complete expectation of life for (x), equals E[T(x)] 




Curtate expectation of life for (x), equals E[K(x)] 




Cohort's number of survivors to age x, a random variable 




Cohort's number of deaths between ages x and x + n 




Expected number of survivors at age x, equals E[i£(x)] 


tr~\ 


Fxnprtpd number of deaths between aees x and 

— . r w 




x + n, equals E[„ f J.J 


1 


Expected number of years lived between ages x and x + n by survi- 




vors to age x of the initial group of /<> lives 


T x 


Expected number of years lived beyond age x by the survivors to age 




x of the initial group pf./ 0 lives 




Central death rate over the interval (x, x + 1) 


CO 


Omega, the limiting age of a life table 



\ 

3.9 Notes and References 



Table 3.9.1 summarizes this chapter's new concepts with their names, symbols, 
and descriptions. Life tables are a cornerstone of actuarial science. Consequently 
they are extensively discussed in several English-language textbooks on life 
contingencies: 

• King (1902) 

• Spurgeon (1932) 

• Jordan (1967) 

• Hooker and Longley-Cook (1953) 

• Neill (1977). 

rm Tn aHrliHnn lifp f-^hlpc; arP ll£pd bv 

1 1 ltDV 11(1 V I, L^V- V-l I I^UV- \A. Ill I f~*X 1U1 \_>JU\-Hliv.'i i - axi. ^-...y — " — J 

biostatisticians. An exposition of this latter approach is given by Chiang (1968) and 
Eland t-Jbhnson and Johnson (1980). The deterministic rate function interpretation 
is discussed by Allen (1907). London (1988) summarizes several methods for esti- 
mating life tables from data. 
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The historically important analytic forms for survival functions are referred to in 
Table 3.6. Brillinger (1961) provides an argument for certain analytic forms from 
™«* r,( cfaHctfral Ufa fpcrincr JTpnpnbpin and Vanderhoof (1980) restate 

11 it V It VV ^UIJU <-> v. wv-^w*- .^-j. 

the case for analytic laws of mortality and develop formulas for select mortality. 
Balducci's (1921) contribution was preceded by a remarkable set of papers by Witt- 
stein (1873). Wittstein's papers were published first in German and translated into 
English by T. B. Sprague. Some of the methods for evaluating probabilities for 
fractional ages are reviewed by Mereu (1961) and in Batten's textbook on mortality 
estimation (1978) (see also Seal's 1977 historical review). Discussions of the length 
of the select period for various types of insurance selection procedures have a long 
history, for example, Williamson (1942), Thompson (1934), and Jenkins (1943). The 
Society of Actuaries 1975-80 Basic Tables use a 15-year select period and are pub- 
lished in TSA Reports 1982. International Actuarial Notation is outlined in TASA 48 
(1947). 

We planned to use the 1989-91 U.S. Life Table for illustrative purposes in Table 
3.2.1, but this plan was not realized because the life tables based on the 1990 U.S. 
Census were not completed when this chapter was revised. 



Exercises 

Section 3.2 

3 1 Using the ideas summarized in Table 3.2.1, complete the entries below. 

- \ 

s(x) F x (x) fxix) V-(x) 

IT 

tan .v, 0 ^ x s — 

c x f x — 0 

1 — , ,v > 0 

1 + X 



3.2. Confirm that each of the following functions can serve as a force of mortality. 
Show the corresponding survival function. In each case .v > 0. 

a. B c x B > 0 c > 1 (Gompertz) 

b. k x" n > 0 k > 0 (Weibull) 

c. a (6 + x) 1 a > 0 b > 0 (Pareto) 

3.3. Confirm that the following can serve as a survival function. Show the corre- 
sponding |jl(x), f x {x), and F x (.r). 

s{x) = e -^iu x > 0 . 

3.4. State why each of the following functions cannot serve in the role indicated 
by the symbol: 

a. m.(.t) = (1 + x)' 3 -v s 0 
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12 8 24 

c. f x (x) = x" 1 e- x ' 2 x > 0, « > 1. 

3.5. If s«r) = 1 - x 1 100,. 0 < x < 100.. calculate 
a. b. F x (x) 

c. / Y (x) d. Pr (10 < X < 40). 

3.6. Given the survival function of Exercise 3.5, determine the survival function, 
force of mortality, and p.d.f. of the future lifetime of (40). ; 

^i^r ti- n /..it r\r\\i 1 I"* a - 1 AA 1. . 

J./. U S{X) = [1 — (X I lUU)j U — A — 1UU, CVdlUcJlC 

a - 17^19 ^ 15^36 C - lS^fe 

d. |j.(36) e. E[T(36)]. 



3.8. Confirm that k] q 0 = -As(fc), and that X jtflo = 1 - 

j Jt=0 

3.9. If \l{x) = 0.001 for 20 < x < 25, evaluate 2l2 q 20 . 
Sections 3.3, 3.4 

^.10. If the survival times of 10 lives in a survivorship group are independent with 
survival defined in Table 3.3.1, exhibit the pi. of i'(65) and the mean and 
variance of i'(65). 

3.11. If s(x) = 1 - x 1 12, 0 < x < 12, l Q = 9, and the survival times are independent, 
then (^r 0 , 3 ^ 3 , 3 m\, 3 L i\) is known to have a multinomial distribution. Calculate 

a. The expected value of each random variable 

b. The variance of each random variable 

"aIc The coefficient of correlation between each pair of random variables. 

\.U. On the basis of Table 3.3.1, 

a. Compare the values of - D q [} and 5 q 5 

b. Evaluate the probability that (25) will die between ages 80 and 85. 

3.13. Given that l x + t is strictly decreasing in the interval 0 < t < 1, show that 

a. If / w is concave down, then q x > jjl(x) 

b. If / w is concave up, then q x < 

3.14. Show that 

i J 

a. ^- / t m-(.v) < 0 when ~ |j.(.r) < vr(x) 
dx dx 

b. /,. |jL(.r) = 0 when -f |jl(x) = ^i 2 (x) 
dx ux 

c. ~ K M-U') > 0 when T > ^ 2 (- Y )- 
dx ux 
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3 15 Consider a random survivorship group consisting of two subgroups: (1) the 
survivors of 1,600 persons joining at birth; (2) the survivors of 540 persons 

to mnrfalitv table for Both 

joining at age iu. /\n exi-eipi num — ■ — j 

subgroups follows: 

\ . .- 

v " ; ; , " " " 



X 


h 


0 


40 


10 


39 


70 


26 



If Yj and Y 2 are the numbers of survivors to age 70 out of subgroups (1) and 
(2), respectively, estimate a number c such that Pr(Yj + Y 2 > c) =10,05- As- 
sume the lives are independent and ignore half-unit corrections. 



Section 3.5 

3.16. Let the random variable 

T*{x) = T(x) 0 < T(x) 

= n n < T(x) 



and denote E[T*(x)] by e^. This expectation is called a temporary complete 
life expectancy. It is used in public health planning; the same expectation, 
under "the name limited expected value function, is used in the analysis^of 
loss amount distributions. Show that - 



t ,p x + 0 dt + n n p x 

Jo 

f" A. T ' " T > + » 



b. Var[T*(x)] = J t 2 t p x jx(x + t) dt + n 2 n p x ~ (e x . 7l ) 2 

t t p, dt - e x: rf. 



2 



3.17. Let the random variable 

K*{x) = K(x) K(x) = 0, 1, 2, . . . , n - 1 

= n K(x) = n, n + 1, . . . 

and denote E[K*(x)] by This expectation is called a temporary curtate life 
expectancy. Show that 

n - 1 

a. = S fc tl?x + " ..P* 



= 2 tPr 
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b. Var[K*(x)] = ^ k 2 k \q x + n 2 nPx - (e x .^) 2 

o 

= i (2k + 1) kPx - (e x .^) 2 . 



3.18. If the random variable T has p.d.f. given by / r (f) = ce c < for t > 0, c > 0, 
calculate 

a. e x = E[T] b. Var(T) c. median (T) 

d. The mode of the distribution of T. 



3.19. If |jl(.t + t) = t, t 0, calculate 



a. t p x [i(x + t) b. e x . _ 

[Hint: Recall, from the study of probability, that (1 / V2ir) e '~ 12 is the p.d.f. 
for the standard normal distribution.] 



3.20. If the random variable T(x) has d.f. given by 

t 

Ft,,,(0 = i 



0 < t < 100 - x 



(100 - x) 

1 t > 100 - x, 



calculate 

a. e x b. Var[T(x)] c. median [T(x)}. 

3.21. Show that 

a. ^ ( p. v = ; p, [jjlW - M.(-t + 01 

b. ^- e, = e x \l{x) - 1 
ax 

= <Ir - Vx- 

3.22. Confirm the following statements: 
.;. . a. a(x) d x --= L v - / t . : 

; b. The approximation developed in Example 3.5.1 was not used to calculate 
L 0 in Table 3.3.1, but was used to calculate Lj 

x 

c. T x — X L x+k . 

k=0 



3.23. The survival function is given by 

s{x) = l~~ 0 < x < 10 

.1- KJ 

= 0 elsewhere. 

Calculate values of e x and e x , x = 0, 1, 2, . . . , 9 

a. Using formulas (3.5.2) and (3.5.7) 

b. Using the formulas developed in Table 3.5.1. 
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3.24. Find u(0), -c(x) I d(x), and d(x) if u(x) = Pr[X - x] where (3.5.20) is to be used 
to produce a table of the p.f. of the random variable X when it has a 

a. A Poisson distribution with parameter X 

b. A binomial distribution with parameters n and p. 

3.25. Formula (3.5.20) is to be used to produce tables of compound interest func- 
tions. Find u(\), -c{x)l d(x), and 1 / dix) when 

a. u(x) = a j| 

b. u(x) = S3. 

Section 3.6 

3.26. Verify the entries for the constant force of mortality and the hyperbolic as- 
sumption in Table 3.6.1. Note that the entry for ,p v in the hyperbolic column 
provides justification for the hyperbolic name. 

3.27. Graph ^(x + t), 0 < t < 1, for each of the three assumptions in Table 3.6.1. 
Also graph the survival function for each assumption. 

3.28. Using the l x column of Table 3.3.1, compute 1/2 p 65 for each of the three as- 
sumptions in Table 3.6.1. 



3.29. Use Table 3.3.1 and an assumption of uniform distribution of deaths in each 

yccii ui lw lima Liit nit*. 

a. Age 0 b. Age 50. 



V fCl I Ul U^C LU 111 iva Lilt UltUimi ^'A u iv. .nvn.iiv v.. |-- ' - - " 



3.30. If q 70 = 0.04 and tj 71 = 0.05, calculate the probability that (70) will die between 
ages 70 V2 and 7lVz under 

a. The assumption that deaths are uniformly distributed within each year of 
age 

b. The hyperbolic assumption for each year of age. 

3.31. Using the /, column in Table 3.3.1 and each of the assumptions in Table 3.6.1, 
compute 

a. lim |jl(60 + //) 

0 

b. lim ^(60 + h) n 

c. ^(60 + \). 

3.32. If the constant force assumption is adopted, show that 

N [(1 - e~*)/n.] - e-» , . . _ 1 q, 

a. a(x) = * r — b. a(x) = - ~ ^. 



3.33. If the hyperbolic assumption is adopted, show 



a. a(x) = (q x + log p,) b. a(x) = \~\ 
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Section 3.7 

3.34. Verify the entries in Table 3.7.1 for De Moivre's law and Weibull's law. 

3.35. Consider a modification of De Moivre's law given by 




0 < x < <o, a > 0. 



Calculate 

a. b. e x . 

Section 3.8 

3.36. Using Table 3.8.1, calculate 

a - 2^[32]+l k- 2P[3I]i-l- 

3.37. The quantity 

l - ^ = I(x, k) 

q x +k 

has been called the index of selection. When it is close to 0, the indication is 
that selection has worn off. From Table 3.8.1, calculate the index for x = 32, 
k = 0, l. 

3.38. The force of mortality for a life selected at age (x) is given by jx x (f) = x P'(x)|x(f) / 
t > 0. In this formula ^(f) is the standard force of mortality. The symbol x 
denotes a vector of numerical information about the life at the time of selec- 
tion. This information would include the age and other classification infor- 
mation. It is required that *(x) > 0 and ^(x 0 ) - l, where x 0 denotes standard 
information. Show that the select survival function is 

tP{\>\ ~ (fP[x 0 ]) l ' (X) 

dnd the p.d.f. of T(x), the random variable time-until-death given the infor- 
mation x, is -¥(x) t pU t p Ull] ) nx) ~\ where ,p[ xol is the derivative with respect 
to t of ( /; [Xi)) . This is called a proportional hazard model. 

Miscellaneous 

3.39. A life at age 50 is subject to an extra hazard during the year of age 50 to 51. 
If the standard probability of death from age 50 to 51 is 0.006, and if the extra 
risk may be expressed by an addition to the standard force of mortality that 
decreases uniformly from 0.03 at the beginning of year to 0 at the end of the 
year, calculate the probability that the life will survive to age 51. 

3.40. If the force of mortality n, r (f), 0 < t < 1, changes to ^ x (t) - c where c is a 
positive constant, find the value of c for which the probability that (x) will 
die within a year will be halved. Express the answer in terms of q [x] . 

3.41. From a standard mortality table, a second table is prepared by doubling the 
force of mortality of the standard table. Is the rate of mortality, q{, at any 
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given age under the new table, more than double, exactly double, or less than 
double the mortality rate, q x , of the standard table? 

3.42. If = B c\ c > 1, show that the function l x \l(x) has its maximum at age 
■v. ,.f v \ = i^<-r r rwint- This pvprHqp makes use of Exercise 3.14.1 

a 0 vviitit (J-v- l 0/ I" 



A c x 

3.43. Assume = — for x > 0. 

1 + D C 

a. Calculate the survival function, s(x). 

b. Verify that the mode of the distribution of X, the age-at-death, is given by 

logfloR c) - log A 



0 log c 

iul 

V 

b. The mode of the distribution of X, the age-at-death. 



3 10 

3 44 If ix(x) = for 40 < x < 100, calculate 

a - 40p50 



3.45. a. Show that, under the uniform distribution of deaths assumption, 



and a, = 



1 - (1/2)^. " 1 + VU)m x 

b. Calculate m x in terms ot ty, under the constant force assumption. 

c. Calculate m x in terms of q x under the hyperbolic assumption. 

d. If l x = 100 - x for 0 < x < 100, calculate u) m 50 where 



Jo 



= pi 



3.46. Show that K and S are independent if and only if the expression 

does not depend on k for 0 < s < 1 . 

Computing Exercises: 

These are the first in a series of exercises that involve sufficient computation to 
make it worthwhile to use a computer. The series will continue in the following 

ckantoi-c ^r\A in park £>V£>rricp if 1Q aQQlirn.pd that the results of previous exercises 

are available. For example, in Exercise 3.47, you are asked to set up a life table that 
will then be used in risk analysis in Chapters 4 and 5. 

3.47. Using spreadsheet or other mathematical software, set up an object that will 
accept input values for the Makeham law parameters and then calculate 
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and display the values of Px and q x for ages 0 to 140. As a check on your 
output, input the parameter values given in (3.7.1) and compare your 
q x values with those for x = 13, 14 in the Illustrative Life Table in Ap- 
pendix 2A. We will refer to this computing object as your Illustrative Life 
Table. When the Makeham parameter values are not stated, those of (3.7.1) 
are implied. [Remark: With a Makeham Table, s(x) > 0 for all x > 0, so co 
does not exist as defined in Section 3.3.1. For the parameter values of the 
Illustrative Life Table, q m is zero to eight decimal places; thus we choose 
w = 140 for our Illustrative Life Table, that is, Table 2A.] 

3.48. In your Illustrative Life Table use the forward recursion formula / v+1 = (p.J(LJ 

rhp / values of Table 2A. [Remark: 

dllU lliinat vaiut ^3 — .^^ .1 

The Makeham law was not realistic for ages less than 13, so the Illustrative 
Life Table is a blend of some ad hoc values from 0 through 12 and the 
Makeham law table from age 13 up.] 

3.49. Illustrate the result of Exercise 3.41 by doubling the A and B parameter values 
in your Illustrative Life Table. 

3.50. Use the backward recursion formula of Table 3.5.1 to calculate values of e x in 
your Illustrative Life Table for ages 13 to 140. 

3.51. Compare the values of e x at x = 20, 40, 60, 80, and 100 m your Illustrative 
Life Table with those found when the force of mortality is doubled. 

3.52. Use the backward recursion formula of Table 3.5.1 and the trapezoidal rule 
to calculate values of l\ in your Illustrative Life Table for ages 13 to 110. 

3.53. Verify the following backward recursion formula for the temporary curtate 
lifp pxr»pctancv to aee i/: 

- — — r j <-> -' 

^ = \\ + p x «? r+ i:jFuTTi for x = 0, 1 y - I- 

Determine an appropriate starting value for use with this formula. For your 
Illustrative Life Table calculate the curtate temporary life expectancy up to 
age 45 for ages 13 to 44. 

3.54. Verify the following backward recursion formula for the »-year temporary 
curtate life expectancy: 

^ - p, a - jvi) + p> for x = a 1 — M " L 

Determine an appropriate starting value for use with this formula. For your 
Illustrative Life Table calculate the 10-year temporary curtate life expectancy 
for ages 13 to 139. 

3.55. "Look up" in your Illustrative Life Table. [Hint: Since the c(x) term in 
the relation in Exercise 3.53 does not depend on n, it may be more efficient 
to view e v ^ as a curtate temporary life expectancy to age 40 for (15).] 
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LIFE INSURANCE 



4.1 introduction 

We have stated that insurance systems are established to reduce the adverse 
financial impact of some types of random events. Within these systems individuals 
and organizations adopt utility models to represent preferences, stochastic models 
to represent uncertain financial impact, and economic principles to guide pricing. 
Agreements are reached after analyses of these models. 

In Chapter 2 we developed an elementary model for the financial impact of 
random events in which the occurrence and the size of impact are both uncertain. 
In that model, the policy term is assumed to be sufficiently short so the uncertainty 
of investment income from a random payment time could be ignored. 

In this chapter we develop models for life insurances designed to reduce the 
financial impact of the random event of untimely death. Due to the long-term 
nature of these insurances, the amount of investment earnings, up to the time of 
payment, provides a significant element of uncertainty. This uncertainty has two 
causes: the unknown rate of earnings over, and the unknown length of, the in- 
vestment period. A probability distribution is used to model the uncertainty in 
regards to the investment period throughout this book. In this chapter a determin- 
istic model is used for the unknown investment earnings, and in Chapter 21 sto- 
chastic models for this uncertainty are discussed. In other words, pur model will 
be built in terms of functions of T, the insured's future-lifetime random variable. 

While everything in this chapter will be stated as insurances on human lives, the 
ideas would be the same for other objects such as equipment, machines, loans, and 
business ventures. In fact, the general model is useful in any situation where the 
size and time of a financial impact can be expressed solely in terms of the time of 
the random event. 
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4.2 Insurances Payable at the Moment of Death 

In this chapter, the amount and the time of payment of a life insurance benefit 

nnlw nn f-l-ip Ipnat-h r\( f-Vip interval from trip issue of the insurance to the 
"^r^' — 0 .*. — — -- — 

death of the insured. Our model will be developed with a benefit function, b„ and 
a discount function, v t . In our model, u, is the interest discount factor from the time 
of payment back to the time of policy issue, and t is the length of the interval from 
issue to death. In the case of endowments, covered in this section, t can be greater 
than or equal to the length of the interval from issue to payment. 

For the discount function we assume that the underlying force of interest is 
deterministic; that is, the model does not include a probability distribution for the 
force of interest. Moreover, we usually show the simple formulas resulting from 
the assumption of a constant, as well as a deterministic, force of interest. 

We define the present-value function, z„ by 

z, = b t v r (4.2.1) 

Thus, z t is the present value, at policy issue, of the benefit payment, the elapsed 
time from 'policy issue to the death of the insured is the insured's future-lifetime 

1 :~U1„ T _ T/~\ :„ C^l-;^,-. ITT TLic (Via nmcfln f irallip) af 

ICUIUUIII VaiiaUlC, 1 — 1 \A. ), UCJlllCU 111 ^C\_L1W1 I ^r.£-.t-. illWJ, lllv. j-/i<~J<~i>i. v uiu^, " ^ 

policy issue, of the benefit payment is the random variable z r . Unless the context 
requires a more elaborate symbol, we denote this random variable by Z and base 
the model for the insurance on the equation 

Z = b T v T . (4.2.2) 

The random variable Z is an example of a claim random variable and, as such, of 
an X, term in the sum of the individual risk model, as defined by (2.1.1). This model 
is used in later sections when we consider applications involving portfolios. We 
now turn to the development of the probability model for Z. 

The first step in our analysis of a life insurance will be to define b t and v r The 
next step is to determine some characteristics of the probability distribution of Z 
that are consequences of an assumed distribution for T, and we work through these 
steps for several conventional insurances. A summary is provided in Table 4.2.1 
on page 109. 

4.2.1 Level Benefit Insurance 

An n-year term life insurance provides for a payment only if the insured dies 
within the n-year term of an insurance commencing at issue. If a unit is payable 
at the moment of death of (x), then 
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Section 4.2 Insurances Payable at the Moment of Death 



*- = to 

„ — „/ f => n 



t ^ n 
t > n, 



f v T T < n 
Z = \o T > n. 

These definitions use three conventions. First, since the future lifetime is a non- 
negative variable, we define b t , v„ and Z only on non-negative values. Second, for 
a f value where b, is 0, the value of v t is irrelevant. At these values of f, we adopt 
definitions of v, by convenience. Third, unless stated otherwise, the force of interest 
is assumed to be constant. 

The expectation of the present-value random variable, Z, is called the actuarial 
present value of the insurance. The reader will find that the expectation of the 
present value of a set of payments contingent on the occurrence of a set of events 
is referred to by different terms in different actuarial contexts. In Chapter 1, the 
expected loss was called the'pure premium. ! This^ vocabulary is commonly used in 
property-liability insurance. A more exact term, but more cumbersome, would be 
expectation of the present value of the payments. We denote actuarial present val- 
ues by their symbols according to the International Actuarial Notation (see Appen- 
dix 4). 

fnr *V*a arhiflrifll nrpspnr value of an insurance paving a 

11 it |/imv-i^tu j\ uifv/i ivi niv hv^wv,.^. j - i s *s 

unit benefit is A. The subscript includes the age of the insured life at the time of 
the calculation. How this age is displayed depends upon the form of the mortality 
assumption. For the actuarial present value of an insurance on (40), the age might 
be displayed as [40], 40, or [20] + 20, for example. As in Section 3.8, the bracket 
indicates "selection at that age and hence the use of a select table commencing at 
that age. The unbracketed age indicates the use of an aggregate or ultimate table. 
Thus [20] + 20 indicates the calculation for a 40-year-old on the basis of a select 
table commencing at age 20. 

The actuarial present value tor the n-year term insurance with a unit payable at 
the moment of death of (x), E[Z], is denoted by A J.-. This can be calculated by 
recognizing Z as a function of T>so that E[Z] = E[z T ]. Then we use the p.d.f. of T 
to obtain 

A[- = E[Z] = E[~ r ] = f z, f T (t) dt = v> iPx u, r (f) dt. (4.2.3) 

J 0 ^ o 

The 7-th moment of the distribution of Z can be found by 



E[Z'] = I (v'y ,p x VL x (t) dt 
Jo 

Jo 
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• Tjie second integral shows that the j-th moment of Z is equal to the actuarial present 
value for an rc-year term insurance for a unit amount payable at the moment of 
death of (x), calculated at a force of interest equal to / times the given force of 
interest, or /8. 

This property, which we call the rule of moments, holds generally for insurances 
paying only a unit amount when the force of interest is deterministic, constant or 
not. More precisely, 

E[Z'] @ 8, = E[Z] @/8 ( . (4.2.4) 

In addition to the existence of the moments, the sufficient condition for the rule of 
moments is b/ = b, for ail t 0, that is, for each t the benefit amount is 0 or i. 
Demonstration that this is sufficient is left to Exercise 4.30. 

It follows from the rule of moments that 

Var(Z) = ^ - (A^f (4.2.5) 

where 2 A\.^ is the actuarial present value for an n-year term insurance for a unit 
amount calculated at force of interest 28. ' 



Whole life insurance provides for a payment following the death of the insured 

~i f HH ■ f i rvl s \ in fV^ci i i f i i v . i F ( I l-i . ^ i - .vi i < ■ . 1^ , i ^ i i I ^ t .11 , . . , — , I ~»4- i-l^ . i . . i . i .i ^ , , C 

mij iiuiv. in liiv. IWLl^l.^, il ULV ^/ClJllttllL 1J IU L^t a L4J.L11 dlltVUUL ai 11 IC 11 tULl LCI LI VI 

death of (x), then 

b, = 1 f > 0, 
u, = y f UO, 
Z = v T T>0. 

The actuarial present value is 

r 

a rr7i I ../ .. /i\ Ji /.i ^ /- n 

J 0 

For a life selected at x and now age x + h, the expression would be 

Am-/, = /„ yf /P[v]+h + 0 dL 
Whole life insurance is the limiting case of ?i-year term insurance as n — ► =c. 



Example 4.2.1 



The p.d.f. of the future lifetime, T, for (x) is assumed to be 



jl/80 0 <f<80 



eisewnere. 
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At a force of interest, 8, calculate for Z, the present-value random variable for a 
whole life insurance of unit amount issued to (x): 

a. The actuarial present value 

b. The variance 

c. The 90th percentile, & 9 . 

Solution: 

i-x rSO ^ ^ _ g-80S 

a. 4 = E[Z) = J o m it = J o «- - * = 5 * 0. 

b. By the rule of moments, 

Var < z > = ^w- - \^wr) 8 * °- 

c. For the continuous random variable, Z, we have Pr(Z < Q 9 ) = 0.9. 

Since we have the p.d.f. for T and not for Z, we proceed by finding the event 
for T which corresponds to Z < £g 9 . From Figure 4.2.1, which shows the general 
relationship between the sample space of T (on the horizontal axis) and the sample 
space of Z (on the vertical axis), we see that £j| 9 = v#] Because Z is a strictly 
decreasing function of T for whole life insurance, the percentile from T's distribu- 
tion that is related to 90th percentile of Z's distribution is at the complementary 
probability level, 0.1. In this example T is uniformly distributed over the interval 
(0, 80), so Cr 1 = 8.0 and thus = v 8 - 0 . ▼ 

The graph in Figure 4.2.1 can be used to establish relationships between the 

d. f. and p.d.f. of Z and those of T: 



Relationship of Z to T for Whole Life Insurance 

Z 




T 
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Therefore, 



For 2 < 0, |Z < z\ is the null event 

For 0 < 2 < 1, |Z < 2) = {I > log z/ log u), and 

For 2 > 1, {Z < 2) is the certain event. 



fz(z) 



0 z^O 

1 - F T (log 2 /log y) 0 < 2 < 1 
1 1 < 2. 



By differentiation of (4.2.7), 



/z(2) 



/ r [(l0g2)/(l0gl/)][l/(82)] 0 <z< 1 

n elsewhere. 



(4.2.7) 



(4.2.8) 



Example 4.2.2 



For the assumptions in Example 4.2.1, determine 

a. Z's d.f. y 

b. Z's p.d.f. 



Solution: 

a _ ff/80 0 < t < 80 

FromF T (0 = | 1 ^ ^ 

we see that Pr|T > 80} = 0.0, so Pr|0 < Z < v* 0 } = 0.0. Therefore, from (4.2.7) 

'0 2 < v m 

F z (z) = \1- [(log z)/(log v)]/80 v*°<z<l 

1 2 > 1. 



b. By differentiation of the d.f. in part (a), 



/z(z) = 



(l/80)(l/8z) 
0 



v m < z < 1 
elsewhere. 



We now turn our attention to a common application involving portfolios of 
risk: determining an initial investment fund for a segment of insurances in the total 
portfolio. The individual risk model and the normal approximation (as discussed 
in Section 2.4) are used. 



Example 4.2.3 



Assume that each of 100 independent lives 

• Is age x 

• Is subject to a constant force of mortality, (jl = 0.04, and 

• Is insured for a death benefit amount of 10 units, payable at the moment of 
death. 

The benefit payments are to be withdrawn from an investment fund earning 8 = 
0.06. Calculate the minimum amount at f = 0 so that the probability is 
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approximately 0.95 that sufficient funds will be on hand to withdraw the benefit 
payment at the death of each individual. 



Solution: 

For each life, 

b t = 10 [20 ( 
v t = v' t>0, 
Z = 10u T T > 0. 

If we think of the lives as numbered, perhaps by the order of issuing policies, then 
at t = 0 the present value of all payments to be made is 



100 



where Z- is the present value at t = 0 for the payment to be made at the death of 
the life numbered /. 

We can use the fact that Z is 10 times the present-value random variable for the 
unit amount whole life insurance to calculate the mean and variance. For constant 
forces of interest, 5, and mortality, (jl, the actuarial present value for the unit amount 



Then, for this example, 



A x = I e-- e - ixat = 

JO |JL + O 



0.04 

E[Z] = 104 = 10 — = 4, 

cr r 7 2i _ i n- 2 a - mn 0^04 = 7%, 

^ j - . ,x v - .w a()4 + 2(aQ6) ~ 

and Var(Z) = 9. 

Using these values for the mean and the variance of each term in the sum for S, 
we have 

E[S] = 100(4) = 400, 
Var(S) = 100(9) = 900. 
Analytically, the required minimum amount is a number, //, such that 

Pr(S < //) = 0.95, 

or equivalently 



Pr 



S - E[S] < h - 400 
War(S) ~~ 30 



= 0.95. 
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By use of a normal approximation, we obtain 

h ~ 400 

= L645/ 

h = 449.35. ▼ 

Observations: 

1. The 49.35 difference between this initial fund of 449.35 and the expectation of 
the present value of all payments, 400, is the risk loading of Chapter 1. The 
loading is 0.4935 per life, or 4.935% per unit payment, or 12.34% of the actuarial 
present value. 

2. This example, like Examples 2.5.2 and 2.5.3, used the individual risk model and 
a normal approximation to the probability distribution of S. In the short-period 
examples, the collected income, equal to expected claims plus a risk loading, 
was determined to have a high probability of being in excess of claims. In this 
long-period life insurance example, the collected income plus interest income on 
it at the assumed interest rate is determined to be sufficient to cover the benefit 
payments. The initial fund of 449.35 will cover less than 45% of the eventual 
certain payout of 1,000. 

3. A graph of the amount in the fund during the first 2 years for a payout pattern 
when one death occurs at each of times 1/8, 7/8, 9/8, 13/8, and 15/8, and two 
deaths occur at time 10/8 is shown in Figure 4.2.2. Between the benefit pay- 
ments, represented by the discontinuities, are exponential arcs representing the 
growth of the fund at 8 = 0.06. 



Graph of an Outcome for the Fund 



Fvind 
Amount 



,463.11 



459.96 




7/8 9/810/8 13/8 15/8 
1 2 



Time 



100 
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4. There are infinitely many payout patterns, each with its own graph. Both the 
number of claims and the times of those claims affect the fund. For example, 
had the seven claims all occurred within the first instant, instead of the payout 
pattern of Figure 4.2.2, the fund would have dropped immediately to 3/y.3s and 
tVi^n crmwn tn 427.72 bv the end of the second year. 

These examples illustrate the different roles of the three random elements in risk 
model building, that is, whether or not a claim will occur, the size, and the time 
of payment if one occurs. In Example 2.5.2 there was uncertainty about only the 
occurrence of the claim. In Example 4.2.2 there was uncertainty about only the time 
of claim payment. Other uncertainties have been ignored in these models. In Ex- 
amples 4.Z.1, 4.z.z, ana ^t.z.j we nave ignuieu mc pasiuimj' n»- --""""o 
interest at rates different from the deterministic rates assumed. 



4.2.2 Endowment Insurance 



An n-year pure endowment provides for a payment at the end of the n years if 
and onlv if the insured survives at least n years from the time of policy issue. If 
the amount payable is a unit, then 



10 J 



f 



u. = v" f > 0, 



Z - 



T < n 
T > n. 



The only element of uncertainty in the pure endowment is whether or not a claim 
will occur. The size and time of payment, if a claim occurs, are predetermined. In 
the expression Z = v"Y, Y is the indicator of the event of survival to age x + n. 

~i . w i .1 i -i :c l1- _ : A 1^ inn v —1— Yt anrH Vi^c (Tip vahip fl 

inis i nas tne vaiue i ir me msuicu suivivca iu «5>- ^ ■ ■■• — - — • - 
otherwise. The H-year pure endowment's actuarial present value has two symbols. 
In an insurance context it is A^-. We see in the next chapter that it is denoted by 
„E, in an annuity context. This distinction is not strict; the reader will have to be 
ready for either: 

A± = E[Z] = v" E[Y] = v" nVxt 

and 

Var(Z) = i' 2 " Var(Y) = v 2 " ,p x ,fl x 

= ^ - [AM- ( 4 - Z9 > 

t to be oavable either 

following the death of the insured or upon the survival of the insured to the end 
of the n-year term, whichever occurs first. If the insurance is for a unit amount and 
the death benefit is payable at the moment of death, then 
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v* t < n 
y t > n, 

^ \v" T > n. 

The actuarial present value is denoted by A x .^. Since b t — 1 for the endowment 
insurance, we have by the rule of moments 

E[Z'] @ 8 = E[Z] @ 78. 

Moreover, 

Var(Z) = 2 4 : ^ - (A x .^ 2 . (4.2.10) 

This insurance can be viewed as the combination of an n-year term insurance and 
an n-year pure endowment — each for a unit amount. Let Z v Z 2 , and Z 3 denote the 
present-value random variables of the term, the pure endowment, and the endow- 
ment insurances, respectively, with death benefits payable at the moment of death 
of (x). From the preceding definitions we have 



T 



7 _ ■ v T < n 
Zl ~ ' 0 T > n, 



Z 2 = 



Co " 



A I I 

T > n, 



7 = J 1)7 T ~ n 
Z3 \v" T > n. 

It follows that 

Z 3 = Z 1 + Z 2 , (4.2.11) 
and by taking expectations of both sides 

4:^ = + A,*,. (4.2.12) 
We can also find the Var(Z 3 ) by using (4.2.11), 

Var(Z 3 ) = VarfZj) + Var(Z 2 ) + 2 Cov(Z ly Z 2 ). (4.2.13) 
By use of the formula 

Cov(Z 1 , Z 2 ) - E[Z,Z 2 ] - EtZJEIZJ (4.2 
and the observation that 

ZjZ 2 = 0 

for all T, we have 

Cov(Z u Z 2 ) = -E[ZJ E[Z 2 ] = -A^A^. (4.2.15) 

Substituting (4.2.5), (4.2.9), and (4.2.15) into (4.2.13) produces a formula for Var(Z 3 ) 
in terms of actuarial present values for an n-year term insurance and a pure 
endowment. 
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Since the actuarial present values are positive, the Cov(Z v Z 2 ) is negative. This 
is to be anticipated since, of the pair Z x and Z 2 , one is always zero and the other 
positive. On the other hand, the correlation coefficient of Z l and Z 2 is not -1 since 
they are not "linear functions of each other; recall Exercise 1.23(c). 



4.2.3 Deferred Insurance 

An m-year deferred insurance provides for a benefit following the death of the 
insured only if the insured dies at least m years following policy issue. The benefit 
payable and the term of the insurance may be any of those discussed above. For 
example, an m-year deferred whole life insurance with a unit amount payable at 
the moment of death has 



1 t > m 
0 t < m, 

t > 0, 

v T T > m 
0 T < m. 



The actuarial present value is denoted by „,\A X and is equal to 

r 



... - /L\ JL /All &\ 

U ,f> x \X X {1) Ul. v-r.^.xv,, 

J m 



Example 4.2.4 



Consider a 5-year deferred whole life insurance payable at the moment of the 
death of (x). The individual is subject to a constant force of mortality \x, = 0.04. For 
the distribution of the present value of the benefit payment, at 8 = 0.10: 
a. Calculate the expectation 

L.' . V^Cl 1\„ LUCILt; lilt v unaii^v. 

c. Display the distribution function 

d. Calculate the median gp. 



Solution: 

a. For arbitrary forces |jl and 8, 

3i A v = [' e~ ht e~* \idt = — ^rz e~ 5 ^ b) ; 

1 J; |JL + o 

thus for fx = 0.04 and 8 = 0.10, 



„A =- e~ 07 = 0.1419. 



b. By the rule of moments, 



VarfZ^ = — g-3(o.w + o.20) _ _£ e -i.4 = q.0301. 

[) 0.04 + 0.20 49 
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c. As for the case of whole life insurance, a graph of the relation between Z and T 
provides an outline for the solution. For the general m-year deferred whole life 
insurance, the graph is given in Figure 4.2.3. 



Relationship of Zto T for Deferred Whole Life Insurance 

2 




m 



log z 
log V 



* T 



Although T is a continuous random variable, Z is mixed with a probability mass 
at 0 because Z = 0 corresponds to T < m. 

For general mortality assumptions and a constant force of interest, we have 
for Z = 0, 



for 0 < z < v'", 



F z (0) = Pr(T < m) = F T (m); 

F z (z) = Pr(Z < z) = Pr(Z = 0) + Pr(0 < Z < 2) 

= Pr(T < wi) + Pr(0 < u T < 2) 

log 2 ' 
log y 



(4.2.17) 



= Pr(T < hi) + Pr T > 



FMn) + 1 - F T 



log v)' 



for 2 > 



(4.2.18) 



(4.2.19) 



F z (2) = 1. 

In this example of 5-year deferred whole life insurance where |x = 0.04 and 8 = 
0.10, we have 

from (4.2.17), 

F z (0) = F T (5) = 1 - e' 02 = 0.1813; 
from (4.2.18) for 0 < 2 < v 5 , 



104 



Section 4.2 Insurances Payable at the Moment of Death 



F z (z) = F T (5) + 1 - 

= 1 - e~ 02 + 2 004/01 ° = 0.1813 + z 0 - 4 ; (4.2.20) 

from (4.2.19) for z > v 5 , 

Fz(2) = 1. 

The graph of this d.f. is shown in Figure 4.2.4. 



Distribution Function of Z 

fz(2) 

1 

0.8 - 
0.6 - 
0.4 
0.2 
0 



0 0.5 1 



d. From Figure 4.2.4 or (4.2.20), we see that the median is the solution of 

0.5 = 0.1813 + z 04 . 

Thus, = 0.0573. ▼ 
Observations: 

1. The largest value of Z with nonzero probability density in this example is 
e -o.i(5) = 0.6065, corresponding to T = 5. 

2. The distribution of Z in this example is highly skewed to the right. While its 
total mass is in the interval [0, 0.6065] and its mean is 0.1419, its median is only 
0.0573. This skewness in the direction of large positive values is characteristic of 
many claim distributions in all fields of insurance. 



A "y A \/9i*w!n#v DAnafit Inn i*-m^s\ 
r v u i jr 1 1 1 ^ uciiciii mauiaiiLC 

The general model given by (4.2.1) can be used for analysis in most applications. 
We have used it with level benefit life insurances. It can also be applied to insur- 
ances where the level of the death benefit either increases or decreases in arithmetic 
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progression over all or a part of the term of the insurance. Such insurances are 
often sold as an additional benefit when a basic insurance provides for the return 
of periodic premiums at death or when an annuity contract contains a guarantee 

„c „..cc:„; — t. — ».„ i„ .i„U :».„ ;„;t;„l „^™;.,^, 

ui ouniv-ici li payiiLciLLO IVJ llLail.ll 113 ULlLiai piciiuuui. 

An annually increasing whole life insurance providing 1 at the moment of death 
during the first year, 2 at the moment of death in the second year, and so on, is 
characterized by the following functions: 

b t = It + lj t > 0, 

v, = v' t > 0, 

z = It + l V t > o, 

where the L J denote the greatest integer function. 

The actuarial present value for such an insurance is 

(M) v = E[Z] - f It + l]v< ,p x MO dt. 
I _ Jo 

The higher order moments are not equal to the actuarial present value at an ad- 
justed force of interest as was the case for insurances with benefit payments equal 
to 0 or 1. These moments can be calculated directly from their definitions. 

The increases in the benefit of the insurance can occur more, or less, frequently 
than once per year. For an m-thly increasing whole life insurance the benefit would 
be l/m at the moment of death during the first m-th of a year of the term of the 
insurance, 2/m at the moment of death during the second m-th of a year during 
the term of the insurance, and so on, increasing by 1 / m at m-thly intervals through- 
out the term of the insurance. For such a whole life insurance the functions are 

Lfm + lj 

b, = t — 0, 

m 

v t = v> t > 0, 

z = " TlT >" + lJ n». 

m 

The actuarial present value is 

(J (m) A) x = E[Z]. 

The limiting case, as m — » =c in the m-thly increasing whole life insurance, is an 
insurance paying t at the time of death, t. Its functions are 

b, = t t > 0, 

v t = v' t > 0, 

Z = Tu T T > 0. 

Its actuarial present-value symbol is (IA) X . 
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This continuously increasing whole life insurance is equivalent to a set of de- 
ferred level whole life insurances. This equivalence is shown graphically in Figure 
4.2.5 where the region between the line b, = t and the f-axis represents the insurance 

VJVCI lilt 1UIU1C 111CLX11LC* 11 11 IC 11 1111 lilt Jill IC*1 LVgiviW WiV- J V-n iwi m mv v v-i u>-wi viiivt 

tion for a fixed t, the total benefit payable at t is obtained. If they are joined in the 
horizontal direction for a fixed s, an s-year deferred whole life insurance for the 
level amount ds is obtained. 



Continuously Increasing Insurance 




This equivalence implies that the actuarial present values for the coverages are 
equal. The equality can be established as follows. 



By definition, 



(M) 



, = tv< ,p x m, v 
Jo 



(0 dt, 



and interpreting f in the integrand as the integral from zero to t in Figure 4.2.5 we 
have 



(L4) v = J o M ds J i/ fPj M') 



If we interchange the order of integration and, for each s value, integrate on t from 
s to x, we have 



(JA\ = f f i/ .n ii m dt ds 



sl A x ds 



by (4.2.16). 
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If, for any of these m-thly increasing life insurances, the benefit is payable only 
if death occurs within a term of n years, the insurance is an m-thly increasing n- 



j£ut' term life insurance. 



Complementary to the anually increasing n-year term life insurance is the an- 
nually decreasing n-year term life insurance providing n at the moment of death 
during the first year, n - 1 at the moment of death during the second year, and 
so on, with coverage terminating at the end of the w-th year. Such an insurance has 
the following functions: 

'n - It] t<n 



v, = v' f >0, 

7 _ \v\n - LtJ) T < n 
Z 10 T>n. 



The actuarial pn^ent value for this insurance is 

(DA)\- = f" v' (n - It}) ,p, u,(0 dt. 
Jo 



This insurance is complementary to the anually increasing n-year term insurance 
in the sense that the sum of their benefit functions is the constant n + 1 for the 
n-year term. 

Table 4.2.1 is a summary of the models in this section. The insurance plan name 
appears in the first column followed by the benefit and discount functions that 
define it in terms of the future lifetime of the insured at policy issue. The present- 
value function, which is always derived as the product of the previous two func- 
tions, is shown next. In the fifth column the International Actuarial Notation for 
i-i — ^o^^ ,„i,, Q ; c cV.r-.wn Tn fV,P 1act mlnmn. a reference is eiven to a 

Luc a k_ i li a 1 1 a i ^itjvui. v n i n v. i ' < ■ ^- ■ ^ - - ' 

footnote stating whether or not the rule of moments can be used in the calculation 
of higher order moments. 

4.3 Insurances Payable at the End of the Year of Death 

In the previous section we developed models for life insurances with death ben- 
efits payable at the moment of death. In practice, most benefits are considered 
payable at the moment of death and then earn interest until the payment is actually 
made. The models were built in terms of T, the future lifetime of the insured at 
policy issue. In most life insurance applications, the best information available on 

,1 _ j:„i._:U,.i.:^„ T l-Ua (r*r-m r>( a Hicrrpfp lifp tahlp This IS the 

xne pruuauiiuy uisuifuuun ui i io m n'v. ivn^ ^ ~ — — 

probability distribution of K, the curtate-future-lifetime of the insured at policy 
issue, a function of T. In this and the following section we bridge this gap by 
building models for life insurances in which the size and time of payment . ofJhg_. 
death benefits depend only on the number of complete years lived by the insured _ 
from policy issue up to the time of death. We refer to these insurances simply, as 
payable at the end of the year of death. 
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Our model is in terms of functions of the curtate-future-lifetime of the insured. 
The benefit function, b Hl , and the discount function, v k+v are, respectively, the 
benefit amount payaoie ana me uibiuum m^nji. xc^unw - .f vjji^^i^— 
time of payment back to the time of policy issue .when the insured^ curtate^uture- 
lifetime is k,_ that is, when the insured dies in year k h I of insurance the present 
value, at policy issue, of this benefit payment, denoted by z k¥V is 

Measured from the time of policy issue, the insurance year of death is 1 plus the 
curtate-future-lifetime random variable, K, defined in Section 3.2.3. As in the pre- 
vious section, we denote the present-value random variable z K+v by Z. 

For an rc-year term insurance providing a Wit amount at the end of the year of 
death, we have 

fl k = 0, 1, . . . , n - 1 

1 0 elsewhere, 



k + \ 



= V 

V 



J k^l 

,K-1 



r K = 0, 1, n - 1 

1 0 elsewhere. 



The actuarial present value for this insurance is given Dy 

= E[Z] = J kPx q x+k . (4-3.2) 



Note that the International Actuarial Notation symbol for the actuarial present 
value of an insurance payable at the end of the year of death is the symbol for the 
corresponding insurance payable at the moment of death with the bar removed. 

nt-af-inn atari holds for 
ine ruie or momeius, wmi mc ayyivyLia.^ ^^.^v.^ **. — ~ / 

insurances payable at the end of the year of death. For example, for the «-year 
term insurance above, 

Var(Z) = 2 A\- { - (A\^f 



where 



+ k- 



In Section 3.5 recursion relations for life expectancies are derived and used to 
determine their values. Recursion relations for the term insurance actuarial present 
values can be derived algebraically from (4.3.2): 
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ll-l 



n-2 

For (4.3.3) to be true at « = 1, we define Al$ = 0.0 for all x. 

Note: On a select table basis, all *'s in the subscripts in (4.3.3) would be enclosed 
in brackets. 



Example 4.3.1 



On the basis of the Illustrative Life Table and i = 0.04, determine the mean and 
variance of the present-value random variable for a 10-year term insurance with a 
unit benefit payable at the end of the year of death issued on (30). 

Solution: 

Starting with the initial value = 0.0 and using (4.3.3) adapted to this 
jnsurance, 

A 1 , = ,,n. 4- nn /L„ ? , ,„ 1 k = 0. 1. . . . , 8, 9, 

-< J -30-A"10-*1 ""IM+k ■ v r^u+* - -3utKti;n)-(Kri)i • -. ■ 

we have by working from age 40 to age 30, I ■ ;/.v^>*- . 

- 0.01577285 ^'"'^ 

and 

Var(Z) = 0.01271978 - (0.01577285) 2 = 0.1247099. 

These values were determined by the' spreadsheet Constructed in the Computing 

I: \ _ i ▼ 

Exercises. T 

For a whole life insurance issued to (x), the model may be obtained by letting 
n i_> 3c in the Ji-year term insurance model. For the actuarial present value we have 



A x = 2 kPx c, x+k . (4-3.4) 
Multiplication of both sides of (4.3.4) by J r yields 

/A = tv^Ui x+k . (4.3.5) 



k=0 



Formula (4.3.5) shows the balance, at the time of policy issue, between the aggre- 
gate fund of actuarial present values for l x lives insured at age x and the outflow 
of funds in accordance with the expected deaths of the /, lives. It is a compound 
interest equation of value that is stated on an expected value basis. 
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The expression 

E v k+J d r +„ (4.3.6) 

k=r 

is that part of the fund at issue that, together with interest at the assumed rate, will 
provide the payments for the expected deaths after the r-th insurance year. 

Accumulation of (4.3.6) at the assumed interest rate for r years yields 

% v k ~ r+1 d x+k/ (4.3.7) 

the expected amount in the fund after r insurance years. A comparison of expres- 
sion (4.3.7) with (4.3.5) shows it to be l x+r A x+r . The difference between this amount 
and an actual fund is due to deviations of the actual deaths from the expected 
deaths (according to the life table adopted), and deviations of the actual interest 
income from the interest income at the assumed rate. 



Example 4.3.2 



A group of 100 lives age 30 set up a fund to pay 1,000 at the end of the year of 
death of each member to a designated survivor. Their mutual agreement is to pay 
into the fund an amount equal to the whole life insurance actuarial present value 
calculated on the basis of the Illustrative Life Table at 6% interest. The members, 
not selected by an insurance company, decided to use this population table as the 
basis of their plan. The actual experience of the fund is one death in each of the 
second and fifth years; interest income is at 6% in the first year, 6-1/2% in the 
second and third years, 7% in the fourth and fifth years. What is the difference, at 
the end of the first 5 years, between the expected size of the fund as determined 

: j.: „£ t.1 1~„ J 4-U~ „1 C-, n Al 

at uic ULLep>ui_ui ui liic yian anu mc anuai iuuva; 

Solution: 

On the agreed bases, 1,000 A M = 102.4835, so, for the 100 lives, the fund starts 
at 10,248.35. Also, A 35 = 0.1287194 and l 35 /l 3Q = 0.9915040. 

For 100 lives age 30, the expected size of the fund after 5 years will be 

(1,000)(100) l f A 35 = 12,762.58. 

'30 

The development of the actual fund would be as follows, where F k denotes its size 
at the end of insurance year k: 
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= 10,248.35 






= (10,248.35)(1.06) = 


10,863.25 




= (10,863.25)(1.065) - 


- 1,000 = 10,569.36 






= 11,256.37 


p 


= CI 1 256 071 = 


1 7 044 "\0 


h 


= (12,044.32)(1.07) - 


1,000 = 11,887.42. 



Thus the required difference is 12,762.58 - 11,887.42 = 875.16. This result combines 
the investment experience and the mortality experience for the 5-year period. There 
were gains from the investment earnings in excess of the assumed rate of 6%. On 
the other hand, there were losses on the mortality experience of two deaths as 
compared to the expected number of 0.8496. The interpretation of such results in 
terms of the various sources such as investment earnings and mortality is an ac- 
tuarial responsibility. y 

We derived the recursion relations for n-year term insurance actuarial present 
values (4.3.3) algebraically. Whereas the relationship will hold for whole life in- 
surance actuarial present values as the limiting case of n-year term insurance, as n 
goes to =c, we will establish the whole life insurance relationship independently to 

Consider A x from its definition E[Zj = E[u Kfv)+1 ]. For emphasis we now write this 

as 

A x = E[Z] = E[v Kix)+l \K(x) > 0], - * 

which is redundant since all of K(x)'s probability is on the non-negative integers. 

E[Z] can be calculated by considering the event that (x) dies in the first year, that 
is, K(x) - 0, and its complement, that (x) survives the first year, that is, K(x) > 1. 
We can write 

E[Z] = E[v Klxnl \K(x) = 0] Pr[K(x) = 0] 

+ E[v Klx)+l \K(x) > 1] Pr[K(x) > 1]. (4.3.8) 
In this expression we can readily substitute 

E[v K<x}+x \K(x) = 0] = u, 
MK(x) = 0] = q xl 

and 

Pr\V(v\ > 11 = n 

- i — * J fx' 

To find an expression for the remaining factor, we rewrite it as 

E[i; K,v)+1 |K(x) > 1] = vE[v {Kix) - X) ^\K{x) - 1 > 0]. 
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Since K(x) is the curtate-future-lifetime of (x), given K(x) s 1, 
K(x) - 1 must be the curtate-future-lifetime of (x + 1). 

If we are willing to use the same probabilities for the conditional distribution of 

inwiiii-iii-'ii till— nwi— * [ j. , llivi 



K(x) - 1 given K{x) s 1, as we would for a newly considered me age 
we may write 

E[y ,K,1, - 1)+1 |K(x) - 1 > 0] = A, +1 (4.3.9) 

and substitute it into (4.3.8) to obtain 

A x = vq x + vA x+l p x . (4-3.10) 

The assumed equality, 

(the distribution of the future lifetime 
of a newly insured life aged x + 1) 

= (the distribution of the future lifetime of a life 
now age x + 1 who was insured 1 year ago), 

was discussed in Section 3.8. In terms of select tables, the right-hand side of (4.3.9) 
would be A w+1 . In (4.3.10) every x would be [x]. 

Note that (4.3.10) is the same backward recursion formula as (4.3.3). That is, 

u(x) = vq, + vp x u(x +1). 

It is the starting value that makes the solution the actuarial present value of whole 
life insurance or of n-year term insurance. We see this same recursion formula for 
the actuarial present values of n-year endowment insurance where the staitmg 
values are the endowment maturity value. 

Analysis of relationship (4.3.10) can give more insight into the nature of A x . After 

r -i „ a „,.,u;^l;^cfinn nt hnth sidps bv (1 + i)L, (4.3.10) 

replacement or p x vy i — l\ x cuiu muiut"^-""" — - j - 

can be rearranged as 

l x (1 + i)A, = l x A x ^ + d x (l - A v+1 ). (4.3.11) 
For the random survivorship group, this equation has the following interpretation. 
Together with 1 year's interest, A x will provide A x + l for all l x lives and an ad- 
ditional 1 - A +1 for those expected to die within the year. This latter amount tor 
each expected death, that is, q x {\ - A x+l ), is considered the annual cost of insurance. 
The A, + i is set aside for survivors and deaths, the 1 - ^ required only for a 
death. 

Dividing by l x and then subtracting A x + q x (l - A x+ A from both sides of (4.3.11), 
we have 

A x+ , - A x = iA x - q x (l - A x+l ). , (4.3.12) 

In words, the difference between the actuarial present values at age x and one later 
at age x + 1 is equal to the interest on the actuarial present value at x less the 
annual cost of insurance for the year. 
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Another expression for A x can be obtained from (4.3.10) by replacing p x by 
1 - q x , multiplying both sides by v x , and rearranging the terms to get 



or 

,.v + l 



AuM v = -v* +1 q x (l - A x+l ). . 
Summing from x = y to =» (see Appendix 5), we obtain , ; 

x 

.v=y 

and thus 

A y = t y* +l - y ^(i - 

,v = y 

This expression shows that the actuarial present value at y is the present value at 
y of the annual costs of insurance over the remaining lifetime of the insured. 

The n-year endowment insurance with a unit amount payable at the end of the 
year of death is a combination of the n-year term insurance of this section and the 
n-year pure endowment for a unit amount that was discussed in the previous 

caff- M~\f\ mr+innc fnr if arp 

b M = 1 k = 0, 1, . . . , 

v k+1 k = 0, 1, . . . , n - 1 



Vk+l }v" k = n, n + I, . . . , 



= , v K+l K = 0, 1, . . . , n - 1 
Z V K — n, n + 1, 



The actuarial present value is 

Km = S ^ *P* ^ + v" 'Px • (4-3.13) 



(i-i 



The annually increasing whole life insurance, paying k + 1 units at the end of 
insurance year k + 1 provided the insured dies in that insurance year, has the 
benefit and discount functions and present-value random variable as follows: 

b k+ , = k + 1 k = 0, I, 2, . . . , 

- v k+1 k = 0, 1, 2, 

Z = (K + \)v K ^ K = 0, 1, 2 

The actuarial present value is denoted by {IA) X . 

The annually decreasing n-year term insurance, during the n-year period, pro- 
vides a benefit at the end of the year of death in an amount equal to n - k where 
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k is the number of complete years lived by the insured since issue. Its functions 



are 



Jt = 0, 1, 1 
k = n, n + 1, • • • / 




K = n, n + \, . . ■ 
The actuarial present-value symbol for this insurance is (DA)^. 

As illustrated by Figure 4.2.5 for insurances payable at the moment of death, 
annually increasing insurances payable at the end of the year of death are equiv- 
alent to a combination of deferred level insurances each for a unit amount. Simi- 
larly annually decreasing term insurances are equivalent to a combination of level 
term insurances of various term lengths. Figure 4.3.1 illustrates this for an annually 
decreasing 8-year term insurance. 

Figure 4.3.1 shows the graph of the benefit function b k+x . Each unit square region 
between the horizontal steps and the k-axis represents a deferred 1-year term in- 
surance When these are summed vertically, the deferred 1-year term insurances 



Annually Decreasing 8-Year Term Insurance 



A 

^ 1-year deferred, 1-year term 

/^~~) / insurance for 7 units 




k 



1 2 3 4 5 6 7 8 
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for the decreasing amounts are obtained. When the squares are summed horizon- 
tally, the level amount term insurances of varying duration are obtained. These 
vertical and horizontal sums are also indicated in Figure 4.3.1. 

The equality of the actuarial present values for the combination of level term 
insurances and the combination of deferred term insurances can be demonstrated 
analytically. Thus, by definition 

H-l 



k=0 

= 2 (» - k) (v k ,tO (vq x+k ) 

= 1 (n ~ k) k]l A x , (4.3.14) 



k=0 



the total of the column sums. 
In (4.3.14) we can substitute 



n-k~\ 



n-k= 2 (1) 



n-l n-k-1 

(DA)l- = 2 S (1) *> k ~ l kP x ^k- 

k=0 i=Q 



\ 



By interchanging the order of summation we obtain 

/=() k=v 

and then by comparing the inner summation to (4.3.2), we can write 

H- i 



Table 4.3.1 provides a summary of functions and symbols for the elementary 
insurances payable at the end of the year of death. 

We close this section with a summary of the recursion relations for the actuarial 
present values of the insurances payable at the end of the year of death. Consider 

ft-io lict on nao-o 11Q arrancr^H in tb.P rirdfT of the entries of Table 4.3.1. Each entry 
w " r~o~ ~ o- — _ ~~ — _ 

is arranged across its line as the recursion relation, the domain for the relation, and 
the initial condition. Values for the actuarial present value would be generated from 
the lowest age of the mortality table to age y or w. 
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(a) A x = vq x + v Px A T+1 x = 0, 1, . . . , o> - X 

and A M = 0. 

(b) = vq x + vp x A x \ vIFixTTj x = 0, X . . . , y - X 

and Ajfl = 0. 

(c) A x .^ = vq x + vp x A T+1: ^+T)i x = 0, 1, . . . , y - X 

and A y: ^ = 1. 

(d) V _J,A = 0 + y Px y-or+iJ.A+i x = 0, 1, . . . , y - 1, 

and 0 |„A y = AJ :J] . 

(e) (/A): ; ,- s = H, + vp x A x \ vJFTx tt}] + vp x (IA^i^am 

x = 0, 1, . . . , y - X and (IA)* : g = 0. 

(f) (DA)i ,„ x = (y - Jf)y?. r + ^, (DA),V 1:F ett^ 

x = 0, X ■ ■ ■ , y - X and (DA)J : g = 0. 

(g) (IA) X = [vq x + v Px A v+1 ] + vp z (1A\ +1 x = 0, 1 w ~ X 



Observations: 

1. Only (a) and (b) have been justified in this section. Arguments for (c) through 
(g) are similar to those for (a) and (b). 

2. All seven equations are of the form 

u(x) = c(x) + vp x u(x + 1), 

e .• j.r: i c i.u„ Jr,miin r^laHnn. In the 

where c(v) is a given runcuon uemieu ivji mc u^.x.^^l ^ ^.v. - 

language of difference equations, all seven equations have the same correspond- 
ing homogeneous equation, u(x) = vp x u(x + 1). It is linear but does not have 
constant coefficients. 

3 Since c(v) = vq x for (a), (b), and (c), those actuarial present values are all solutions 
of the same recursion formula and are distinguished only by their starting 
values. 

4.4 Relationships between Insurances Payable 
at the Moment of Death and the End of the 

Year rvf Dpath 

We begin the study of these relationships with an analysis of the actuarial present 
value for whole life insurance paying a unit benefit at the moment of death. From 
(4.2.6) we have 
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A x - f v f tPx MO df = f y' ^ MO ^ + f v> tPx MO ^- 

Jo Jo Jl 

The change of variables s = t — 1 in the second integral gives 

A x = fV ,p, MO rff + y I u s <+1 p, ji.v(s + 1) ds - ( 4A1 ) 
Jo Jo 

On an aggregate mortality basis 

s + lP , ^(S + 1) = P, ,P.r + ] + s + 1) 

so the second term of (4.4.1) would be vp x A x+1 . On a select mortality basis the 
second term would be vp [x] A ]x]+v Returning to (4.4.1) and using aggregate notation, 
we have 



A x = v> t p x MO dt + vp x A x+X = A^ + up x A XTl . (4.4.2) 
Jo 

The integral in (4.4.2) can be expressed in discrete life table functions by adopting 
one of the assumptions about the form of the mortality function between integers 
as discussed in Section 3.6. 

Under the assumption of a uniform distribution of deaths over each year of age, 

ti .. m = n n < f < 1 and 1/ = 0. 1 . . . . 

try fyw iy " — - — y 

which can be placed in (4.4.2) to obtain 

Ax = q x | v> dt + vp x A x ^, 

= ~vq x + vp x A x + x . (4.4.3) 
o 

The domain for this relationship is x = 0, 1, . . . , w - 1, and the starting value is 
If we multiply both sides of recursion formula (a) by i/b, we have 

Since (a) and (4.4.3) embody the same recursion formula and have the same domain 
and the same initial value of 0 at <o, (i/8)A v is the solution for (4.4.3), and 

A x — ; A . " (4.4.4) 

Formula (4.4.4) might have been anticipated under the assumption of a uniform 
distribution of deaths between integral ages. The effect of the assumption is to make 
the unit payable at the moment of death equivalent to a unit payable continuously 
throughout the year of death. With respect to interest, a unit payable continuously 
over the year is equivalent to i/b at the end of the year. 
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The identity in (4.4.4) can be reached using the properties of the future-lifetime 
random variable under the assumption of a uniform distribution of deaths in each 
year of age as developed in Section 3.6. From (3.6.1) we write T = K + S. We 

Hictrihntion of deaths in 
observea mere mat, unuer me dssun^uuu « ^n^*^ — ~~ 

each year of age, K and S are independent and S has a uniform distribution oyer 
the unit interval. As corollaries to these observations, K + 1 and 1 - S are also 
independent, and 1 - S has a uniform distribution over the unit interval. In the 
identity 

A x = E[v T ] = E[v K+ \l + if' 5 ], 
we can use the independence of K + 1 and 1 - S to calculate the expectation of 
the product as the product of the expectations, 

f M 

E[v K+ \l + i) 1 ' 5 ] = EK +1 ]E[(1 + O 1 " 5 ]- ( 4A5 ) 
The first factor on the right-hand side is A x . Since 1 - S has the uniform distribution 
over the unit interval, the second factor is 



E[(l + i) x ' S ] = £ (1 + 0' 1 dt 



8' 



Hence, again we have A x = (z75)A x under the assumption of uniform distribution 
of deaths in each year of age. 

* A similar argument, again based on the assumption of a uniform distribution of 
deaths in each vear of age, can be used to show that the actuarial present value of 
a whole life insurance which pays a unit at the end of the m-th of a year of death 
is equal to 

A ("o = J_4. (4-4.6) 

jinn x 

This argument is outlined in Exercise 4.19. 

In Section 3.6 we also discussed the assumption that the force of mortality is 
constant between integral ages. The relationship between the actuarial present val- 
ues for whole life insurances payable at the moment of death and at the end of the 
year of death under this assumption is developed in Exercise 4.19. Since the hy- 
perbolic assumption implies that the force of mortality decreases over the year of 
age (see Exercise 3.27), it is seldom realistic for human lives. Moreover, it leads to 
more complicated relationships that we will not develop here. 

Next we turn to an analysis of the annually increasing n-year term insurance 
payable at the moment of death. For this insurance, the present-value random vari- 
able is 

(It + 1 V T < n 



Z 1 0 T > n. 



Since |_T + lj = K + I, we can use the relation T = K + S to obtain 
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Z ~ |o T > n. 

If we let W be the present-value random variable for the annually increasing 

t. :„ .-^^^ vinriUlo of fU<e> onH of t-tip up3r of dpath. 

f(-yt;cll ICllll 11 LBLtl Cll j^cljtlL/i\_ ui. mv- >_ii« j -- , 

\K + l)v K + l K = 0, 1, . . . , n - 1 



w = . 

,0 K = n, n + 1, 

Then 

Z = W(l + i") 1_s 

and 

E[Z] = E[W(1 + i) 1_s ]- 
Since W is a function of K + 1 alone and K + 1 and 1 - S are independent, 

E[Z] = E[W] E[(l + i) 1 ' 5 } 

= i- 

These results for the whole life and the increasing term insurances payable at 
the moment of death, under the assumption of a uniform distribution of deaths 
over each year of age, are very similar, 



A, - £ A, 



and 



t i^i. ^ rr^r-^M-^\ r^^oi fir»H qi q nf th p c;i m i 1 a ri ti ps . From f 4.2.2^, 

JljGL LAS IWWfS CI I. ^tuv-iui 1 1 1 wv* v. * **-^ ■-■ v 

Z = b T v T . (4.4.7) 

For the two continuous insurances above, the conditions used were 

• v T = v T , and 

• b T was a function of only the integral part of T, the curtate-future-lifetime, K. 
Writing this latter property as b T = b* K+l we can write (4.4.7) for these insurances 
as 

Z = b* K+y v T 

= b* K+l v K +\l + 0 l_s 

and 

E[Z] = E[b' K ^\l + if~ s ]. (4-4.8) 

Under the assumption of a uniform distribution of deaths over each year of age, 
we can infer the independence of K and S and that 1 - S also has a uniform 
distribution. Then we can write (4.4.8) as 
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E[Z] = EK +1 y K+1 ] E[(l + *r s ] 



(4.4.9) 



Example 4.4.1 



Calculate the actuarial present value and the variance for a 10,000 benefit, 30- 
year endowment insurance providing the death benefit at the moment of death of 
a male age 35 at issue of the policy. Use the Illustrative Life Table, the uniform 
distribution of deaths over each year of age assumption, and i - 0.06. 

^'endowment insurance, , T # Therefore, we cannot apply (4.4.9) directly. 
Recalling (4 2 11) which showed the endowment insurance as the sum of a term 
insurance and pure endowment, we can apply (4.4.9) to the term insurance com- 
ponent and then calculate the pure endowment insurance part. Thus, using (4.Z.1Z) 
and (4.2.10), we can calculate the actuarial present value as follows: 

^35:30] = g A 35:30l + ^35:1} 

= (1.0297087)[0.06748179] + 0.1392408 
= 0.208727, 

and the variance as 

Var(Z) = 2 A 35:S - (A-^) 2 

= 0.0309294 + 0.0242432 - (0.208727) 2 
= 0.011606. 

^ mnnn inci.rpH. 10.000 = 2,087.27 and (10,000) 2 Var(Z) = 

rui uic iu,wu J""' .i.^ — — , _ 

1,160,600. 



Example 4.4.2 



Calculate, for a life age 50, the actuarial present value for an annually decreasing 
5-year term insurance paying 5,000 at the moment of death in the first year 4,000 
in the second vear, and so on. Use the Illustrative Life Table, uniform distribution 
of deaths over each year of age assumption, and i - 0.06. 

Solution: 

Referring to Table 4.2.1, we see that 

f5 - It] t < 5 



0 t > 5 

is a function of only k, the integral part of f, and hence we may write it as 
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_ f 5 - k k = 0,1, 2, 3, 4 
f ~ jo fc > 4. 

The discount function is v', so we have 

(DA)^ = g (DA)^ 

4 

= (1.0297087) £ (5 " *) ,p 50 

lc=0 
4 



2 (5 - k) v M d. 



50+* 



= (1.0297087) 



'50 



= 0.088307. 

Then, 1,000 (DA)^ - 88.307. T 

For an insurance providing a death benefit at the moment of death that is not 
a function of K, further analysis is required to express its values in terms of those 
for an insurance payable at the end of the year of death. Consider the continuously 
increasing whole life insurance payable at the moment of death. This insurance is 
discussed extensively in Section 4.2, and its benefit function analyzed in Figure 
4.2.5. Its functions are 

b, = i t > 0, 
v t = v' t > 0, 
z, = tv' t > 0. 

To find (1A) X we rewrite 

Z = (K + S)v K + s 

= (K + l)v K+s - (1 - S)v K+ \l + i) l ~ s 

= (K + l)v K+ \l + i) 1_s - v K +\l - S)(l + i) 1_s - 

Now taking expectations, under the assumption of a uniform distribution of deaths 

over each year of age, we have 

E[Z] = E[(K + l)y K+1 ] E[(l + i) 1 " 5 ] - E[v K ^} E[(l - S)(l + if~ s ] 
= (IA) X 1 -- A X E[(1 - S)(l + i) l ~ s l 
We can simplify the last factor directly since 1 - S has a uniform distribution, 
E[(l - S)(l + z) 1 " 5 ] = J o u(l + if du = (Ds)i, = ^-j 1 - j- 2 - 



Thus, we can write 



(H), = i 
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4.5 Differential Equations for Insurances Payable at the 
Moment of Death 

Recursive-type expressions can be established for insurances payable at the mo- 
ment of death. These are developed using calculus and lead to differential 
equations. 

For a whole life insurance on (x), 

~A r = -jx(x) + A x [* + M-(*)] = 8A T - ^(x)(l - A x ), (4.5.1) 
dx 

which are the continuous analogues of (4.3.12). The notation used here is for an 
aggregate mortality basis. Verification of these expressions has been left to Exercise 
4.21. 

On the other hand, (4.5.1) can be developed from the definition of A x by using 
conditional expectation as we did for A x : 

A x = E[v T ] 

= E[v T \T < h] Pr(T < h) + E[v T \T > h] Pr(T > h). (4.5.2) 

Now, 

PWT < h\ = .o and Pv(T > h) = U V„ (4.5.3) 
and the conditional p.d.f. of T given T < h is 



f T (t\T < fc) = « 



0 elsewhere. 



Thus, 

r/i 

E[i> r |T < /(] = 



v < >VM*±J} dt (4.5.4) 
hi, 



As we did in the expression for A x , we will write 

E[i> T |T > h] = v>'E[v T -"\(T - h) > 0] 

= v h A^ h . ( 4 - 5 ' 5 ) 
Substitution of (4.5.3), (4.5.4), and (4.5.5) into (4.5.2) yields 

A \\, >PsJ^Jl dt , h + v >' A x+h hPx . (4.5.6) 

JO hlx 

Then, on both sides of (4.5.6), we multiply by -1, add A x+h , and divide by h to 
obtain 
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^ — = T I v > p * * {x + i ) di + A ^ — h- (4 - 5J) 

Next, 

lim - I i! f n iiYy 4- \\ dt = — I n' n u(r 4- A . = .i/r^ 

h~ 0 " /i Jo " ,r r r " v " ' '' ds Jo " trx r " v " ' *' *" ls=u 

and 

Using these two limits as h — ► 0 in (4.5.7) we obtain (4.5.1), 

£A X = + + 8]. 

Solutions of this differential equation are outlined in Exercise 4.22. 



4.6 Notes and References 

The life contingencies textbooks listed in Appendix 6 give other developments 
of formulas for life insurance actuarial present values. Commutation functions, 

which were fundamental to arhiarial ralmlatinnc nnHI f-bic nnartpr ronhm; oto 

-~ „ ^ ^^W^jT, 

employed extensively in Jordan (1967). 

There is little material in these textbooks on the concept of the time-until-death 
of an insured as a random variable. Until recently, research and exposition on this 
concept has been called individual risk theory. Cramer (1930) gives a detailed ex- 
position of the ideas up to that time. Kahn (1962) and Seal (1969) give concise 
bibliographical information on both research and expository papers over a 100-year 
span. 

Since 1970 there has been interest in actuarial models that consider both the time- 
until-death and the investment-rate-of-return as random variables. This combina- 
tion is discussed in Chapter 21. 



Exercises 

Assume, unless otherwise stated, that insurances are payable at the moment of 
death, and that the force of interest is a constant 8 with i and d as the equivalent 
rates of interest and discount. 

Section 4.2 

4.1. If \x(x) = |x, a positive constant, for all x > 0, show that A x = 

+ 8). 

4.2. Let fx(.r) = 1/(1 + x), for all x > 0. 
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a. Integrate by parts to show that 

r *, 1 + x 

A = 1 - 8 e~ 8 ' dt. 

Jo 1 + x + t 

b. Use the expression in (a) to show that dA x J dx < 0 for all x > 0. 

4.3. Show that dAjdi - -v(IA) x . 

4.4. Show that the expressions for the variance of the present value of an n-year 
endowment insurance paying a unit benefit, as given by (4.2.10) and (4.2.13), 
are identical. 

4.5. Let Zj and Z 2 be as defined for equation (4.2.11). 

a. Show that lim„_ 0 Cov(Z v Z 2 ) = lim„^ x Cov(Z 1 , Z 2 ) = 0. 

b. Develop an implicit equation for the term of the endowment for which 
Cov(Z lr Z 2 ) is minimized. 

c. Develop a formula for the minimum in (b). 

d. Simplify the formulas in (b) and (c) for the case when the force of mortality 
is a constant |x. 

4.6. Assume mortality is described by l x = 100 - x for 0 < x < 100 and that the 
force of interest is 8 = 0.05. 

a. Calculate A 402 3|. ' ~* ■'')., ^ - ' - ' 

1, T~V.j... i-U^ ~ , ^ ^ 1 ^ vn^^r> J- ,7^liin Cr^r -> T^.Tmor farm incnranro ^A/ifV\ 

\j. LycLtriiiimt" Lilt: a^iuanai picDcin vaiut ivi u V * a » v » » » w* . 

benefit amount for death at time t, b, = e° 05f , for a person age 40 at policy 5^/ , /" 
issue. 

4.7. Assuming De Moivre's survival function with <d = 100 and i = 0.10, 
calculate 

b. The variance of the present value, at policy issue, of the benefit of the 
insurance in (a). 

4.8. If 5. = 0.2/(1 i- 0.05f) and /, = 100 - x for 0 < x < 100, calculate 

a. For a whole life insurance issued at age x, the actuarial present value and 
the variance of the present value of the benefits 

b. (M),. 

4.9. a. Show that A x is the moment generating function of T, the future lifetime 

of (x), evaluated at -8. 
b. Show that if T has a gamma distribution with parameters a and (3, then 

4 = (1 + s/pr". 

4.10. Given b, = t, |x Y (f) = (jl, and 8, = 8 for all t > 0, derive expressions for 
a. (M), = E[V? 7 ] b. Var(V 7 )- 
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The random variable Z is the present-value random variable for a whole life 
insurance of unit amount payable at the moment of death and issued to (x). 
If 8 = 0.05 and ^(f) = 0.01: 

a. Display the formula for the p.d.f. of Z. 

b. Graph the p.d.f. of Z. 

c. Calculate A x = E[Z] and Var(Z). 

The random variable Z is the present-value random variable for an n-year 
endowment insurance as defined in Section 4.2.2. Exhibit the d.f. of Z in terms 
of the d.f. of T. 

The random variablp 7 iq HpfinpH in Fvorrico AM Tf R = nni; ., /a - nm 

■ — — - . . ^. ^ xx i *^xwa^.»^v- xx w j^j^i. j — \J.KS±, 

and n = 20: 

a. Display the d.f. of Z. 

b. Graph the d.f. of Z. 

c. Calculate A x .^ = E[Z] using the distribution of Z. [Hint: Consider using the 
complement of the d.f.] 

Section 4.3 

4.14. If l x = 100 - x for 0 < x < 100 and / = 0.05, evaluate 
a- b. (L4) 40 . 

4.15. Show that A r; ^ = A^ + u" 1 m p v A t+m; ^ for m < n and interpret the result in 
words. 

4.16. If A x = 0.25, A A+20 = 0.40, and A xm = 0.55, calculate 

4.17. a. Describe the benefits of the insurance with actuarial present value given 

by the symbol (JA) x .^i. 
b. Express the actuarial present value of (a) in terms of the symbols given in 
Tables 4.2.1 and 4.3.1. 

4.18. In Example 4.3.2, let the expected size of the fund k years after the agreement, 
and immediately after the payment of death claims, be denoted by E k , where 
E p = (100X1,000 A 30 ) = 10,248.35. 

a. Start with (4.3.10) and develop the forward recursion formula 

E k = 1.06£ fc _, - 100,000,_^ 30 . 

b. Use the recursion formula developed in (a) to confirm that E 5 = 12,762.58. 

Section 4.4 

4.19. Consider the timescale measured in intervals of length 1/m where the unit is 
a year. Let a whole life insurance for a unit amount be payable at the end of 
the w-thly interval in which death occurs. Let k be the number of complete 
insurance years lived prior to death and let be the number of complete 
w-ths of a year lived in the year of death. 
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a. What is the present-value function for this insurance? 

b. Set up a formula analogous to (4.4.2) for the actuarial present value, A x m) , 
for this insurance. 

deaths over the insurance year of age, 



4.20. Show, under the assumption of a constant force of mortality between integral 
ages, that 

X . 



where m(fc) = -log p x+k . 
Section 4.5 

4.21. a. Show that (4.2.6), for an aggregate mortality basis, can be rewritten as 

xPo V Jx 

b. Differentiate the formula of (a) to establish (4.5.1), 

dA 

= Mx) + b]A x - rtx) x > 0. 

ux 

c. Use the same technique to show 

dA 1 



£ = [^(x) + 8]A^ + ix(x + n)A\.^ - p.(x) x > 0. 



4.22. Solve the differential equation (4.5.1) as follows: 
a. Use the integrating factor 



exp 

to obtain 



- (8 + |x(z) dz 



A y = ^ p(x) exp|-J y [8 + p,(z)] rfzj rfx. 
b. Use the integrating factor e~ fir to obtain 

A v = [ jjl(x) - A v ) d*. 

MiscdZflneous 

4.23. Display the actuarial present value of a Double Protection to Age 65 policy 
that provides a benefit of 2 in the event of death prior to age 65 and a benefit 
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of 1 after age 65 in symbols of Table 4.3.1. Assume benefits are paid at the 
end of the year of death. 

4.24. A policy is issued at age 20 with the following graded scale of death benefits 
payable at the moment of death. 



Age 



Death Benefits 



20 
21 
22 
23 
24 

25-40 

41 and over 



1 000 

2 000 
4 000 
6 000 
8 000 

10 000 
50 000 



thin /U< V^BcdU.:*! 



Calculate the actuarial present value on the basis of the Illustrative Life Table 
with uniform distribution of deaths over each year of age and i = 0.05. [Hint: 
A backward recursion formula for the actuarial present value will include a 
function c(x) that incorporates the death benefit scale.] 

4.25. a. Determine whether or not a constant increase in the force of mortality has 

the same effect on A x as the same increase in the force interest, 
b. Show that if the single probability of death q x+ll is increased to q x+n + c, 
then A x will be increased by 

cu" + 1 „ Fa (1 - A„„ + I ). 

4.26. The actuarial present value for a modified pure endowment of 1,000 issued 
at age x for n years is 700 with a death benefit equal to the actuarial present 
value in event of death during the n-year period and is 650 with no death 
benefit. 

a. Calculate the actuarial present value for a modified pure endowment of 
1,000 issued at age x for n years if 100fc% of the actuarial present value is 
to be paid at death during the period. 

b. For the modified pure endowment in (a), express the variance of the pres- 
ent value at policy issue in terms of actuarial present values for pure en- 
dowments and term insurances. 

4.27. An appliance manufacturer sells his product with a 5-year warranty prom- 
ising the return of cash equal to the pro rata share of the initial purchase price 
for failure within 5 years. For example, if failure is reported 3-3/4 years fol- 
lowing purchase, 25% of the purchase orice will be returned. From statistical 

' 1 X L . _ 

studies, the probability of failure of a new product during the first year is 
estimated to be 0.2, in each of the second, third, and fourth years 0.1, and in 
the fifth year 0.2. 

a. Assuming that failures are reported uniformly within each year since pur- 
chase, determine the fraction of the purchase price that equals the actuarial 
present value for this warranty. Assume / = 0.10. 
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Vb. "llf the warranted return is the reduction on the purchase price of a new 
product with a 5-year warranty, would the answer to (a) change? 



4.28. Assume that T(x) has a p.d.f. given by 

f h) = — 1— e -' 2 ' 2m t > 0 

and 8 = 0.05. 
Show: 

a. A x = 2e 0125 [l - $(0.5)] = 0.6992 

b. 2 A X = 2e-° 5 [\ - $(1)] = 0.5232 

c. Var(Z) = 0.0343, where Z - v T 

d. ig 5 = 0.7076 [Hint: Use Figure 4.2.1] 

e. v h = 0.6710 < 0.6992 - A x . 

4.29. Generalize Exercise 4.28(e) by showing that if 8 > 0, then 

v h < A x . 

[Hint: Use Jensen's Inequality in Section 1.3 when u"(x) > 0.] 

4.30. For a whole life insurance the benefit amount, b t , is 0 or 1 for each t > 0. For 
calculations at force of interest 8 f : 

a. Express the discount function in terms of 8,. 

1-. c„„ m ™ fUo nraoonf.valnp r.inHnm variable. Z. in terms of T. 

L>. U/\pitJO cm- ^n-jvin • . — - - " ■ ' ' 

c. Show that Z'@force of interest 8, equals Z@force of interest ;'8 f . 

Computing Exercises 

4.31. Augment your Illustrative Life Table to include input of a constant interest 
rate, x, and a payment frequency, m. It will be helpful for the equivalent rates 
8, d u "\ z"'", d, and v to be shown in your Illustrative Life Table output. 

4.32. Develop a set of values of a-, n = 1, 2 100 at i - 0.06 by using the 

forward recursion formula (3.5.20). [Hint: Review Exercise 3.25 or use ci^ = 

1 + vci-.} 

4.33. a. Using the backward recursion formula of (4.3.10) in your Illustrative Life 

Table and the appropriate starting value, calculate l,000A r for x = 13 to 
140 for an interest rate of 0.06. 

b. Compare your values to those in Appendix 2A. 

4.34. a. Use (4.3.3) and your Illustrative Life to determine and 2 A 20: 2g at 

i = 0.05. 

b. What is the variance for the present-value random variable for a 20-year 
term insurance with benefit amount 100,000 issued to (20)? 
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4.35. a. By an algebraic or probabilistic argument, verify the following backward 
recursion formula of an n-year term insurance with a unit benefit: 



4l_ — ,,n — 7t' , + I n n 4- nn A 1 , -i. 

•"•.v:n| ""' "1x " nrx ix + ii ' ~rx --x-ri:n\- 



b. Determine an appropriate starting value for use with this formula. 

c. Use your Illustrative Life Table with i = 0.06 to calculate the actuarial 
present value of a 10-year term insurance issued at ages x = 13, . . . , 130. 

4.36. a. Use recursion relation (g) at the end of Section 4.3 and your Illustrative 

Life Table to calculate (1A) 2S at i = 0.06. 

b. Modify the recursion relation of part (a) to obtain one for (IA) X and deter- 

11 Lil t* <~J *■ HI I. £^ » ivi .v. 

c. Modify the recursion relation of part (b) to obtain one for (L4) v and deter- 
mine a starting value for it. 

d. Make the recursion relations of parts (b) and (c) specific to the assumption 
of a uniform distribution of deaths over each year of age. 

4.37. Use your Illustrative Life Table to verify the numerical solutions to parts (a) 
and (b) of Example 4.2.4. [Hint: Set B = 0.00 and A = 0.04 in your Makeham 
law parameters, / = e° 10 - 1, and use recursion formula (d) at the end of 
Section 4.3. Remember that the insurance in Example 4.2.4 is payable at the 
moment of death.] 

4.35. a. Dy an aigeuicui: ui piuuawusui. aigumuu, >>-'"; 

recursion formula for the actuarial present value of a unit benefit endow- 
ment insurance to age y with the death benefit payable at the moment of 
death: 

4:F3 = A k + V P* A + i:F^ x = 0, 1, . . . , y - 1. 

b. Determine an appropriate starting value for use with this formula. 

tt _ Til t :£„ T^UI,, ».,;t-U tUn iccumnfinn r\( iinifnrm HiQfrihll- 

c. use your limsiicmve luc iauic wim mt wjcmiL^n^i^ — ~ 

tion of deaths over each year of age and i = 0.06 to calculate the actuarial 
present value of a unit benefit endowment insurance to age 65 with the 
death benefit payable at the moment of death for issue ages x = 13, . . . , 
64. 

d. By an algebraic or probabilistic argument, verify the following backward 
recursion formula for the actuarial present value of a unit benefit n-year 
endowment insurance with the death benefit payable at the moment of 
death: 

x = 0, 1, . . . , w - 1. 

4.39. Let Z be the present-value random variable for a 100,000 unit 20-year endow- 
ment insurance with the death benefit payable at the moment of death. Use 
your Illustrative Life Table to calculate the mean and the variance of Z on 
the basis of a Makeham law with A = 0.001, B = 0.00001, c = 1.10, and 
8 - 0.05. 
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LIFE ANNUITIES 



5.1 introduction 

In the preceding chapter we studied payments contingent on death, as provided 
by various forms of life insurances. In this chapter we study payments contingent 
on survival as provided by various forms of life annuities. A life annuity is a senes 
of payments made continuously or at equal intervals (such as months, quarters, 
years) while a given life survives. It may be temporary, that is, limited to a given 

' l u okio ( n r tUo whrJp of lifp. The Davment intervals 

term or years, ui n may v*; ^o)a^^ ^± — a _j_ 

may commence immediately or, alternatively, the annuity may be deferred. Pay- 
ments may be due at the beginnings of the payment intervals {annuities- due) or at... 
the ends of such intervals {annuities-immediate). 

Through the study of annuities- certain in the theory of interest, the reader al- 
ready has a knowledge of annuity terminology, notation, and theory. Life annuity 
theory is analogous but brings in survival as a condition for payment. This con- 
dition has been encountered in Chapter 4 in connection with pure endowments 
and the maturity payments under endowment insurances. 

Life annuities play a major role in life insurance operations. As we see in the 
next chapter, life insurances are usually purchased by a life annuity of premiums 
rather than bv a single premium. The amount payable at the time of claim may be 
converted through a settlement option into some form of life annuity for the ben- 
eficiary Some tvpes of life insurance carry this concept even further and, instead 
of featuring a lump sum payable on death, provide stated forms of income benefits. 
Thus, for example, there may be a monthly income payable to a surviving spouse 
or to a retired insured. 

Annuities are even more central in pension systems. In fact, a retirement plan 
can be regarded as a system for purchasing deferred life annuities (payable during 
retirement) by some form of temporary annuity of contributions during active ser- 
vice. The temporary annuity may consist of varying contributions, and valuation 
of it may take into account not only interest and mortality, but other factors such 
as salary increases and the termination of participation for reasons other than death. 
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Life annuities also have a role in disability and workers' compensation insur- 
ances. In the case of disability insurance, termination of the annuity benefit by 
reason of recovery of the disabled insured may need to be considered. For surviving 
spouse benefits under workers' compensation, remarriage may terminate the 
annuity. 

We proceed in this chapter as we did in Chapter 4 and express the present value 
of benefits to be received by the annuitant as a function of T, the annuitant's future^ 
lifetime random variable. It then will be possible to study properties of the distri- 
bution of this financial value random variable. The expectation, still called the ac- 
tuarial present value, can be evaluated in an alternative way using either 
integration by parts or summLation by parts depending, respectively, on whether a 
continuous or discrete set of payments is being evaluated. The results of this pro- 
cess have a useful interpretation and lead to an alternative method of obtaining 
actuarial present values called the current payment technique. 

As in the preceding chapter on life insurance, unless otherwise stated we assume 
a constant effective annual rate of interest i (or the equivalent constant force of 
interest 5)., We also assume 'aggregate mortality, for most of the development in this 
chapter and indicate those situations where 'a select mortality assumption makes a 
major difference. 

In most applications of the theory developed in this chapter, annuity payments 
continue while a human life remains in a particular status. However, the possible 
applications of the theory are much wider. It may be applied to any set of periodic 
payments where the payments are not made with certainty. Examples of some of 
these applications are seen in later chapters dealing with multiple lives or multiple 
causes of decrement. 



:>.z continuous Lite Annuities 



We start with annuities payable continuously at the rate of 1 per year. This is of 
course an abstraction but makes use of familiar mathematical tools and as a prac- 
tical matter closely approximates annuities payable on a monthly basis. A whole 
life annuity provides for payments until death. Hence, the present value of pay- 
ments to be made is Y = a Y for all T > 0 where T is the future lifetime of (.r). The 
distribution function of Y can be obtained from that for T as follows: 

f r (i/) = Pr(Y < i/) = Pr(fl^ < i/) = Pr(l - v T < 8i/) 



= Pr(u T > 1 - 8 y) = Pr 



T 



-logO-By) 



= Ft 



-log(l - 
8 



for 0 < i/ < -. 



(5.2.1) 
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From this we obtain the probability density function for Y as 
f( , d d / -log(l - Sy) 

f r ([-log(l - 8y )]/8) ^ n ^„^I 

The distribution function for Y depends on the distribution of T but would resemble 
that shown at the end of this section in Figure 5.2.1(a). 

The actuarial present value for a continuous whole life annuity is denoted by 
where the post fixed subscript, x, indicates that the annuity ceases at the death 
of (j) and that the distribution of T{x) may depend on information available at 
age x. Under aggregate mortality the p.d.f. of T is t p v |x(x + t), and the actuarial 
present value can be calculated by 

1 a, = E[Y] = I flj t p, |x(.r + t) dt. (5.2.3) 
Jo 

Using integration-by-parts with /(f) = aj, dg(t) = ,p x \x(x + t) dt, g{t) = - t p x , and 
df(t) = v' dt, we obtain 

«" = f v< ,p,dt = f t E x dt. (5.2.4) 
Jo Jo 

This integral can be considered as involving a momentary payment of 1 dt made 
at time t, discounted at interest back to time zero by multiplying by v* and further 
multiplied by t p x to reflect the probability that a payment is made at time f.JThis__ 
is the current payment form of the actuarial present value for the whole life an- 
nuity. In general the current payment technique for determining an actuarial pres- 
ent value for an annuity gives 

apu — f ii f Prfnavmpnk arp Hpincr madp at time fl "~ - 

jr^i v - I y * — - 0 --- j 

Jo 

X [Payment rate at time f] dt. (5.2.5) 

Let us rewrite (5.2.4) by splitting off that portion of the integral involving t values 
from 0 to 1. Thus 

a % = j^v 1 ,p x dt + _[ v> t p x dt 
Jo 

= a x .j, + v p x fl v+1 . ( 5 - 2 - 6 ) 

The actuarial present-value symbol a^, used above is introduced below in (5.2.11). 
Expression (5.2.6) is an example of the backward recursion formula first observed 
in Section 3.5 and explored more fully in Section 4.3. Here u{x) = a x , c{x) = a x $, 
and d(x) = u p x . The initial value to use for the whole life annuity is a w = 0. There 
are several ways to evaluate the c(x) term. A simple approach is to use a trapezoid 
approximation for the integral 
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P , J 1 + V 
«v:Tl = J n V tPr dt = 



Another approacn, based on tne assumption or a umiorm ui 
within each year of age, is examined in Section 5.4. 

A relationship, familiar from compound interest theory, is that 

1 = 5 aj + v 1 . 

This can be interpreted as indicating that a unit invested now will produce annual 
interest of 5 payable continuously for f years at which point interest ceases and the 
investment is repaid. This relationship holds for all values of f and thus is true for 
the random variable T: 

1 = 5^ + u r . (5.2.7) 
Then, taking expectations, we obtain 

l = ha x + A x . (5.2.8) 

This is subject to the same kind of interpretation as above. A unit invested now 
will produce annual interest of 5 payable continuously for as long as (x) survives, 
and, at the time of death, interest ceases and the investment of 1 is repaid. 

To measure, on the basis of the assumptions in our model, the mortality risk in 
a continuous life annuity, we are interested in Var(a^). We determine 

Var(^) = Var ( — — 

_ Var(i> T ) 

S 2 

. (A \2 

5 2 ' 

Further, we can observe that since 1 = 5 a 7 + v T , Var(8 a fi + v T ) = 0. Thus there 
is no mortality risk for the combination of a continuous life annuity of 5 per year 
and a life insurance of 1 payable at the moment of death. 



2 A X - (A v ) 2 



Example 5.2.1 



Under the assumptions of a constant force of mortality, jju, and of a constant force 
of interest, 8, evaluate 

a. a x = E[« f ] 

b. Var(rtj|) 

c. The probability that aj\, will exceed «... 



Solution: 



a. « v = I v' t i\ dt = e~ b < dt = r4 

Jo Jo o + 
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b. A = 1 - 8 a = 



25 + jjl 



8 + JJL 

by the rule of moments 



Var((T^) = 



1 



I- 1 



28 + jjl \S + (x/ J (28 + |x)(S + (jl) 



. 1 - v T 

c. Pr(5f| > « v ) = Pr| — - — > aA ~ Pr 



foP . r where f 0 = -- log y& + ^ 



8 + (JL 



t/6 



We now turn to temporary _an_d^dejerred_life annuities. The present value of a 
benefits random variable for an n-year temporary life annuity of 1 per year, pay- 
able continuously while (x) survives during the next n years, is 

Y={ fl > ° r - T<n (5.2.10) 

The distribution of Y in this case is a mixed distribution. In particular, the maxi- 
mum value of Y is limited to a-^, and there is a positive probability associated with 
fl^l of Pr(T '-' n) — n p x . A typical distribution function for this random variable is 
illustrated in Figure 5.2.1(b). 

The actuarial present value of an n-year temporary life annuity is denoted by 
a x .^ and equals 

^ = E[Y] = f a-n ,p x \x{x + t)dt + n p x . (5.2.11) 

■r 0 

Integration by parts gives 

= j Q V ,p x cit. (5.2.12) 

This is the current payment integral for the actuarial present value for the n-year 
temporary annuity. It can be considered as involving a momentary payment 1 dt 
made at time t, discounted at interest back to time 0 by multiplying by v' and 
further multiplied by t p x to reflect the probability that a payment is made at 
time f for times up to time n. No payments are to be made after time n so the 
probability of such payments is 0. 

The same recursion formula as indicated for (5.2.6) applies here with u(x) = 
a x — ^ and the same c(x) function which we now recognize as a x .^. We use here n 
~ y — x. The only thing that needs to be changed is the initial value, for which we 
use u{y) = (7 y .g = 0. Another form of a recursion formula for a temporary annuity 
with the n-year period fixed is examined in Exercise 5.7. 
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Returning to (5.2.10) we note that 



Y - 



a v - 8 
1 - Z 



w 



here 



Z = 



0 < T < n 



(5.2.13) 



0 < T < n 
T > n. 



(5.2.14) 



In (5.2.14), Z is the present-value random variable for an n-year endowment in- 
surance. Hence 



E[V] = = E 



1 - Z 



1 - ^.vJi] 

8 



and 



Var(Y) 



Var(Z) _ 2 A X . 2 - A^ 2 



(5.2.15) 



(5.2.16) 



In terms of annuity values, (5.2.16) becomes 



Var( Y) = 



1 - 25 2 a x ,ji - (1 - S ^) 2 



The analysis for an n-year deferred whole life annuity is similar. The present- 
value random variable Y is defined as 

. . = fo = flf] — cij] 0 < T < n (5.2.17) 

r |y" «^ = - ^ T s «• 

Here the random variable Y can take on a value no larger than (1 / 8) - y = 
„»/8 ; and the probability that it takes on a zero value is Pr(T < h) = ■ 
A typical distribution function is illustrated in Figure 5.2.1(c). 

Then, 



nl a x = E[Y] = | v" aj^ ,p x |x(.r + f) dt 

V fli! „ +s p x n(* + " + s) rfs 



which shows that 



(5.2.18) 
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An alternative development would be to note that from the definitions of Y, 

(Y for an n-year deferred = ( Y for a whole life annuity) 
whole life annuity) 

- ( Y for an n-year temporary .„ 



1 1 £si 'aT-»r^l^■^l7^ 

1J.1V. Ulll IM-tlKJ j. 



Taking expectations gives • 

n ,«% = fl%-^. (5-2.19) 

Integration by parts can be employed to verify the result given by the current 
payment technique. Since the annuity will be paying after time n if x survives, the 
actuarial present value can be written as 

= fv' tPx dt = [ t E x dt. (5.2.20) 

To develop the backward recursion formula for deferred annuities with n = y - x 
> 1, we note that we have no term corresponding to the integral for f values j 
between 0 and 1. Thus, for u{x) = y _ xl a x at ages less than y, c(x) = 0, and d{x) = ; 
v p x . For a starting value we would use u(y) = a y . ; 

One way to calculate the variance of Y for the deferred annuity is the following: 
Var(Y) = f u 2 " (a^f ,p x |jl(.t + t) dt - ( nl a x ) 2 

= v 2n „p x J (fl 7l ) 2 4 p T+M + n + s) rfs - ( fl| <y 2 , 
Jo 

and using integration by parts, 

= v 2 " „p x J 2a^ v s s p x+n ds - („|fl v ) 2 

o Jo 

For an alternative development of this formula, see Exercise 5.37. 

We now turn to analysis of an n-year certain and life annuity. This is a whole 
life annuity with a guarantee of payments for the first n years. The present value 
of annuity payments is 

f T < n 

[aj\ T > n. 

A typical distribution function is shown in Figure 5.2.1(d), which reflects the mixed 
nature of the distribution and the minimum value and upper bound of Y, which 
are and 1/8, respectively. 
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The actuarial present value is denoted by a^j. This symbol is adopted to indicate 
that payments continue until max[T(x), n\. 

f" _ 

= h[Y\ = J o t p x il\x -i- i) at 

r-x. 

+ ^ ,p x + t) dt 

J n 

= nix ^ + J flj, ,P, + 0 d'- ( 5 - 2 - 23 ) 

Integration by parts can be used to obtain 

a^ = a*+ f v' tPx dt. (5.2.24) 



This is the current payment form for the actuarial present value, since at times 0 
to n payment is certain, whereas for times greater than n payment is made if (x) 
survives. 

Further insight can be obtained by rewriting Y as 

y = + 0 T < n 



Here Y is the sum of a constant and the random variable for the rc-year deferred 



(41 11 IU11 j . 111UJ/ 



= a^ + „E x a x+n by (5.2.18) 

= «a + (a x - 5^) by (5.2.19). (5.2.25) 

Furthermore, since Var(Y - ^) = Var(Y), the variance for the n-year certain and 
life annuity is the same as that of the n-year deferred annuity given by (5.2.21). 

A backward recursion for with a fixed n-year certain period is examined in 
Exercise 5.9. 

Analogous to the function 

sn = r (i + o""' ^ 

Jo 

in the theory of interest, we have for life annuities 

S,:i = ^ = f ( 5 - 2 - 26 ) 
FI C .T JU ll-t^X+l 

representing the actuarial accumulated value at the end of the term of an n-year 
temporary life annuity of 1 per year payable continuously while (x) survives. 
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Such accumulated value, which is often said to have been accumulated under (or 
with the benefit of) interest and survivorship, is available at age x + n if (x) 
survives. 



We obtain an expression for dajdx by differentiating the integral in (5.2.4), 
assuming that the probabilities are derived from an aggregate table: 



£ a x = \ o v> ^ t p x ^j dt = v> t p x [il{x) - p.(x + t)]dt 



= v( x ) «.t - A x = ix(x) a x - (1 - 5 a x ). 

Therefore, 

£«v = [^) + 8]fl- v -l. (5.2.27) 

The interpretation of (5.2.27) is that the actuarial present value changes at a rate 
that is the sum of the rate of interest income 8 a x and the rate of survivorship 
benefit jji(x) a x , less the rate of payment outgo. 



Example 5.2.2 



Assuming that probabilities come from an aggregate table, obtain formulas for 

■A ,1 

" - 1 " - 

a. — a,.u D. — „\d r . 

Solution: 

a. Proceeding as in the development of (5.2.27), we obtain ( 

= M*) - (1 - 8 fl^ - n E x ) 
= [jjl(x) + 5] a rJ - (1 - „E r ). 



Table 5.2.1 summarizes concepts for continuous life annuities. 

Figure 5.2.1 shows typical distribution functions for the several types of contin- 
uous life annuities studied in this section. Limiting values and points of disconti- 
nuities are indicated on one or both axes. 

When F Y (0) = 0, E[ Y] = 01 - F Y (y)] dy, the actuarial present value of Y can be 
visualized as the area above the graph of z = F Y (y), below 2 = 1, and to the right 
of the line y - 0. This interpretation can provide a bridge between the actuarial 
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Summary of Continuous Life Annuities (Annuity of 1 per Annum 

t» r~* j.; i-.\ 

rayauie v.umuiuuusiy) 



Annuity 
Name 


Tl > 

rieseiu- v diuc 

Random Variable Y 


a — : , T r» l 

nLLuaum i tcscm 

Value E[Y] Equal to 


Whole Life Annuity 


flfl T > 0 




n-Year Temporary 
Life Annuity 


J dj, 0 < T < n 


f" 


it A Vill I— V_ -L 1 v_ 

Whole Life Annuity 


r n o ^ r < n 

1»t; - "si t - " 


r- 

„\S X = I v' t p x dt 


H-Year Certain and 
Life Annuity 


fa- 0 < T < n 


^ = ^ + «>' t Pr ^ 



Additional relations are 



• 1 = 8 a x + A x 

. S ",. n = ^ = [" (1 + lT -! U< df _ 

„t_ v Jo ' ' l x+n 



Typical Distribution Functions for the Present-Value Random Variables, Y 

(a) Whole life annuity (b) H-year temporary life annuity 




(c) H-year deferred life annuity (d) ;;-year certain and life annuity 

+l n +1 



n<\x 
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present value as evaluated from the definition of the random variable and the 
current payment form for the actuarial present value. 



5.3 Discrete Life Annuities 

The theory of discrete life annuities is analogous, step-by-step, to the theory of 
continuous life annuities, with integrals replaced by sums, integrands by sum- 
mands, and differentials by differences. For continuous annuities there was no dis- 
tinction between payments at the beginning of payment intervals or at the ends, 
that is, between annuities-due and annuities-immediate. For discrete annuities, the 
distinction is meaningful, and we start with annuities-due as they have a more 
prominent role in actuarial applications. For example, most individual life insur- 
ances are purchased by an annuity-due of periodic premiums. 

We consider an annuity that pays a unit amount at the beginning of each year 
that the annuitant (x) survives. In the nomenclature this is called a whole life * 
annuity-due. The present-value random variable, Y, for such an annuity, is given 
b y Y = fl^TTi where the random variable K is the curtate-future-lifetime of (x). The 
possible values of this random variable are a discrete set of values ranging from 
fljj = 1 to a value which is less than 1 / d. The probability associated with the 
,niut u k+i\ 13 1 n 1 ^ - - k\>x l ix+k- 

Let us now consider a x , the actuarial present value of the annuity: 

fl, = E[Y] = Wk^\ 

= 2 «*m k Px 4.v+*/ (5-3.1) 

k = 0 

since Pr(K = k) = k p x (j vU . By summation-by-parts (see Appendix 5) with A f(k) = 
kPx 1, + k = kPx ~ k + \Px an d g(k) = rtpTfj and use of the relations 

A g(k) = A fl^-ji = v k+l and f(k) = - kVx , 

(5.3.1) converts to 

H x = 1 + 2 v k ~ l k+lPx (5.3.2) 
= t v k kPx- (5.3.3) 

k=o 

The expression (5.3.3) is the current payment form of the actuarial present value 
for a whole life annuity-due where the k p x term is the probability of a payment of 
size 1 being made at time k. 



Chapter 5 Life Annuities 



143 



Starting with the sum in (5.3.2) above we have 

x 

dx = 1 + 2 v k+ \^p x = 1 + v p x S v k kPx+ , 



(5.3.4) 

= 1 + v p x a x+l ■ 

This expression is an example of the backward recursion formula first observed in 
Section 3.5 and explored more fully in Sections 4.3 and 5.2. Here u(x) - a 
c{ x) = 1, and d(x) = v Px . The initial value to use for the whole life annuity is 

From (5.3.1) we obtain in succession 

"l - v K+l 



a, = E 



d 



1 ~ A , (5.3.5) 
d ' 



and 

d x = - fl's] A x , 
1 = da\ + A,. 



(5.3.6) 
(5.3.7) 



This should be compared with its continuous counterpart (5.2.8). Formula (5.3.7) 
indicates that a unit invested now will produce interest-in-advance <w per year 
while (x) survives plus repayment of the unit at the end of the year of death of (*). 

The variance formula is 

/l - _ Varfr K+1 ) 

Var(fl^) = Var ^ J - rf2 

2 A T - (A x )\ (5.3.8) 

see (5.2.9). 

The present-value random variable of an n-year temporary life annuity-due of 1 
per year is 

y-Uk^ 0 s K < « 

Y " VV;: , 
and its actuarial present value is «- ' • ' ; ' f 

« = E[Y] ^ S f.-P.v 1x+k + «3| «JV ^ 5 ' 3-9 ^ 

Summation by parts can be used to transform (5.3.9) into 

which is the actuarial present value in the current payment form. 



(5.3.10) 
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Section 5.3 Discrete Life Annuities 



Again separating out the first term and factoring out up x , we obtain the backward 
recursion formula for a temporary annuity-due payable to age y = x + n: 

= 1 + V P* «*+iFS+i)l- (5.3.11) 

• • 1_ £ ».l . _ ~ 1 „^^.^^.^.4- >nlimc Jo fl-io camo ac "3 A\ Vlllt 

iniS recursive IOnilUia 1U1 UlC ai-iuaiiai picotm vmuvj w ^Miiiv. y^.^.^-y ~— .. 

differs in that here we use an initial value of a y $ = 0. 

Since Y = (1 - Z) / d, where 

7 = Ju K+1 0<K<n 

is the present-value random variable for a unit of endowment insurance, payable 
at the end of the year of death or at maturity, we have 



1 - E[Z] = 1 ~ A x .^ _ 
d d ' 



(5.3.12) 



see (5.2.15). 



Rearrangement of (5.3.12) yields 

1 = dd^ + A^. (5.3.13) 



Var(Z) 2 A, :51 - {A x . 2 f 



/C -3 1 vl \ 



vanrj = —g- = 

For an n-year deferred whole life annuity-due of 1 payable at the beginning of 
each year while (x) survives from age x + n onward, the present-value random 
variable is 

Jo 0 < K < n 



I ,a-rr—, 1 

- IS. -I- 1- (I| 



and its actuarial present value is 

E[Y] = „,fl r = „E,fiU„ (5.3.15) 



:3 



(5.3.16) 



see (5.2.18)-(5.2.20). 



The backward recursion formula for a deferred annuity-due with n = 
y - r > 1 is identical to that for the continuous version in that it uses c(x) = 0 
and d(x) = vp x . The change is that we use the actuarial present value for an 
annuity-due, u(y) = ci yl for the starting value. 

The variance of Y can be developed in a manner completely analogous to that 
used in formula (5.2.21) and leads to the expression 
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Var(Y) = \v 2 " „p x (a x+l , - 2 a x + n ) + n fi x - ( n[ ci x f. 



(5.3.18) 



i^i-Aiip This is a life 
We turn now to analysis ot an n-year cerium un» », t ~ y - - 

annuity with a guarantee of payments for at least n years. The present value of the 
annuity payments is 

^ 0 < K < n ( 5.3.i9) 
fl'FMl ^ - »• 

Then 

x 

^ = E[Y] = ^ a + S w *P* W ( 53 - 2 °) 

and this can be transformed by summation by parts into the current payment ver- 
sion of the actuarial present value 

— a -u V r, k n (5.3.21) 

- " fc= » 

This can be written as 



V— = 4- n — 

'.r:»i "'«| ■ "X 



. i <■ ii _ i. „f H.imar tomnnrarv 

The actuarial accumulated value at tne ena or ine ium ^ — » ~;." r ~"~ 7 
life annuity-due of 1 per year, payable while (x) survives, is denoted by s^. For- 
mulas for this function are 

¥ = hi = "y -J—, (5.3.22) 

which are analogous to formulas for s 3 in the theory of interest. 

The procedures used above for annuities-due can be adapted for annuities- 
immediate where payments are made at the ends of the payment period* For 
instance, for a ivhole life annuity -immediate, the present-value random variable is 
Y = aj; : . Then, 

a x = E[Y] = S k p\ q^k"k,> ( 5323) 

k=0 

and a summation by parts will give the current payment form of the actuarial 
present value as 

n = V i;* ,.v. . (5-3.24) 



Since Y equals (1 - i,*) / » = [1 - (1 + 0 ^ ' f ' We haV6 ' takin8 ex P ectatkmS ' 

fl = E[y] = l^l^lA. (5.3.25) 

This formula can be rewritten as 1 = ia x + (1 + i) A^. A comparison of this formula 
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with (5.3.7) shows that an interest payment of i is made at the end of each year 
while (x) remains alive and that at the end of the year of death an interest payment 

■ _i . .:iL j.U_ ^( 1 miict Ko n^iA Tl-iic formula hai Qicmifi- 

OI ( aiUIlg Willi Hie pilll^ipcii aiiiuuiu \ji x inuji i-'"- ^-m^.. -- 0 

cance for estate taxation. For each unit of an estate, define xa x as the life estate and 
(1 4- () A x = 1 - ia x as the remainder, which, if designated for a qualified charitable 
organization, is exempt from estate taxation. 

The analysis for the other forms of the annuity-immediate is similar. The 
present-value random variable can be formed in a manner analogous to that for 
the annuity-due. Formulas for the actuarial present value from the definition and 
by summation by parts can be obtained. Formulas for the variances of the annuities- 
immediate in this section can also be obtained. 



Example 5.3.1 



Find formulas for the expectation and variance of the present-value random vari- 
able for the temporary life annuity-immediate. 

Solution: 

We start with the present-value random variable for an n-year temporary 
annuity-immediate: 



Y = < 



1 - v K 

= 0 < K < n 

i 

1 - v" 

a = K > n. 

hi • 



We now introduce two new random variables 

_ f(l + i)v K+1 0 < K < n 
1 |0 K > n 



and 



.0 0 < K < n 



so that Y = (1 - Z, - Z 2 )/i for all K. Now taking expectations, we have 

Em = ^ . i - a + - ^ , 

This can be rewritten, following (5.3.13), 

1 = / + iA\.^ + A x %. 

The variance calculation is as follows: 

Var(Z, + Z,) Var(Z : ) + 2 Cov^^) + Var(Z 2 ) 
Var(Y) = ~_ =- - ji ' 
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J l ^2 

obtain 

Var(Y) = * ^ T 2 

▼ 



„ c t if* Annuities TAnnuitv of 1 Per Annum Payable at 

toSg^L^tZJj^i^ « at .he End o£ Each Year 
(Annuity-Immediate)] ^ 



Annuity Name 



Whole Life Annuity 
• Due 



Present-Value 
Random Variable Y 



Actuarial Present Value 
E[Y] Equal to 



fl\ = E f * fcPx 



• Immediate 

n-Year Temporary 
Life Annuity 

• Due 



• Immediate 

n-Year Deferred 

Whole Life Annuity 



• Immediate 

n-Year Certain and 
Whole Life Annuity 

• Due 



Immediate 



{ u , Q < K < n 

K> n 



0 < K < n 



1° 



fir. - «7 



0 < K < n 

1\ - — 

0 < K< n 



A. 0 s K < n 



a-. 



0 < K < n 



Additional relations are 
. I = d d x + A x 




= V «,:77| - 




• A x - v d x - a x 




= n — n -, 
•• v "' x.n\ 




• I = d d x ^ + A i: ^i 


".v:ti| 




77) 


• «',:7fl = 1 + a ^ 










'.XTIll 


„Ev 


U 






- E a + v" k 



f t = E y * kPx 



fl .r.a 



2 ^ tfx 



„«\ = E 



E U * kPx 



a Hi = a m + E ^ ^ 
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5.4 Life Annuities with m-thly Payments 

In practice, life annuities are often payable' on a monthly, quarterly, or semi- 
-. — u^cic TT-.foT-naHf-.nal A<~h,arial NJnt-aHnn. thp actuarial present value of a 

el 1 LI L LICl 1 L_' ll. >l . > . m 1 1 i l e i i i.. w v ..... . . - ^ . ~ * " ' ' A 

life annuity of 1 per year, payable in installments of 1 / m at the beginning of each 
m-th of the year while (x) survives, is denoted by d ( x m) . 

We start the analysis of the distribution of Y, the present value of the life annuity- 
due, with payments made on an m-thly basis, by expressing Y in terms of the 
interest rate and the random variables, K and / = L(T - K)mj. The "L J" in the 
expression for / denote the greatest integer function so that / is the number of 
complete w-ths of a year lived in the year of death. For an annuity-due there would 
be m payments for each of the K complete years and then / + 1 payments of 1 / m 
in the year of death; thus, 

r = 2 ~ »"• = -'mrnr^ = • < 5 - 41 > 

; = 0 "<■ U 

The actuarial present value, E[Y], which can be determined using Exercise 4.19, is 

1 — /4 ( '"> 

Em = «r - —j£r- ( 5 ' 4 - 2 ) 

The\ current payment form,\ which is the sum of the actuarial present value of the 
set of payments, is 

^ = -2v h '"' h/lllPx . (5-4.3) 

Again using (5.4.1), we obtain 

Varm = ( = — ¥±±-L. (5.4.4) 

It is convenient to use (5.3.7) and (5.4.2) to obtain various relationships between 
the actuarial present values for m-thly annuities and those with annual payments: 

1 = d a\ + A x = A (m) a { ; l,} + (5.4.5) 

These show that an investment of 1 will produce interest-in-advance at the begin- 
ning of each interest period and repayment of the unit at the end of the period in 
which death occurs. 

From the right two members of (5.4.5) we obtain 

jj(m) = JL -a L m<»<) _ A. ) 

= a x - fl§° (A<"<> - A x ). ' (5.4.6) 

This can be interpreted as follows: The m-thly payment life annuity is equivalent ] £/J 
to a series of 1-vear annuities-certain in each year that (a) begins, with cancellation \ 
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, n the year of death of installments payable beyond the ,,,-th (month, <P^t 
;„* o y f death. The cancellation is accomplished by an ,,,-thly payment perpetuity 

" * ... n ( J 0 *th Ipss a similar perpetuity Deguuung » 



Sing at the end of the m-th of death less a similar perpetuity oegmn 

g c a„^u a Wn.Hvplv. from (5.4.2), we can write 

end ot me yeai ui utau<- 

, ( 1 - A< m) ..(.«) A (,„k__ (5.4.7) 

which is left to the reader to interpret. 



Remark: ,. „„i„„ „t 

nression for the M-thly whole life annuity in (5.4.6) is an extension of this method 
Ta "^contingent payments. When calculators with exponentiate keys re- 
placed nt resf taWes, ^second method, using the equivalent effective mte est 
rI: e C per payment period, became the preferred way to match P^^^ 
interest period lengths. The extension ot this second ,neui UU ^ ... — — - 
_! . LHl„,d hf to use an ,,,-thly mortality table along w.th the equivalent ef- 

t " UiUilJW , , ' ,u: Q thp recursion relations ol section 

fective interest rate per m-th of a year. Using this, the recursion 

cussion below. 

Now let us assume that deaths have a uniform distribution in each yearof age. 
TWs means that S has a uniform distribution on (0, 1) so that J is uniform y dis- 
Su," o the integers 10. 1 -H- Exercise 4.19 shows that this ,m P l,es 



and from (5.4.6) we have 



A (•«) = A = s T A, 



('») -I 



if"" 



Formula (5.4.8) shows that the value of the ,,,-thly life annuity-due is the difference 

"value of an annual life annu.ty-due with each annua! payment sufficient to 
pay a 1-year annuity certain of 1 / „, at the beginning of each ,,,-th; and 
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b The value of an insurance payable at the end of the year of death with the benefit 
equal to the coefficient of A x . It can be shown that, under the assumption of 
uniform distribution of deaths in each year of age, this coefficient is the actuarial 
accumulated value of those payments of 1 / m for the m-ths after aeatn. see tne 

1 n vni.nci:inn in FvPTrisP 5.15. 

By substituting 1 - d a x for A x , in (5.4.8) and noting that ^ - d, we obtain 
a formula involving only annuity functions, namely, 



<»<) ••<"» ■• _ <£l tl (5.4.9) 

= s-n flu a. v Jlm ) ■ v ' 



An alternative, widely used, formula is 

m — 1 



(5.4.10) 



2m 

k+ (j/>») ,, i , ; ,„ 1 » r is linear 



This result can be obtained by assuming that the function v k+ij/ m) P 
in ; for / = 0, 1, 2 m ~ 1. In that case, 

"v I „kHl/n) r> = V - ( I ~ V k k p x + i~ V k + l k+l p x 

hm V k+i!/m)Px Am[\ m) fcFv m 

i " m-l : 

= v k k p x - (v k k p x - v k+x k+l p x ) E ~2 



2m 



Thus 



X HI-l -j 



k=0 1=0 



m 



m — 1 

= fl\ ~ 

2m 



Note that this is not the same assumption as that of linearity of lVx , which would 
follow if a uniform distribution of deaths within each year of age is assumed. 
Consistent use of the assumption of a uniform distribution of deaths in each year 
of age assures that relations such as (5.4.5) are satisfied exactly It has also been 
observed that formulas derived from (5.4.10) can, for high rates of interest and low 
rates of mortality, produce distorted annuity values, such as M > ^ , see hxercise 
5.50. For these reasons, (5.4.8) and equivalently (5.4.9) are presenteu as replace- 
ments for the widely used formula (5.4.10). 

It is convenient for writing purposes to express (5.4.9) in the form 

flf - a(m) d x - 0(w), (5.4.11) 
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where 



, * ('»).. (m) m 
a[tn) = flj - ■(,„) d(m) ■ 

and 

sf - 1 = i - 

P( m ) ^(m) /(m) 

We note that a(m) and 0(rw) depend only on m and the rate of interest and are 
independent of the year of age. Further, for m = 1, (5.4.11) is an identity where 
mm = 1 and Q(l) = 0. Also, Q(m) is the coefficient of the cancellation term in (5.4.8); 
that is, (5.4.8) can be written as 

flf) = flffl r - P(m)A x . (5.4.14) 
For series expansions of a(m) and (3(m), see Exercise 5.41. 



Example 5.4.1 



On the basis of the Illustrative Life Table, with interest at the effective annual 
rate of 6%, calculate the actuarial present value of a whole life annuity-due of 1,000 
per month for a retiree age 65 by (5.4.9) and (5.4.10) and its standard deviation by 
(5.4.4). 

Solution: 

Here 

a(12) = sj 2) a}) 2 ' = (1.02721070)(0.97378368) = 1.0002810, 

s (12) - 1 

(3(12) = ^ 2) = 0.46811951, 

— = 0.45833333. 
24 

Observe that a(12) = 1, and 3(12) is fairly close to the 11/24 that appears in the 
traditional approximation. 

By the Illustrative Life Table, as defined by (3.7.1), with interest at 6%, 

ci 65 = 9.89693, 

A 65 = l- d d 65 = 0.4397965. 
Then, 12,000fl^ 5 2) can be calculated as follows: 
by (5.4.11) 12,000[a(12)fl 65 - (3(12)] 

- 12,000[(1.0002810)(9.89693) - 0.46811951] 

= 113,179 and 

by (5.4.10) 12,000 \d b5 - ^) = 113,263. 



/C A TO\ 

(5.4.13) 
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Section 5.4 Life Annuities with m-thly Payments 



The variance of 12,000Y = 12,000(1 - y* + </ +1 >' 12 ) / d (12 > is equal to 

= ^ 12/ ( "°° y {E[v 2(K+1 > (1 + 0 2(1 " (,+1)/12) ] - (E[u (K+1) (1 + i) (1_(,+1)/12) l) 2 } 
= (206,442.1 4) 2 [(0.2360299 X 1.055458268) - (0.4397965 X 1.02721069) 



1 Q1Q M74. 76? 



This means that the standard deviation for the present value for the payments to 
an individual is 43,807 as compared to the actuarial present value of 113,179. T 

The development starting with random variables can be followed for m-thly tem- 
porary and deferred annuities-due. However, if all we seek is formulas for their 
actuarial present values, we can proceed by starting with (5.4.14). Thus 



= xi'D - E d (m) 

" v.n\ "a » t M .ri-fl 

..(HI) 



= «r^-p ( m)A^; (5-4.15) 

and similarly, 

t ^ ,} = «TJi- pco-A- (5A16) 

Alternately from (5.4.11), 

flSi = a(m) «^ - 0(m)(l - „£,), ( 5 - 4 - 17 ) 

n aW = a(m) n M x - f3(m) „E X . (5-4.18) 

Backward recursion formulas can be developed directly for m-thly life annuities, 
and the reader is asked to do this in Exercise 5.16 for an m-thly annuity-due. A 
more direct approach, however, would be to use the recursions of Section 5.3 and 
then adjust from annual to m-thly life annuities by means of (5.4.11), (5.4.17), and 
(5.4.18) or the equivalent formulas (5.4.14), (5.4.15), and (5.4.16). 

The distribution of the present value of the payments of a life annuity-immediate 
with m-thly pavments can be explored in steps analogous with those for the an- 
nuity-due. For example, the present-value random variable, Y, would be 

1 _ „K+(//m) 

Y = a ^ = ( 5 - 4 - 19 ) 

for the whole life annuity-immediate with m-thly payments. This exploration leads 
to the following formula analogous to (5.4.5): 

1 = i a x + (1 + 0 A x = <'> + (l + — j Af\ (5-4.20) 
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The meaning here is that an investment of 1 will produce interest at the end of 
each interest period plus the repayment of the unit together with interest then due 
at the end of the interest period in which death occurs. 

The actuarial present values for the annuities-immediate can also be obtained by 
adjusting the actuarial present values of the corresponding life annuities-due. For 
instance, 

a<'"> = fl< H,) - 

m 

><> _ ^ _ 1 (1 _ (i £ v ). (5.4.21) 
m 



5.5 Apportionable Annuities-Due and Complete 
Annuities-Immediate 

With discrete annuities each payment is made either for the following period (an 
annuity-due) or for the preceding period (an annuity-immediate). A question may 
arise about having an adjustment for the payment period of death. For instance, 
suppose that a life insurance contract is p urchased by annual payments payable at^ 
the beginning of each contract year. If the insured dies 1 "month after making an 
annual payment, a refund of premium for the 11 months the insured did not com- 
plete in the policy year of death might seem appropriate. As another example, if a 
retirement income life annuity-immediate provides annual payments and the an- 
nuitant dies 1 month before the due date of the next payment, there might be a 
final payment for the 11-month period that the annuitant has survived since the 
last full payment. Consider first the appropriate size for the adjustment payment 



111 ^ l_A V, i » V^Ll^V-^/. 



Let us examine the first case above. The insured dies at time T after paying a 
full yearly premium of 1 at time K. Assume that the premium is earned or accrued 
at a uniform rate over the year following the payment. In this case the rate ot 
accrual, c, is given by c a Yl = 1. If accrual ceases at death, then c has been 
earned to that date, while 

is unearned and is the amount to be refunded. The present-value random variable, 
at time 0, of all the payments less the refund is 



Y = fljjrr - v 



a 



= 1^ = A*. (5-5-1) 
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Section 5.5 Apportionable Annuities-Due and Complete Annuities-Immediate 



When the annual rate of payments is 1, the actuarial present value at time 0 of the 
payments is denoted by a[ ]} : 

(5.5.2) 



a' 1 ' - E[a = 



= E 



«T1 



This type of life annuity-due, one with a refund for the period between the time 
of death and the end of the period represented by the last full regular payment, is 
called an apportionable annuity-due. 

We can extend this idea to annuities that are paid more frequently than once a 
year. As in Section 5.4, we define / = L(T - K)m] to be the number of m-ths of a 
year completed in the year of death, so K + (/ + 1) I 'm - i is tne .engtn cu bu; 
period to be compensated for by the refund. The accrual rate is given by c - 
1 / m. Then, proceeding as above, 

.. _ T ( "T+U + l)lm-T\ 



— a 



K+(/+l)/wi 



1 - V' 



(5.5.3) 



iajI j-U^ ^ 1 rata r\( navmp 

Wlicii nic aiuiuui f— 7 

less the refund, is : 



nts is 1, the actuarial present value of payments, 

(5.5.4) 



1 - u 1 



Alternatively, using the second line of (5.5.3), 

| _ v Ki-(l + \)l <>,' 



fl'"" = C 



(5.5.5) 



The second term on the right-hand side of (5.5.5) is the actuarial present value of 
the refund. Using the ideas developed in Exercise 4.19 we have 

A , - A<"'> 



(5.5.6) 



Under the uniform 
becomes 



and 



distribution of death assumption for each year of age, this 



.- /-I 1 \ 

— ( - - — ) A 
tf<"'> \8 i<'"> 

1 1 



A, 



(5.5.7) 
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Let us now develop a parallel theory for annuities-immediate. Assume the an- 
nuitant dies at time T after receiving a last regular payment of size 1 / m at time 
K + J/m, where / = L(T - K)m\. Now T - K- (// m) is the length of the period 
to be compensated for by an additional payment. Assume that each payment is 
accrued at a uniform rate over the vi- tH of the year precedirxg-its payr^ervt.^ In this 
case the rate of accrual, c, is given by c Sfjj^ — 1 / m. If accrual ceases at death, an 
appropriate payment at death is that portion of the next payment that has been 
accrued to date and is given by c s T _ K _ u/m j = s T _ K _ u/m j / (ms 77^1). The present 
value, at time 0, of all of the payments is 



1 u K + jlm\ ^ V 



.('«) 



a K+Jhn\ + 



V K+Jhn _ v ; 
,•('«) 



V _ (,„) 

- «n • 



(5.5.8) 



When the annual rate of payments is 1, the actuarial present value at 0 of the 
payments is denoted by a ( " l) . When m = 1, the (1) in the notation is omitted for 
this annuity: 



= E 



1 _ ,.T 



Alternatively, using the second line of (5.5.8), 



.K + JIm 



(5.5.9) 



!("') 



= ai'"' + E 



v K+J/m 



;(»•) 



(5.5.10) 



The second term on the right-hand side of (5.5.10) is the actuarial present value of 
the final partial payment. Using the ideas developed in Exercise 4.19, we have 



;■('») 



(1 + Q W '" A ( "' ] - A, 

;{.»<) 



(5.5.11) 



Under the uniform distribution of death assumption for each year of age, this 
becomes 



- - 



1 



and 



a<«> = fl («> + J- f-L - ^ ] A r . 

i (m) \d (m) 8. 



(5.5.12) 



This type of life annuity-immediate, one with a partial payment for the period 
between the last full payment and the time of death, is called a complete annuity- 
immediate. 
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Section 5.5 Apportionable Annuities-Due and Complete Annuities-Immediate 



For use in subsequent material, (5.5.3) and (5.5.8) seem to be most useful. We 
illustrate this in the following example. 



Example 5.5.1 



Compare the variances of the present-value random variables for the complete 
annuity-immediate and apportionable annuity-due. 

Solution: 

For the apportionable annuity-due, we have 

Var(u T ) 
(d (m) ) 2 

2 A X - (A x f 



( rf (m)j2 • 

For the complete annuity-immediate, we have 

Var(^>) = Var (^f^j from (5.5.8) 

_ Var(t; T ) 
(i' (m) ) 2 

_ 2 A X - (A x f 

Since i (m) is larger than d {m) , and in fact z (m) = d (m) (1 + i) 1/m , the variance of the 
complete annuity-immediate is the smaller. ▼ 



5.6 Notes and References 

Taylor (1952) presents new formulas analogous to (5.4.6). Various inquiries into 
the probability distribution of annuity costs are made by Boermeester (1956), 
Fretwell and Hickman (1964), and Bowers (1967). This work is summarized by 
McCrory (1984). Mereu (1962) gives a means of calculating annuity values directly 
from Makeham constants. The use of the floor function, It], in actuarial science, in 
particular with respect to actuarial present values of life annuities, is found in Shiu 
(1982) and in the discussions to that paper. Complete and apportionable annuities 
are involved, explicitly or implicitly, in papers by Rasor and Greville (1952), Lauer 
(1967), and Scher (1974) and in the discussions thereto. 
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Exercises 



Section 5.2 



5.2. 



5.3. 

5.4. 
5.5. 



Using the assumption of a uniform distribution of deaths in each year of age 
and the Illustrative Life Table with interest at the effective annual rate of 6%, 
calculate 

a. a 20 , a 50 , a m 

b. Var(fl^) for x = 20, 50, 80. 

[Hint: Use (5.2.8), (5.2.9), and (4.4.4).] 

Using the values obtained in Exercise 5.1, calculate the standard deviation 
and the coefficient of variation, a / (x, of the following present-value random 
variables. 

a. Individual annuities issued at ages 20, 50, 80 with life incomes of 1,000 per 
year payable continuously. 

b. A group of 100 annuities, each issued at age 50, with life income of 1,000 
per year payable continuously. 

Show that Var((?y|) can be expressed as 



Calculate Cov(8 aj\, v T ). 

If a deterministic (rate function) approach is adopted, (5.2.27) could be taken 
as the starting point for the development of a theory of continuous life an- 



a y = 0 to < if. 

a. Use the integrating factor exp{~f y Q [\x.(z) + 8]dz} to solve the differential 
equation to obtain (5.2.3). 

b. Use the integrating factor e~ hv to obtain 



and give an interpretation of it in words. 

Assume that [i{x + t ) = (i and the force of interest is 8 for all t > 0. 

a. If Y - aj\, 0 < T, display the formula for the distribution function of Y. 






x < y < to, 
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b. If 

Y= \H 0 < T < n 
[a* T>n, 

display the formula for the distribution function of Y. 

c. If 

y = (° 0 < T < n 

display the formula for the distribution function of Y. 

d. If 

{ D < T < rr 

[a^ T > n, 
display the formula for the distribution function of Y. 

5.7. By considering the integral v' t p x dt and breaking it in two different ways 
into subintervals (first, from 0 to 1 and 1 to n + 1 and then 0 to n and n to 
n + 1), establish a backward recursion formula for the n-year temporary life 
annuity based on a fixed n-year temporary period. What starting value is 
appropriate for this recursion formula? 

5.8. By considering the integral /* v 1 ,p x dt and breaking it into subintervals from 
n to n + 1 and n + 1 to 3c, establish a backward recursion formula for the 
n-year deferred whole life annuity based on a fixed n-year deferral period. 
What starting value is appropriate for this recursion formula? 

5.9. Combine the result from Exercise 5.7 with the first line of (5.2.25) to establish 
a backward recursion formula for u(x) = a^j. What starting value is appro- 
priate for this recursion formula? 

5.10. If the probabilities come from an aggregate table, establish (5.2.6) by a prob- 
abilistic derivation starting with a rewrite of (5.2.3) as 

a x = E[a T ] = E[a T . |0 < T < 1] Pr(0 < T < 1) + E[a T |l < T] Pr(l < T). 
Section 5.3 

5.11. Show that 

Var(fl n ) = Varfe^) = Var ^ ^ 

5.12. Prove and interpret the given relations: 

a = l^.v < ? < - I.',- 

D- „|fl v - . 
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5.13. Using (5.3.13), prove and interpret the following relation in words: 

k 1/1 nKtain ^r. altPrnaHve expression for the variance given in Example 5.3.1 by 

w' • A "I ■ i ~- » 1 - 



starting with 

y 2 = < 



l-2v K + v 2K 2(1 - v K ) - (1 - u 2K ) 



LM 2 



K = 0, 1, n - 1 
K = n, n + 1 • • • • 



Section 5.4 

5.15. Assume a uniform distribution of deaths over each year of age. Simplify 



m-l 



2 (i/mPx+k 1 ! nflx+k+j/m)) l 



L/=o 



for use in interpretation of (5.4.8). 

5.16. Consider an m-thly temporary life annuity-due that pays 1 per annum to an 
annuitant age x for y - x years. 

a. Express the current payment form of the actuarial present value of the 

i -.L. „ - ~c naumonk in thp first vear and for the 

aoove annuity as a aum ui mm ^j,^.^....- - y - 

remaining y - x - 1 years. 

b. Express the actuarial present value of payments in the first year in terms 
of a(m) and 0(m) under an assumption of the uniform distribution of 
deaths within each year of age. 

Find the form of the c{x) and d(x) expressions for a recursion relation for 



c. 



such an annuity and indicate a starting value. 
5 17 Usine (5.4.10}. derive alternative formulas to (5.4.17) and (5.4.18). 

' <_7 \ 

5.18. Show that the annuity-immediate analogue for (5.4.6) is 



,-(»") 



(1 + i)A x 



(»<) 

1 + — I A™ 
m 



and that under the assumption of a uniform distribution of deaths in each 
year of age, this becomes 



«r - $T «, + (i + o 



1 - dx 

rcT 



CO 



A, 



5.19. Show that the annuity-immediate analogues for (5.4.7) are 



i-a + ^/ m) A^ = w _ m r , 

"a -(m) x < 1 A 
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and that under the assumption of a uniform distribution of deaths in each 
year of age these become 

1 n (m) 
1 — flj]_ 

ar = a(m)a x + T^p ■ 

5.20. a. Use (5.4.3) as a starting point to verify that 

lim flf > = a v . 

b. Use (5.4.10) and the result in (a) to show 

1 

«v = a x + 2* 

5.21. Using the traditional approximation given in (5.4.10), establish the following: 

m — 1 



a. at" 0 = a, 



2m 

m — 1 
2m 



b. «3 - + (1 - -Ex) 



c. = „ ; fl x + -^- (I Ev 

^99 a Dpvelon a formula for s^m in terms of s 

25:33- 

b. On the' basis of the Illustrative Life Table with interest at the effective 
annual rate ui o /o, tan-uinit un. v^.^v.^ ^ 

(0« 25:43 (") S 25:41" 

5.23. The actuarial present value of a standard increasing temporary life annuity 
with respect to (x) with 

. Yearly income of 1 in the first year, 2 in the second year, and so on, ending 
with n in the n-th year, 

• Payments made m-thly on a due basis 
is denoted by {Ici)[% 

a. Display the present-value random variable, Y, for this annuity as a function 
of the K and / random variables. 

b. Show that the actuarial present value can be expressed as 

H-l 

v 1 ••("0 

5.24. The actuarial present value of a standard decreasing temporary life annuity 
with respect to (x) with 

. Yearly income of n in the first year, « - 1 in the second year, and so on, 
ending with 1 in the n-th year, 

• Payments, made m-thly on a due basis 
is denoted by (Da) { ".%. 

a. Display the present-value random variable, Y, for this annuity as a function 
of the K and / random variables. 
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b. Show that the actuarial present value can be expressed as 

n 

V ;,■<"'> 

2j a xM ■ 



Jt=1 



5.25. If in Exercise 5.23 the yearly income does not cease at age x + n but continues 
at the level n while (x) survives therafter, the actuarial present value is de- 
noted by (Jsi d)^. 

a. Display the present-value random variable, Y, for this annuity as a function 
of the K and / random variables. 

b. Show that the actuarial present value can be expressed as 



2 < «>r- 

5.26. Verify the formula 

h(la)j\ + T v T — a j], 
where T represents the future lifetime of (x). Use it to prove that 

b(U) x + (1A) X = a xr 

where (Id) x is the actuarial present value of a life annuity to (x) under which 

at thp rate of t Der annum at time t. 

pCi J 11 LCI LU? MAC L/»_ll H'UW- ^v^xiv*xiv*w«^-^ - - 1 

5.27. From a% = a x m) + tfjf - a x % show that the assumption of uniform distri- 
bution of deaths in each year of age leads to 



w _ l 



Section 5.5 



5.28. Establish and interpret the following formulas: 

a. 1 = ;' (, " ) <?<"' > + A v 

b. 1 = rf ( '"> <' ! + A, 

c. 8S = (8 //«"«>) fl^ 

d. «3 = (5/rf<'"))^ 

e. «S = (l + 0 1/m «S- 

5.29. Let H(m) = af' 1 - fl 1 "' 1 . Prove that H(m) > 0 and lim H{m) = 0. 

w— * 

Miscellaneous 

5.30. For 0 < t < 1 and the assumption of a uniform distribution of deaths in each 
year of age, show that 

(1 + it)a\ - t(l + Q 

b. (l A r = y'[(l + iOfl, - Kl + 01 
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1 + it . t q x 

A a . = A, - ~ L — - 

x " 1 - ty, ' l~tq x 

5.31. Obtain formulas for the evaluation of a life annuity-due to (x) with an initial 
payment of 1 and with annual payments increasing thereafter by 

a. 3% of the initial annual payment 

b. 3% of the previous year's annual payment. 

5.32. Express (Da) vTn as an integral and prove the formula 

tin 

5.33. Give an expression for the actuarial accumulated value at age 70 of an annuity 
with the following monthly payments: 

• 100 at the end of each month from age 30 to 40 

• 200 at the end of each month from age 40 to 50 

• 500 at the end of each month from age 50 to 60 

• 1,000 at the end of each month from age 60 to 70. 

5.34. Derive a simplified expression for the actuarial present value for a 25-year 
term insurance oavable immediately on the death of (35), under which the 
death benefit incase of death at age 35 + f is s> 0 < t < 25. Interpret your 
result. 

5.35. Derive a simplified expression for the actuarial present value for an n-year 
term insurance payable at the end of the year of death of (x), under which 
the death benefit in case of death in year k + 1 is s^, 0 < k < n. Interpret 
your result. 

5.36. Obtain a simplified expression for 

(/.V);:., " 

5.37. Consider an /(-year deferred continuous life annuity of 1 per year as an in- 
surance with probability of claim, „p v , and random amount of claim, v" % 
Here T has p.d.f., lP ^„ m(" + 0- Apply (2.2.13) to show that the variance of 
the insurance equals 

t \ i in A x + „ ~ (A x + „) 
V 2 " nl\ (1 - „Px) f^,, + V-" nVx — ^ 

and verify that this reduces to (5.2.21). 

5.38. Write the discrete analogue of the variance formula in Exercise 5.37. 
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5.39. Consider the indicator random variable, l k , defined by 

j = fl Ux) == k 
k In T(x) < k. 

Show the following: 

a. The present value of a life annuity to (x), with annual payment b k on sur- 
vival to age x + k, k = 0, 1, 2, . . . , can be written as 

x. 

2 v k b k l k . 

Jt=0 

b. E[/ ; 4] = kPx j == k 

Crwrtl I.\ = n n i < k. 

- ■ v*;' -/cv Kr x fix j 

c. Var (i v k b k l k ) = £ u» 6? A + 2^2 c^* b,- 6, ,R, fl x . 

\k=0 } k=0 k=0 j<k 

5.40. If a left superscript 2 indicates that interest is at force 28, show that 

a. 2 A X = 1 - (2d - d 2 ) 2 ti x 

b. Var (v^ 1 ) = 2 rf(a v - 2 aJ - d 2 (a 2 x - 2 a x ) 

2 

c. Var(fl^) = - (ti x - 2 fl\.) - (ti 2 x - 2 a x ). 

a 

5.41. a. Expand, in terms of powers of 5, the annuity coefficients a(m) and 0(m). 
b. What do the exoansions in (a} become for m = «=? 

5.42. Use Jensen's inequality to show, for 8 > 0, that 

a. a x < fljn b. a x < x < oo - 1. 

5.43. If is a non-negative function and X is a random variable with p.d.f./(.r), 
justify the inequality 

EU(X)] - J ^ s(x) /(*) > k Pr[g(X) > fc] fc > 0 

and use it to show that 

> aj- Fr(a Tl > oV.) = a r . Pr(T > e v ). 

5.44. A unit is to be used to purchase a combination benefit consisting of a life 
income of / per year payable continuously while (x) survives and an insurance 
of / payable immediately on the death of (x). Write the present-value random 
variable for this combination and give its mean and variance. 

5.45. Using the assumption of a uniform distribution of deaths in each year of age 
and the Illustrative Life Table with interest at the effective annual rate of 6%, 
calculate 

a. a'& 2) b. flio 2 ^ c. M a$ 2 \ 



5.46. If A' x .^ and a".^ are actuarial present values calculated using 

• An interest rate of i for the first n years, n < m, and 

• An interest rate /' for the remaining m - n years, 
show algebraically and interpret 

a. A" x .^ = 1 - d d x .^ - u" „p x d' a' x + n .^r^ 

b. A"^ = l-d' d'^ + (d' -d)d x .^. 

5.47. Show that 



where 



and interpret the relation 

5.48. Show that a constant increase in the force of mortality has the same effect on 
d x as a constant increase in the force of interest, but that this is not the case 
for a[ m) evaluated by a(m) a x - p(m). 



da 



di 



- = -v(Ia) x , 



(la) x = 2 tv 1 ,p x , 



that 



a(m) - p(m)rf = 



5.50. Show that, if q x < (i {2) I 2) 2 , the approximation 



in 



the special case with n = 1, m = 2, leads to 

..(2) . ..(2) 
«.x:il > fl t| ■ 

5.51. Consider the following portfolio of annuities-due currently being paid from 
the assets of a pension fund. 



Age 


Number of Annuitants 


65 


30 


75 


20 


85 


10 



Each annuity has an annual payment of 1 as long as the annuitant survives. 
Assume an earned interest rate of 6% and a mortality as given in the Illus- 
trative Life Table. For the present value of these obligations of the pension 
fund, calculate 

a. The expectation - 

b. The variance 
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c. The 95th percentile of its distribution. 

For parts (b) and (c), assume the lives are mutually independent. 

Computing Exer'cises 

c CO -> Cnv ir^m- Illiicfi-ifiwo T ;(a TaVilo wi f V-i i = f) OA r-al<-i 1 1 ato ("Vip arti 1 ari al nrpQpnt 

j,JL, Lt . 1 V 1 ^\ W LI 1 1 1 L U^' LI H L 1 V \_ t .11^ 1 LIL 1 ^ > • 1 L . i t v > . v ' \ < , l . . ^ . ^ . ~ ^. ~ ■ . ^ " - * ^ . - . - . - . . - ^ ^- ^ . . - 

value of a life annuity-due of 1 per annum for ages 13 to 140. 
b. Compare your values to those given in Table 2A. 

5.53. For your Illustrative Life Table with / = 0.06, calculate the actuarial present 
value of a temporary life annuity-due of 1 per annum payable to age 65 for 
ages 13 to 64. 

5.54. Using your Illustrative Life Table with the assumption of a uniform distri- 
bution of deaths within each year of age and i = 0.06, calculate the actuarial 
present value of a 10-year temporary life annuity-due of 1 per annum issued 
at ages 13 to 99 using the results of Exercise 5.7. 

5.55. a. Add a(m) and p(m) to the interest functions calculated and stored in your 

Illustrative Life Table. Refer to Exercise 4.31. 
b. Determine a (12) and (3(12) at i = 0.06 and compare your results to those 
given in Example 5.4.1. 

[Remark: We suggest using the series derived in Exercise 5.41 for accurate 
results with small interest rates.] 

5.56. Using your Illustrative Life Table with i = 0.06 and the assumption of uniform 
distribution of deaths over each year of age, calculate the actuarial present 
value of a temporary life annuity of 1 per annum payable continuously to 
age 65 for ages 13 to 64. 

5.57. Let Y be the present-value random variable for a continuous 10-year tempo- 
rary life annuity of 1 per annum commencing at age 60. On the basis of your 
Illustrative Life Table with uniform distribution of deaths over each year of 
age and ;' - 0.08, calculate the mean and variance of Y. 

5.58. Let Y be the present-value random variable for a life annuity-due of 1 per 
annum, payable monthly to (65). On the basis of your Illustrative Life Table 
with uniform distribution of deaths over each year of age and i = 0.05, cal- 
culate the mean and variance of V. 

5.59. Use the Illustrative Life Table with uniform distribution of deaths over each 
year of age and i = 0.07 to determine fl 30: 2o]- 
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Exercises 




► 



BENEFIT PREMIUMS 



6.1 introduction 

In Chapters 4 and 5 we discussed actuarial present values of the payments of 
various life insurances and annuities. These ideas are combined in this chapter to 
determine the level of life annuity payments necessary to buy, or fund, the benefits 
of an insurance or annuity contract. In practice individual life insurance is usually 
purchased by a life annuity of contract premiums— the insurance contract specifies 
thp nrpmium to be paid. Contract premiums provide for benefits, expenses of ini- 

j I -L A ^ 

tiating and maintaining the insurance, and margins for profit and for offsetting 
possiDie unravoraDie experience, me pienumns aiuuicu m 

mined only by the pattern of benefits and premiums and do not consider expenses, 
profit, or contingency margins. 

In Chapter 1 we discussed the idea that determination of the insurance premium 
requires the adoption of a premium principle. Example 6.1.1 illustrates the appli- 
cation of three such premium principles. All three principles are based on the im- 
pact of the insurance on the wealth of the insuring organization. The random vari- 
able that gives the present value at issue of the insurer's loss, if the insurance is 
contracted at a certain premium level, is the key in the model for the principles. 
Principle I requires that the loss random variable be positive with no more than a 
specified probability. Principles II and III are based on the expected utility of the 
insurer's wealth as discussed in Section 1.3. We will see that Principle II, which 
uses a linear utility function, could also be characterized as requiring that the loss 
random variable have zero expected value. 



Example 6.1.1 



An insurer is planning to issue a policy to a life age 0 whose curtate-future- 
lifetime, K, is governed by the p.f. 

k{ q 0 = 0.2 k = 0, 1, 2, 3, 4. 

The policy will pay 1 unit at the end of the year of death in exchange for the 
payment of a premium P at the beginning of each year, provided the life survives. 
Find the annual premium, P, as determined by: 
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a. Principle I: P will be the least annual premium such that the insurer has prob- 
ability of a positive financial loss of at most 0.25. 
b Principle II: P will be the annual premium such that the insurer, using a utility 
W ' of "wealth function u(x) = x, willbe indifferent between accepting and not ac- 
cepting the risk. 

c Principle IIP P will be the annual premium such that the insurer, using a utility 
of wealth function u(x) = -e'"*, will be indifferent between accepting and not 
accepting the risk. 

For all three parts assume the insurer will use an annual effective interest rate of 
i = 0.06. 



Solution: 

For K = k and an arbitrary premium, P, the present value of the financial loss at 
policy issue is l(k) = - Pa m = d +_ P/d) ~ P/d, k = 0, 1, 2, 3, 4. The 
corresponding loss random variable is L - v K+l PflxTTi- 

a Since l(k) decreases as it increases, the requirement of Principle I will hold P 
is such that u 2 - P fl a = 0. Then the financial loss is positive for only K - 0, 
which has probability 0.2 < 0.25. Thus, for this principle, P = l/s a = 0.45796. 

b. By an extension of (1.3.6), we seek the premium P such that u(w) = E[u{w - L)]. 
By Principle II u(x) = x so we have 



T-r... r 1 _ ,., _ CTT 1 



tl..„ o„:„^^i„ tt omiivalpnt tn rpmiirine that P be chosen so that E[L] - 0. 
For this example, we require 

2 - P «'iF-il) Pr ( X = = 0 ( 6 - L1) 

which gives P = 0.30272. 
c. Again by (1.3.6) and now using the utility function in Principle III, we have 

_ e ~0.Ur = E j_ e -0.1(B-I-)j = _g-0.1«- E[C° 1L ]. 

Thus, Principle III is equivalent to requiring that P be chosen so that 
E[e 01L ] = 1. Here, we require 

2 exp[0.1 (u t+1 - P ''FT,)! P^(K = k) = 1, (6-1-2) 

fc = 0 

which gives P = 0.30628. 
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These three results are summarized below. 



Outcome 
k 



frobaDility 



general 
Formula 



Present Value of Financial 
Loss When Premium 
Is by Principle 



I 



II 



III 



j/\ i r \ 



in 



0 


0.2 


v l 


- Pfl^ 

- p fl 3 


0.48544 


0.64067 


0.63712 


1.06579 


1 


0.2 


v 2 


0 


0.30169 


0.29477 


1.02992 


2 


0.2 


v 3 




-0.45796 


-0.01811 


-0.02819 


0.99718 


3 


0.2 


V* 


- P«3 


-0.89000 


-0.31981 


-0.33287 


0.96726 


4 


0.2 


V 5 


- P<N 


-1.29758 


-0.60443 


-0.62031 


0.93985 




Premium 




0.45796 


0.30272 


0.30628 






i- ir-i 

CAjJtxieu vciiue 








n nnnnn 


—0 12020 


1.00000 



The table shows that for this example the decision makers adopting principles I 
and III reduce their risk in the sense that they are demanding an expected present 
value of loss to be negative. T 

Premiums defined by Principle I are known as percentile premiums. Although 
the principle is attractive on the surface, it is easy to show that it can lead to quite 
unsatisfactory premiums. Such cases are examined in Example 6.2.3. 

Principle II has many applications in practice. To formalize its concepts, we de- 
fine fVie irtcnror'c 1n<sc J i-hp randnm variablp of the oresent value of benefits to 

JL»X*V, «-• ^L-.^- — — / — " 1 

be paid by the insurer less the annuity of premiums to be paid by the insured. 
Principle II is called the equivalence principle and has the requirement that 

E[L] = 0. (6.1.3) 

We will speak of benefit premiums as those satisfying (6.1.3). Equivalently, benefit 
premiums will be such that 

Efpresent value of benefits] = E[present value of benefit premiums]. 

Methods developed in Chapters 4 and 5 for calculating these actuarial present val- 
ues can be used to reduce this equality to a form that can be solved for the pre- 
miums. For instance, in Example 6.1.1, which has constant benefit premiums and 
constant benefits of 1, equation (6.1.1) can be rewritten as A 0 - P ii 0 , and d 0 can be 
calculated as 

4 

X vk kPo- 

k = 0 

When the equivalence principle is used' to determine a single premium at policy 
issue for a life insurance or a life annuity, the premium is equal to the actuarial 
present value of benefit payments and is called the single benefit premium. 

Premiums based on Principle III, using an exponential utility function, are known 
as exponential premiums. Exponential premiums are nonproportional in the sense 
that the premium for the policy with a benefit level of 10 is more than 10 times 
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the premium for a policy with a benefit level of 1 (see Exercise 6.2). This is consis- 
tent for a risk averse utility function. 

c *"» Ciillw C r\n+\ r»i im ic Dromii imc 

The basic concepts involved in the determination of annual benefit premiums 
using the equivalence principle will be illustrated first for the case of the fully 
continuous level annual benefit premium for a unit whole life insurance payable 
immediately on the death of (x). For any "continuously paid premium, P, consider 

/(f) = v' - Pflj, (6-2.1) 

the present value of the loss to the insurer if death occurs at time f. 

We note that /(f) is a decreasing function of f with 1(0) = 1 and /(f) approaching 
-P/8 as f — x. If t 0 is the time when /(f 0 ) = 0, death before f 0 results in a positive 
loss, whereas death after f 0 produces a negative loss, that is, a gain. Figure 6.2.1 
later in this section illustrates these ideas. 

We now consider the loss random variable, 

L = l(T) = v T - P a % , (6.2.2) 

corresponding to the loss function /(f). If the insurer determines his premium by 
the equivalence principle, the premium is denoted by P(A X ) and is such that 

E[L] = 0. (6.2.3) 
It follows from (4.2.6) and (5.2.3) that 

A, - P(A)«, = o, 



or 



P(A V ) = ^. (6.2.4) 

a,. 



Remark: 

In this chapter we continue to suppress the select notation except in situations 
in which it is necessary or helpful to eliminate ambiguity. 

The variance of L can be used as a measure of the variability of losses on an 
individual whole life insurance due to the random nature of time-until-death. When 
E[L] = 0, 

VaWM = E\L 2 ]. (6.2.5) 



For the loss in (6.2.2), we have 

Var(i> r - P iif) = Var 

= Var 



T 

V — 



P(l - v T ) 
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Var 



v l [1 + 



_ / pV 

= Var (v l )\l + ~J 
= l 2 A x - (A x f] 



(6.2.6)' 



For the premium determined by the equivalence principle, we can use (6.2.4) and 
(5.2.8), ha x + A x = 1, to rewrite (6.2.6) as 

7 K - {Kf 



Var(L) 



(6.2.7) 



Example 6.2.1 



Calculate P(A X ) and Var(L) with the assumptions that the force of mortality is a 
constant |x = 0.04 and the force of interest 8 = 0.06. 

Solution: 

These assumptions yield a x = 10, A x = 0.4, and 2 A\ = 0.25. Using (6.2.4), we obtain 

A, 



and from (6.2.7) 



Pi A \ = — 1 = 0.04. 

- \- ~x/ - ' 



Var(L) = oj^ie = a25 _ 



(0.6) 2 



By reference to (6.2.6) we can see that the numerator of this last expression can 
be interpreted as the variance of the loss, v T - A x , associated with a single- 

premium wnoie lire insurance. nu» wuci vanam.c ia <j.w, mn-i ">-">•>• - — 

deviation of the loss associated with this annual premium insurance is 
VO.25/0.09 = 5/3 times the standard deviation of the loss in the single-premium 
case. Additional uncertainty about the present value of the premium income in- 
creases the variability of losses due to the random nature of time-until-death. 

In Example 6.2.1, P(A X ) = 0.04, the constant force of mortality. We can confirm 
this as a general result by using parts of Examples 4.2.3 and 5.2.1. Under the con- 
stant force of mortality assumption, 



A, 



ix + 5 



ana 



+ 8' 
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thus 

via ^ ^ + S >~' 
(ti + 8) 

which does not depend on the force of interest or the age at issue. 



Using the equivalence principle, as in (6.1.3), we can determine formulas for 
annual premiums of a variety of fully continuous life insurances. Our general loss 
is 

b T v T - PY = Z - PY (6.2.8) 

where 

• b t and v t are, respectively, the benefit amount and discount factor defined in 
connection with (4.2.1) 

• P is a general symbol for a fully continuous net annual premium 

• Y is a continuous annuity random variable as defined, for example, in (5.2.13), 
and 

• Z is defined by (4.2.2). 

Application of the equivalence principle yields 

E[b T v T - P Y] = 0 

or 



P = 



These ideas are used to display annual premium formulas in Table 6.2.1. 

It is of interest to note how these steps can be used for an «-year deferred whole 
life annuity of 1 per year payable continuously. In this case b T v T = 0, T < n and 
b T v T = fifT^v", T > n. Then, 

cri, ., t — „ x:i~ ,.«It \ ,,i 
^l u T u T\ ~ nVx JJ L"r-lir v \ L n \ 

In practice, however, deferred life annuities usually provide some type of death 
benefit during the period of deferment. One contract of this type is examined in 
Example 6.6.2. 



Example 6.2.2 



Express the variance of the loss, L, associated with an n-year endowment insur- 
ance, in terms of actuarial present values (see the third row of Table 6.2.1). 
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Fully Continuous Benefit Premiums 







Loss Components 


Premium Formula 


Plan 


b r v T 


P Y Where Y Is 


- E[b T v T ] 
E[Y] 


Whole life 
insurance 


1 v T 






n-Year term 
insurance 

n-Year 
endowment 
insurance 


1 V T 

0 

1 v T 
1 v" 


« fl/ T - " 
fl S , T > n 

« ri, T < « 
a a , T > n 


A -n 


ayment 
whole life 
insurance 


1 v' 

1 u r 






/z-Payment/ n-year 
endowment 
insurance 


1 u r 

1 u r 
1 y" 


«r> T - h 
% h < T < n 

a Ji ,T>n 




n-Year pure 
endowment 


0 

1 V" 


a T ,T < n 
T > n 




n-Year + deferred 
whole life 
annuity 


0 


T > n 


^(„>fl,) = . 

a -, 



*The insurances described in the fourth and fifth rows provide for a premium paying period that is shorter than the 
period over which death benefits are paid. 

tThe annuity product described above provides no death benefits and has a level premium with premiums payable 
for n years. A different, perhaos more realistic, design for an n-year level premium-deferred annuity is given in 
Example 6.6.2. 



Solution: 

Using the notation of (4.2.11), we have 



1 



Vara) - Var \ Z 3 
Vv'e r: - . v (1.2.10) to obtain 
Var(L) = 

Formula (5.2.14) can be rewritten as 



5 



1 | 

5 



[ 2 a^ - (A x ^n 



Chapter 6 Benefit Premiums 



173 



which implies that 

The two identities, (5.2.8) and (5.2.15), can be used to derive relationships among 
continuous benefit premiums. For example, starting with (5.2.8), 

8fl r + A x = 1, 

_ - 1 

5 + P(A X ) = — , 
a x 

P(A X ) = - - 8 
1 - 5fl r 



hA x 
1 - A, 



Starting with (5.2.14) we obtain 

1 



5 + P{A x .j) 



(6.2.9) 



P{A^) - — - 8 
= 1 - ha x z 

= (6.2.10) 
1 " ^ ' 

Verbal interpretations of the discrete analogues of (6.2.9) and (6.2.10) are given in 
Example 6.3.4. 

The premiums discussed so far in this section are benefit premiums, those de- 
rived from the equivalence principle. We now turn to an example that describes 
two ways that percentile premiums give unsatisfactory results. 



Find the 25th percentile premium for an insured age 55 for the following plans 
of insurance: 

a. 20-year endowment 

b. 20-year term 

c. 10-vear term. 
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Assume a fully continuous basis with a force of interest, 8 = 0.06 and mortality 
following the Illustrative Life Table. 

Solution: 

a. The loss function for 20-year endowment insurance is 

I = v t - T < 20 

= v 20 - Pa m T>20 

and is a nonincreasing function of T. Thus /the values of T for which the 
t ■ . _ i- ...u:„u „ — u~.,r„ r-,-Av.=iK;i;+t7 nf n arp thnsp values 

lOSS L IS tO DC pusilive, wiuui aic lu ncivt ^i^^M^ii.^ ~- « — 

below £° T 25 . Since / 55 = 86,408.60 and l 70M7 = 64,806.45 (by linear interpolation), 
Pr(T < 15.617) = 0.25. Thus, the premium required by the 25th percentile prin- 
ciple is that which sets the loss at T = 15.617 equal to zero and is u 15617 7 ' 
= 0.03865. 

b. The loss function for 20-year term insurance is 

I = v t - T < 20 

= - Pa M T>20. 

This is still a nonincreasing function of T, and since Pr(T < 15.617) - 0.25, the 
premium required by the 25th percentile principle is again v Xo(,X7 i = 
0.03865. It is, of course, unsatisfactory that the same premium is generated for 
two different plans of insurance, particularly since the benefit premium at this 
age for 20-year endowment is almost two times that for 20-year term. 

c. The loss function for a 10-year term insurance is 

L = v T - Pa^ T < 10 
= - Pa M T > 10. 

If the premium is set at zero, then Pr(L > 0) = Pr(T < 10), and this probability 
equals, by the Illustrative Life Table, 



/= 



0.1281. 



Thus, zero is the least non-negative annual premium such that the insurer's 
probability of financial loss is at most 0.25. In this case Pr(L > 0) = 0.1281,^and 
P = 0 the 25th percentile premium. The benefit premium in this case is 70% of 
that for 20-year term insurance. ▼ 

The conclusion from this example is that the percentile premium principle yields 
conflicting results for insurances on a single individual. Its use will be minimal in 
what follows. 

For a whole life insurance, as defined in the first row of Table 6.2.1, 

L = v T - Pa^ T > 0. 
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The d.f. of L can be developed as follows: 



F L (u) = Pr(L < u) 



v T - P 



= Pr 



= Pr v l < 



\ ° / 

5 + P 



Pr 



1 , /8w + P 



= 1 - 



/ i 



8ii + P 

h + P 



The p.d.f. of L is 



F L (u) = f L (u) = f T - r log 



Sm + P 
5 + P 



1 



P 

— tt 
5 



bit + P 



P 

8 



(6.2.11) 



u. (6.2.12) 



Using the language of decision analysis, we can say that the determination of 
the premium P is equivalent to selecting the distribution of L, given by (6.2.11), 
that is optimal from the viewpoint of the premium principle adopted by the de- 
cision maker. This principle reflects the preferences of the decision maker. 

Schematic diagrams of /(f), the p.d.f. of T(x), and the induced p.d.f. of L are 
combined in Figure 6.2.1. 

The set of d.f.'s of L is indexed by the parameter P. The value of P is se- 
lected by the premium principle adopted. For illustration, use Figure 6.2.1 where 
Pr (7 < c) = Pr(L > 0) and this probability is taken as 0.25. We assume that the 



Schematic Diagrams of l(t) and the p.d.f.'s of Tlx) and L 



l(t) = v>-Pd, 
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value of P will be obtained by solving F L (0) = 1 - 0.25 = 0.75. This illustration 
uses a percentile premium principle with the probability for a positive value of L 
set at 0.25. 



It is evident from Figure 6.2.1 that the events (T < c) and (L > 0) are equivalent 
in the sense that the occurrence of one of the two events implies the occurrence of 
the other. To continue our illustration, if the decision maker has adopted the per- 
centile premium principle with Pr(L > 0) = / ^ / 'fhen Pr(T < c) = p, where c = 
the lOOp-th percentile of the distribution of T. Furthermore, because of the equiv- 
alence of these two events, the premium can be determined from an equation in- 
volving the loss function, that is, from 

% - 0, 

(6.2.13) 



T 

or 



a m % t 



Because P is the rate of payment into a fund "that will provide a unit payment at 
time i& there is intuitive support for the result. The accumulation Sf|/s^ will be 
less than 1 with probability p and greater than 1 with probability 1 - p. 



This example builds on Example 6.2.3, except that T(55) has a De Moivre distri- 
bution, with p.d.f. 

^^(0 = 1/45 0 <f<45. 

For the three loss variables, display the d.f. of L and determine the parameter P as 
the smallest non-negative number such that Pr(L > 0) < 0.25. 



ioiuxion: 



a. Adapting (6.2.11), with recognition of the jump in the d.f. at u = tr° - Pflg 
induced by the constraint on L if T > 20, we have the following set of d.f.'s 
indexed by P: 

F L (u) = 0 u ^ v 20 - Pd m 

J_ log [(0.061, + P)/ (0.06 + P)] „ 2 „_p IS1 
0.06 45 - 0| 

= 1 1 < u. 

Figure 6.2.2a is a diagram of the d.f. associated with a 20-year endowment in- 
surance. This figure provides a graphical way of thinking of premium deter- 
mination using the percentile principle. The d.f. within the set of d.f.'s indexed 
by P that crosses the vertical axis at 0.75 is sought. Analytically this means that 
the premium is determined by solving, for P, 
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F L (0) = 0.75 



U.Ut) 



ur 



loe = -0.675, 

6 \ 0.06 + P 



and 



0.06e 



-0.675 



(1 - <r 0 - 675 ) 
1 



= 0.06224. 

In view of the discussion about (6.2.11), this is not surprising. The 25th percentile 
of the De Moivre distribution of T in this example is £° T 25 = 11.25. 



Distribution Functions of L Developed in Example 6.2.4 





F.iiA 1 

- L\"/ 

"I 


F,Ju) 


1 
1 
1 


0.7500 
- 0.5556 




0.75 

H 1 — - 


1 

i' 20 -P>2oH 


1 - Pam 


..id p, 7 -_ 1 
c> -la nr 



(a) d.f. of L, 20 : year endowment 
insurance P = 0.06244 



(c) d.f. of 10-year term 




(b) d.f. of L, 20-year term (d) d.f. of 10-year term 

•.^c,,*™™ d = n insurance P = 0 

I1IJU1 U1IVV. A W . W U*. i i " 
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For comparison, the benefit, or equivalence principle, premium is 

rzo 

(v'l 45) cit + (25/45) v 20 

Jo \ . 



Dl A __\ 
1 V ^-55:201^ 



[20 

I v l [1 - (f/45)] dt 



b. Adapting (6.2.11) with recognition of the jump in the d.f. of L at u = 
— PatoI, induced by the constraint on the 20-year term insurance loss variable, 
we have the following set of d.f/s indexed by P: 

F L (u) = 0 w ^ - Pfljol 



25 
45 



J_ log [(0.06., + P)/ (0.06 + P)] 

0.06 45 201 

= 1 1 < u. 

A diagram of the d.f. associated with a 20-year term insurance is shown in 
Figure 6.2.2b. The premium is determined by solving F L (0) = 0.75 for P. Using 
part (a) we find, once more, that P = 0.06224. 
c. Adapting (6.2.11), with recognition of the jump in the d.f. at u = ~Paj$ induced 
by the constraint on L for 10-year term insurance, we have the family of d.f.'s 
indexed by P: 

F l (m) - 0 u < -Pa^ 



35 
45 



-Pa^ < u v w - Pa m 



J_ log [(0.06u + P)/(0.06 + P)] 
CL06 45 



1 + — 6 LV ' v w - Pa M < u < 1 



1 Km. 



It is tempting to conjecture that P = 0.06224, as it was in parts (a) and (b), 
when we observe that the only nonconstant values of the d.f. have the same 
formula as in the earlier parts of this example. When we observe that for any u 
in the interval {-Pa M , v w - Pa-^), F L {u) = 35/45 > 0.75, it appears that the 
conjecture is wrong. Figure 6.2.2c displays the d.f. of L when P — 0.06224 and 
confirms this judgment. As in Example 6.2.3, try P — 0. The corresponding d.f. 
of L is 



F L (u) = 0 u < 0 

35 
~ 45 



0 < u < v 



10 



1 log u , n 

= 1 + — — -f— v w < u < 1 
0.06 45 

= 1 1 < u 
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and the probability of a positive value of L is 

10 

-v- - - 45 ~ — ■ 

This is illustrated in Figure 6.2.2d. 

As in Example 6.2.3c, the specifications for applying the percentile premium 
principle leads to P = 0, an anomalous result from a business perspective. ▼ 



6.3 Fullv Discrete Premiums 

+ 

In Section 6.2 we have discussed the theory of fully continuous benefit premiums. 
In this section we consider annual premium insurances like the one that appeared 
in Example 6.1.1; that is, the sum insured is payable at the end of the policy year 
in which death occurs, and the first premium is payable when the insurance is 
issued. Subsequent premiums are payable on anniversaries of the policy issue date 
while the insured survives during the contractual premium payment period. The 
set of annual premiums form a life annuity-due. This model does not conform to 
practice but is of historic importance in the development of actuarial theory. 

Under these circumstances, the level annual benefit premium for a unit whole 
life insurance is denoted by P x , where the absence of (A x ) means that the insurance 
is payable at the end of the policy year of death. The loss for this insurance is 

L = v K ^-P x a^\ K = 0,1,2 (6.3.1) 

The equivalence principle requires that E[L] = 0, or 

E[i^- 1 ] - P, E[a^] = 0, 



VV 1 L1V.1 1 Jf J 



P =^i. (6.3.2) 

This is the discrete analogue of (6.2.4). 

Using (5.3.7) in place of (5.2.8) in steps parallel to those taken in obtaining (6.2.7), 
we obtain 

^ - <63 " 3) 
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Example 6.3.1 



k tC\ x = c(u.?o) is — V, X, ^, . . . 

r- = nni/nQA anrl ; - (Iflfi ralrnlat-p P and VarfZA 

V v i 1^ A ^ t — " w . \_y i_ / vy . vy »-« » •- ~ , ^ v , 



Solution: 

First we exhibit the components of (6.3.2), 



A x = c 2 (1.06)-*- 1 (0.96)* +1 = 0.40, 



1 " A 



£ = 10.60. 



fljt = __ 
Then using (6.3.2) we obtain 

P = ^ = 0.0377. 

For Var(L), we calculate 

2 A, = c i [(1.06) 2 ] (0.96)* +I - 0.2445. 

Therefore, 

_ 0.2445 - 0.1600 
Var(L) - [(0 06)(10 60)/(1 .o6)] 2 

= 0.2347. T 
There is a connection between Examples 6.2.1 and 6.3.1. Since 

*flv - f t P, MO dt k = 0,1,2,... (6.3.4) 
for the situation described in Example 6.3.1, we have 

If the force of mortality is a constant, jjl, it follows that 

— (0.96/ = e-^ 1 * (e» - I), 
0.96 v ' 

and then e~» = 0.96 and jjl = 0.0408. The geometric distribution, with pi. 



Chapter 6 Benefit Premiums 



181 



is a discrete version of the exponential distribution with » = 0.0408. Formula (63 A) 
provides the bridge between the discrete and continuous versions. The fully con- 

tinuous annual benefit premium corresponding iu ^, - — — r 

would be RAJ = u = 0.0408. 

Continuing to use the equivalence principle, we can determine formulas for an- 
nual benefit premiums for a variety of fully discrete life insurances. Our general 
loss will be 

&ic+i y K+i - PY 

W ^ +1 and v M are, respectively, the benefit and discount functions defined in 

. P fs^a general symbol for an annual premium paid at the beginning of each 
policy year during the premium paying period while the insured survives and 

. Y is a discrete annuity random variable as defined, for example, in connection 
with (5.3.9). 

Application of the equivalence principle yields 



= E[b K ^v K+x ] 
E[Y] 

These ideas are used in Table 6.3.1 to display premium formulas for fully discrete 
insurances. 



Example 6.3.2 



^ variant of the loss. L. associated with an n-year endowment insur- 
ance,^ terms of actuarial present values (see the third row of Table 6.3.1). 



Solution: 

We start with the notation of Table 6.3.1. Let 



z = 



ir M JC = 0, i, i 



v' K = n, n + 1, 

Then we can write, by reference to the third row of Table 6.3.1, 

1 - Z 

L = z- p x .ji —7-; 



therefore we have 



Var(L) = Var 



zu + ^ )- P -f 



We can use the rule of moments to find Var(Z), as indicated in Table 4.3.1, and 
then obtain 
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Fully Discrete Annual Benefit Premiums 

Loss Components 



Flan 



Whole life 
insurance 



insurance 

n-Year pure 
endowment 



whole life 
annuity 



Pj Y Where Y Is 



1 v 



K+l 



n 



«k4> K = °' l > 2 ' 



«KTTj, K = 0, \, . . ■ , n 

n-, V = n n + 1. . . 



H^. K = 0. 1 n - 1 

fl's, K = "/ " + 1,. • • 



Premium Formula 

„ = E[b K+1 t; K+1 ] 

E[Y] 

A, 

P = — 



n-Year term 
insurance 


1 u K+1 
0 


a K + l|' 


K = 
K = 


0, 1, . . . , n 
n, n + 1, • • 


- 1 






n-Year 
endowment 


1 u K " 
1 v" 




K - 


U, 1, . . . , n 

n, n + 1, . . 


_ 1 

_L 




/I _ 

_ ™x:n\ 


insurance 
















/j-Payment 
whole life 


1 

1 u K+l 




K = 
K = 


0, 1, . . • , ft 

h, h + 1, ■ ■ 


- 1 




_ A x 


insurance 
















^-Payment, 
n-year 
endowment 


1 u K+1 
1 u K+1 
1 v" 




K = 
K = 
K = 


0, 1, . . . , h 
h, . . . , n - 
n, n + 1, ■ • 


- 1 
1 




a xA 



A J, 



X:ll\ 



A x h a x+l , 



Var(L) = (l + ) ^ - (^J 2 !- 



t -1 l_ /coil\ ~^,4 anfnj fi-nm ("hp third TOW of Table 6.3.1 can be combined 

rurmUici mi" i^---"' 



as follows: 



1, 



1 + = 



Therefore, the variance we seek is 



(6.3.5) 
T 



Example 6.3.3 



Consider a 10,000 fully discrete whole life insurance. Let tt denote an annual 
premium for this policy and L(-ir) denote the loss-at-issue random variable for one 
such policy on the basis of the Illustrative Life Table, 6% interest and issue age 35. 
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a. Determine the premium, tt 0 , such that the distribution of L(n a ) has mean 0. 
Calculate the variance of L{ir fl ). 

.1 it__i ^r^inm tt cnrl-i fViaf thp nrobabilitv 

b. Approximate tne smanesi nun-ncgauvc j^cm^..., .. b , — — r j 

' is less than 0.5 that the loss L(tt„) is positive. Find the variance of L(-n h ). 

c. Determine the premium, it,, such that the probability of a positive total loss on 
100 such independent policies is 0.05 by the normal approximation. 

Solution: 

a. By the equivalence principle, (6.1.3), 

tt = 10,000 P 35 = 10,000 ^ 

_ 1287.194 
~~ 15.39262 

= 83.62. 

Var[LK)] = (10,000)* 

_ _ R 0.0348843 - (0.1287194) 2 
~ 10 ~ [(0.06/1.06)(15.39262)] 2 

~ 0.7591295 
= 2,412,713. 



From (6.3.3) 



b. We want tt (i such that 

Pr[L(TT„) > 0] < 0.5, 
or in terms of curtate-future-lifetime, K, 

Pr(10,000u krl - it «j^T > 0) < 0.5. 
From the Illustrative Life Table, 42 p 35 = 0.5125101 and 4J fe = 0.4808964. There- 
fore, if TTj, is chosen so that 

10,000u 43 - TTf, fl'a = o, 
then Pr[L(ir,,) > 0)] = Pr(K < 42) < 0.5. Thus, 

^ = ^992 = 50.3i. 

S431 
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Using the fully discrete analogue pf (6.2.6) we can write 

VarfLfirJl = (10,000) 2 [ 2 A 35 - (A 35 ) 2 ] (l + TT^l) 



= 2,171,630. 

c. With a premium tt c/ the loss on one policy is 

LK.) - 10,000u K+1 - -MEM, = (10,000 + 7 I - 7, 



ana 115 expeiacuiun emu vmnu^ * 

E[L(tt c )] = (l0,000 + Y) A 35 - ^ 



= (0.1287194) (l0,000 + 7 j - "J 



and 

Var[LK)] = (l0,000 + ^ [ 2 A 35 - (A 35 ) 2 ] 

/ \ 2 

= ( 10,000 + (0.01831562). 

For each of 100 such policies each loss L,CO is distributed like L(ir £ ), i = 1, 
2 ,100 and 

100 

s = E 

1=1 

for the total loss on the portfolio. Then 

E[S] = 100 E[L(ir c )], 
and, using the assumption of independent policies, 

Var(S) = 100 Var[L(ir f )]. 
To determine tt, so that Pr(S > 0) = 0.05 by the normal approximation, we want 

0 - E[S] 



War(S) 



1.645, 



10 



10 L^&U = 1.645, 
lVVar[L(ir c )]J 

-A,J10,000 + (TT,./rf)] + 



[10,000 + (it c I dy\ V T A^- (A 35 ) 2 J 



= 1.645. 
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Thus 



IT, - 



10,00u a 
= 100.66. 



(0.1645) V 2 A 3S - (A 35 ) 2 + A 35 



Ll - (A 35 + 0.1645 V 2 A 35 - (A 35 ) 2 ) 



The two identities, (5.3.7) and (5.3.13), can be used to derive relationships among 
discrete premiums. For example, starting with (5.3.7), we have for whole life 



insurances 



A = 1 



d + P x 


1 






_ 1 

fix 


- d 




1 


-da 



dA x 
1 - A T ' 



Starting with (5.3.13) we obtain a similar chain of equalities for n-year endowment 



insurances: 



1 



P -i = d 



1 - dci^ 

rfA v: - 
1 - A t; ^' 



(6.3.7) 



Give interpretations in words of the following equations from the (6.3.6) set: 

1 - ■ ■ (6.3.8) 



and 



- = P v + d 



dA x 

i - a; 



(6.3.9) 
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Solution: 

We will use the word equivalent to mean equal in terms of actuarial present 
value. For (6.3.8), first note that a unit now is equivalent to a life annuity of a'; 1 
payable at the beginning of each year while (x) survives. A unit now is also equiv- 

i . l. :„ ~J A fka korrinniriCT nf parh VPar while (x) Survives 

aient 10 mierebi-m-ciuvcuiLc ui n «>■ "'^ ^^^.^j-, j — , 

with the repayment of the unit at the end of the year of (x)'s death; that is, 1 = 
djd x = da x + A x . The repayment of the unit at the end of the year of death is, in 
turn, equivalent^ a life annuity-due of P x while (*) survives. Therefore, the unit 
now is equivalent to P x + d at the beginning of each year during the lifetime of 
(x). Then a; 1 = P x + d, for each side of the equality, represents the annual payment 
of a life annuity produced by a unit available now. 

For (6.3.9), we consider an insured (x) who borrows the single benefit premium 
A x for the purchase of a single-premium unit whole life insurance. The insured 
agrees to pay interest-in-advance in the amount of d A x on the loan at the beginning 
of each year during survival and to repay the A x from the unit death benefit at the 
end of the year of death. In essence, the insured is paying an annual benefit pre- 
mium oUA x for an insurance of amount 1 - A x . Then for a full unit of insurance, 
the annual benefit premium must be dAJ (1 - A x ). ▼ 

Similar interpretations exist for corresponding relationships involving endow- 
ment insurances as given in the second and fifth equalities in the (6.3.7) set. There 
is an analogy between (6.3.8), the corresponding formula involving endowment 
insurances, 



and the interest-only formula 



1 = s'^' 



+ d. 



Example 6.3.5 



Prove and interpret the formula 

= hPi + Pi(l - A x+n ). (6.3.10) 

Solution: 

The proof is completed using entries from Table 6.3.1: 



„P x a v li = A Ji = Alj + AJk A x+n . 



By subtraction, 



from which (6.3.10) follows. 
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~~ The interpretation is that both P x ^ and „P X are payable during the survival of (x) 
to a maximum of n years. During these years, both insurances provide a death 

i _/■;. _r i Ul„ „i. U „-l ~f xmny fVia Aai\\\ nf (r\ Tf / y\ <:iirvivp<; tlip M 

Deneill UI I pdydUie rti inc ciiu mc u«- >-' ' ~» v v / - — V'-/ ■ - ■ -~ •- 

years, P T .^ provides a maturity benefit of 1, while „P T provides whole life insurance 
without further premiums, that is, an insurance with an actuarial present value of 
A x+n . Hence, the difference P x $ - „P X is the level annual premium for a pure en- 
dowment of 1 — A x+n . ' ▼ 

In practice, life insurances are payable soon after death rather than at the end of 
the policy year of death, so there is a need for annual payment, semicontinuous 
benefit premiums. Such premiums, following the same order used in Tables 6.2.1 
and 6.3X are denoted by P(A X ), P(A^), P(A X .^, h P(A x ), and ',,P(A^). There is no 
need for a semicontinuous annual premium «-year pure endowment since no death 
benefit is involved. The equivalence principle can be applied to produce formulas 
like those in Table 6.3.1, but with the general symbol A replaced by A. For example, 

P(A t ) = ^. (6-3.11) 

We observe that the notation for this premium is not P x , the annual premium 
payable continuously for a unit whole life insurance benefit payable at the end of 
the year of death and equal to Aja x . If a uniform distribution of deaths is assumed 
over each year of age, we can use the notations of Section 4.4 to write 

i A r i 

P(AU) = I PUr 



and 



P(A^ = {Ph + P^- (6-3-12) 



6.4 True m-thly Payment Premiums 

If premiums are payable m times a policy year, rather than annually, with no 
adjustment in the death benefit, the resulting premiums are called true fractional 
premiums. Thus P*"" denotes the true level annual benefit premium, payable in 
m-thly installments at the beginning of each w-thly period, for a unit whole life 
insurance payable at the end of the year of death. The symbol P (m \A x ) would have 
the same interpretation except that the insurance is payable at the moment of death. 
Typically, m is 2, 4, or 12. 

The development in this section stresses the payment of insurance benefits at the 
end of the policy year of death. Table 6.4.1 specifies the symbols and formulas for 
true fractional premiums for common life insurances. The premium formulas can 
be obtained by applying the equivalence principle. 
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True Fractional Benefit Premiums' 1 







Payment of Proceeds 


nl 

1 idM 


At End of Pi 




At Moment of Death 


Whole life insurance 


p(»0 = 

1 X 


A* 




tt-Year term insurance 


pi'™' = 

1 x:n\ 


,•("') 




n-Year endowment 
insurance 


p(»0 = 




Dim)/ 4 \ 


/7-Payment years, 
whole life insurance 


PC") = 
h L x 


A x 

.{m) 
"x-M 


^''"'(^Ij) = ..(,„) 


ft-Payment years, n-year 
endowment insurance 




^xli, 


t 71 !^/ ..(m) 



■The actual amount of each fractional premium, payable m times each policy year, during the premium paying 
period and the survival of (x), is P (m) /m. Note that here h refers to the number of payment years, not to the number 
of payments. 



: In^me^applications. it is useful to write the ^ 

tiple of the annual premium. This will be illustrated for h P% the premium for a 
rather general insurance. The resulting formula can be modified to produce pre- 
mium formulas for other common insurances. From the last row of Table 6.4.1 we 
have 

p(»!> = ^ (6.4.1) 



(6.4.1) can be rearranged as 



p ( ";» _ 



Py: " a ^ , (6.4.2) 



Formula (6.4.2) is used in the next chapter; it expresses the w-thly payment pre- 
mium as equal to the corresponding annual payment premium times a ratio of 
annuity values. This ratio can be arranged in various ways each corresponding to 
a different formula used to express the relationship between d "^ and (i rM (see Ex- 
ercise 6.14). 
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Example 6.4.1 



V a. Calculate the level annual benefit premium payable in semiannual installments 



* / 



. . ,- *n irv i t ; , T.rlfl-i nm™oHc nuirl flip pnd nf thp 

V for a 1U,UUU, zu-year enuuwiueiu msuianv-c wim j^^v-^v^ r — — 

policy year of death (discrete) issued to (50), on the basis of the Illustrative Life 
Table with interest at the effective annual rate of 6%. 
b. Determine the corresponding premium with proceeds paid at the moment of 

death (semicontinuous). 
For both parts, assume a uniform distribution of deaths in each year of age. 



Solution: 

a. We require 10,000 Pg,^. As preliminary steps we calculate 

d = 0.056603774, 
i< 2 > = 0.059126028, 
d< 2 > = 0.057428275, 
d ( l > = 0.98564294, 
sf = 1.01478151, 
r,C)\ = ^ 2) oi 2) = 1.0002122. 

~\— / - II '- II 

- 1 . . 

(3(2) = ~-^T = °- 25739U81 ' 
and the following actuarial present values: 



a 50:20] 


= 11.291832, 


A 1 — , 

50-20] 


= 0.13036536, 


P 50:201 


= 0.01154510, 


20^ SO 


= 0.23047353, 


^ 50-201 


= 0.36083889, 


P n0:20i 


= 0.03195574. 



Then, under the assumption of a uniform distribution of deaths for each year 
of age, the required premium can be calculated by use of (6.4.1), with x = 50, 
n = 20, h = 20, and m = 2. For this purpose, we calculate 

flg> :5a = a(2)« 5ll:5a - P(2)(l - 2ll E 50 ) = 11.096159, 

and then 

10,000 Pg,^ - 325.19. 
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b. The corresponding semicontinuous premium can be obtained by multiplying the 
values in (a) by the ratio 

Under the uniform distribution of deaths assumption this ratio is 

( ; '/S)P 5 o : 20l + ^50:201 (6.4.3) 
-^50:201 

and the result is 

10,000 P (2) (A 50: ^) = 328.68. T 



6.5 Apportionable Premiums 

A second type of fractional premium is the apportionable premium. Here, at 
death, a refund is made of a portion of the premium related to the length of time 
between the time of death and the time of the next scheduled premium payment^ 
In practice this may be on a pro rata basis without interest. Injhis section we 
consider interest and view the sequence of m-thly premiums as_an_appOTtionable j 
life annuity-due in the sense of Section 5.5! The symbols used to denote these level, 

11 i i cil. : „„.,-,U1,-, ira liVo tVio cumhnk fnr 

apporuonaDie annual ueneiu pcnuuma yayawz m-miy — 

true fractional premiums on the semicontinuous basis. They differ in that the su- 
perscript m is enclosed in braces rather than parentheses, for example, P M (A x ).Jn 
view of the premium refund feature, it js natural to L assume that thejdeatiL benefits 
is payable at the moment of death. 

Again, we use an /i-payment years, n-year endowment insurance to illustrate the 
development of formulas for apportionable premiums paid m-thly. The equivalence 
nrinciple leads to the formulas 



and 



Utilizing the temporary annuity version of (5.5.4), we obtain 



: pM ( A ^ = th^ — = :L_ 6m -,). (6.5.2) 

This implies that the m-thly installment is 

and in particular, for m = 1, 

„P^(A^) = ,m^)aj, (6-5.4) 



A 
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Formulas (6.5.3) and (6.5.4) demonstrate that these apportionable premiums are 
equivalent to fully continuous premiums, discounted for interest to the start of each 
— i„a c;rv,;i^r fru-mnlaQ PYist for other tvues of insurance. For example, 

payment pcuwvi. ■ j i 

by letting h and n — * (6.5.4) becomes 

P W (A X ) = P{A x )a^. ( 6 - 5 - 5 ) 

The apportionable benefit premium P W (A X ) and the semicontinuous benefit pre- 
mium P(A X ) are both payable annually at the beginning of each year while (x) 
survives. Each insurance provides a unit at the death of (x). The two insurances 
differ only in respect to the refund provided by P [l) (A x ). Thus, the difference 



pW(A ^ - P<A.) 



(6.5.6) 



is a level annual benefit premium paid at the beginning of each year for the 
refund-of-premium feature. We verify this assertion about the expression in (6.5.6) 
in the following analysis. 

From (5.5.1), we note that the random variable for the present value of the 
refund-of-premium feature is 

P ll KA x ) v T a^T, 



where K and T are defined as in Chapter 3. The actuarial present value for 
feature is 



■ ■ ■ ■ n n j 



A™ = P W (AJ E 



' K-hI-T. 



Using (6.5.5) we obtain 



A™ = P(A X ) E 



u 



V 



5 

A, - A 



The level annual benefit premium is then, by the equivalence principle, 

P(A™) 



. pRs _ P(A r )(A v - AJ 
8« v 



(6.5.7) 



(6.5.8) 



Formula (6.5.7) has the following interpretation: The actuarial present value of the 
refund feature is the difference between the value of a continuous perpetuity of 
P(A X ) per year beginning at the death of (x), and the value of a continuous per- 
petuity of P(A X ) payable from the end of the year of death of (x). 
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We return now to (6.5.6) where, by (6.5.5), we have 
P"\A X ) - P(A X ) = P(A X ) | - ^ 

I d a x \ 

= PiA -> \i - rj 

- - dci v — 55, 



= P(A X ) 



ha x 
A r - A, 



&a x 

= P(A P X % (6.5.9) 
as obtained in (6.5.8). This confirms our assertion about (6.5.6). 

This analysis can be extended to m-thly payment premiums and to other life 
insurance in addition to whole life. In general, 

P [, "\A) - P {m \A) 
is an m-thly payment premium for the refund feature. 



Example 6.5.1 



If the policy of Example 6.4.1(b) is to have apportionable premiums, what in- 
crease occurs in the annual benefit premium? 

Solution: 

The apportionable annual benefit premium per unit of insurance is given by 
(6.5.2), 

rf< 2 > A 5om d (2) 

p^^)-p(^om) T = -—:Y- 

° u 50:20] 

Under the assumption of a uniform distribution of deaths in each age interval, this 
becomes 

«( X )fl5O:20i - P(° C )( 1 ~ 20E 50 ) 5 

{i/*)Psom + p *>h d(l) 

a (x) - |3H(P 5 ^ + d) 5 ' 

Here a(*) = = id/h 2 = 1.00028, 0H = (h ~ = °- 50985 - Usin § ° ther 

values available in Example 6.4.1 we find 

10,000 P |2| (A 5U:5a ) = 329.69. 
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Then the increase in annual premium is 

10,000[P' 21 (A 50: ^) - P (2) (A 50: ^)] = 1.01, 

which is the annual benefit premium payable semiannually for the refund feature. 

T 



6.6 Accumulation-Type Benefits 

The analysis in this section is in terms of annual premiums for insurances payable 
at the end of the year of death. An analogous development is possible for fully 

: I ii-U -, A',, .<-l-»v^ ,->.-< I- f/->f comimntitiiinnc nrpmillTYl'; 

COntmUOUS premiums cILIU, Willi awinc au]uau«tm, ^w^v-^.^.^w^ r ^w„ 

We first seek the actuarial present value for an n-year term insurance on (x) for_ 
which the sum insured, in case death occurs in year k + I, is s^. The present- 
value random variable ofthis benefit, at policy issue, is 



W = 



v™sj^, = [v K + l (l + ]) K+l - v K + '] 0 < K < n 
0 K > n 



where the insurer's present values are computed at interest rate i and d {J) is the 
discount rate equivalent to interest rate /. The actuarial present value is 



E[ W] = A '^ A ^ (6-6-1) 
"0) 



where A'\$ is calculated at the rate of interest /' - (i - /')/ (1 + ;'). 
If j = j / then V = 0, and the actuarial present value is 

d d 



../:. s... (6-6-2) 



Formula (6.6.2) indicates that, when / = /', this special term insurance is equivalent 
to an w-year life annuity-due except for the event that (.v) survives the n years. Then 
the term insurance would provide a benefit of zero, whereas the life annuity pay- 
ments, given survival for n years, would have value at time n. 

Now let us consider the situation where (x) has the choice of purchasing an n- 
year unit endowment insurance with an annual premium of P v: ^ or of establishing 
a savings fund with deposits of l/s^ at the beginning of each of n years and 

_i : -i i-.-.-^ ;^ t -i ironi-o TVio onfirial incnranrp will nrnvidp. 

purLIlcltilllg d apcv-lcll uci_ica:5Uig icim numum-v.. * ' ^j_-^-v-.v. i . . ..... l , 

in the event of death in year k + 1, the difference, 

1 - S -E± fc = 0, 1, 2 n-1, 



s-, 



between the unit benefit under the endowment insurance and the accumulation in 
the savings fund. We suppose further that the same interest rate / is applicable in 
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valuing all these transactions. The same benefits are provided by the endowment 
insurance and by the combination of the special term insurance and the savings 
fund. Therefore one would anticipate that 

(the annual benefit premium P x .^ = (the annual benefit premium 
for fViP pnrlnwmpnt insurance'! for the special term insurance) 

■ ^— — ~ ■ / L ' 

+ (the annual savings fund deposit 1/s'^). 

To verify this conjecture, we consider the present-value random variable for the 
special decreasing term insurance, 



W 



/ (6.6.3) 
0 K > n. 



The actuarial present value of W is denoted by A\.^ and given by 



Ah = ^ 



[see (o.e>.z)j. 



The annual benefit premium for the special term insurance is therefore 



1 A : ? 1 1 .. 1 x:n] ■■ r.n\ 



and then 



We have alreadv seen that 



1 



P- = P 1 -i + — . (6.6.4) 



P = P 1 4- P i 

and now (6.6.4) provides an alternative decomposition of P x $ . The components are 
the annual premium for the special term insurance and the annual savings fund 
deposits, 1/s'-, which accumulate to one at the end of n years. 



Example 6.6.1 



Derive formulas for the annual benefit premium for a 5,000, 20-year term insur- 
ance on (x) providing, in case of death within the 20 years, the return of the annual 
benefit premiums paid: 
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a. Without interest 

b. Accumulated at the interest rate used in the determination of premiums. 

i r ■ .JJ^An in fUo Z Hon cum in ci lrpd 3nd 

In each case, me return or premiums is m auumun ^ „ — 

benefit payments are made at the end of the year of death. 

Solution: 

a. Let tt„ be the benefit premium. Then 

1T fl «,:20l = 5 ' 000 + TtaQA)l-m 

and 

Al: 



Tr a = 5,000 r59 



b. Let tt ( , be the benefit premium. We use (6.6.2) to obtain 

tt j, a x . M = 5,000 A\ m + TT b (a xm - 20 E X s m ), 

TT j, 20 EvS20i = 5,000 



TT;, = 5,000 1 



= 5,000 



jE.v s jo! 

^1:2(11 



20P.v a 20| 

In practice, annual contract premiums would be refunded, and the formulas 
would take this into account. ^ 



Example 6.6.2 



A deferred annuity issued to (x) for an annual incume uf 1 commencing at age 
x + n is to be paid for by level annual benefit premiums during the deferral period. 
The benefit for death during the premium paying period is the return of annual 
benefit premiums accumulated with interest at the rate used for the premium. As- 
suming the death benefit is paid at the end of the year of death, determine the 
annual benefit premium. 

Solution: 

Equating the actuarial present value of the annual benefit premiums, tt, to the 
actuarial present value of the benefits, we have 

iTfl,g = „E, fl. v +>i + ^fix-li ~ ,£x ^) 
where the second term on the right-hand side comes from (6.6.2). Solving for tt 
yields 

1T = TT" ▼ 
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6.7 Notes and References 



Lukacs (1948) provides a survey of the development of the equivalence principle. 
Premiums derived by an application of the equivalence principle are often called 
actuarial premiums in the literature of the economics of uncertainty. Gerber (1976, 
1979) discussed exponential premiums and reserves; these were illustrated in Ex- 
ample 6.1.1 under Principle III. Fractional premiums of various types are important 
in practice. Scher (1974) has discussed developments in this area, namely, the re- 
lations among fully continuous, apportionable, and semicontinuous premiums. The 
decomposition of an endowment insurance premium appeared in a paper by 

t :„i. — i-\ m n\ 
Liiuuii \Ly Ly ). 



Exercises 

Section 6.1 

6.1. Calculate the expectation and the variance of the present value of the financial 
loss for the insurance in Example 6.1.1, when the premium is determined by 
Principle I. 

6.Z. verity mat me exponential premium (wim « — u.j./ ±w h«- hl^.,^.^ ... — 
ample 6.1.1, modified so that the benefit amount is 10, is 3.45917. (Note that 
this is roughly 11.3 times as large as the exponential premium for a benefit 
amount of 1 found in Example 6.1.1.) 

6.3. Using the assumptions of Example 6.1.1, determine the annual premium that 
maximizes the expected utility of an insurer with initial wealth w = 10 and 
utility function u(x) = x - O.Olx 2 , x < 50. [Hint: Use (1.3.6), w - O.Oliu 2 = 
F.Uw - I.\ - O.OKu' - Lfl.l 

Section 6.2 

6.4. A fully continuous whole life insurance with unit benefit has a level premium. 
The time-until-death random variable, T(x), has an exponential distribution 
with E[T(.v)] = 50 and the force of interest is 8 = 0.06. 

a. If the principle of equivalence is used, find the benefit premium rate. 

b. Find the premium rate if it is to be such that Pr(L > 0) = 0.50. 

c. Repeat part (b) if the force of interest, 5, equals 0. 

6.5. If the force of mortality strictly increases with age, show that P(A X ) > M 0 )- 
[Hint: Show that P(A T ) is a weighted average of ^ v (f), t > 0.] 

6.6. Following Example 6.2.1, derive a general expression for 

2 A, - (A x ) 2 
(ba x f 

where m(f) = \x and 5 is the force of interest for t > 0. 
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6.7. If 5 - 0, show that 



/> 

6.8. Prove that the variance of the loss associated with a single premium whole 
life insurance is less than the variance of the loss associated with an annual 
premium whole life insurance. Assume immediate payment of claims on 
death and continuous payment of benefit premiums. 

6.9. Show that 

/ J = \ J A 

Section 6.3 

6.10. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate 
values for the annual premiums in the following table. Note any patterns of 
inequalities that appear in the matrix of results. 



Fully Continuous Semicontinuous Fully Discrete 



PI A ^1 


pi a -,^ 

* V * 35:101/ 


p^ 

" 35: IH 


P (^35:30]) 


^35:55]) 


P35M 




p (^35:60l) 


P35M 


P(4 5 ) 


p(a, 5 ) 


P 35 


^ 04 35:30]) 




P 1 — 

1 35:301 




P(Ms^) 


P 1 — 
1 35:101 



6.11. Show that 

6.12. Generalize Example 6.3.1 where 

k c] x = (1 - r)r k k = 0,1,2,...; 

that is, derive expressions in terms of r and / for A x , a x , P x , and 
[ 2 A X - (A x f]/(da x )\ 

Section 6.4 

6.13. Using the information given in Example 6.4.1, calculate the value PfJ. 

6.14. Using various formulas for a { ™^ under the assumption of a uniform distribu- 
tion of deaths in each year of age, show that the ratio 

..(m) 
rt .v:S! 
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in (6.4.2) can be expressed as the reciprocal of 

a. af - 

b. a(m) - $(m)(Pl-: + d) 

c. 1 - ,ILZ ^(Pl.u + d). 

2.IH 

6.15. Refer to Example 6.4.1(b) and directly calculate 



A 50-.201 
M 50:20| 



using the Illustrative Life Table for the actuarial present values in the nu- 
merator and the denominator. 



6.16. If 

p l 02) 

-- 1.032 



1 x:20| 

and P^ = 0.040, what is the value of PjJ? 
Section 6.5 

6.17. Arrange in order of magnitude and indicate your reasoning: 

P {2 KAl.2?), P(A 40 .^), P |4| (A 40: g), P{A mm ), P {n \A 40 . m ). 

6.18. Given that 

d _ 99 
d< 12 > ~ 100' 

evaluate 

PM(A X ) 

pi^X) ■ 

6.19. If P(A V ) = 0.03, and if interest is at the effective annual rate of 5%, calculate 
the semiannual benefit premium for a 50,000 whole life insurance on (x) 
where premiums are apportionable. 

6.20. Show that 

P^(A^) - P""\A^) = P(A^) ( Ax l ~ m M 



T>1 A 
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Section 6.6 

6.21. Express 

I _ ^ 

i>45:20! 

as an annual premium. Interpret your result. 

6.22. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate 
the components of the two decompositions 

a. 1,000 P 50 . M = 1,000(P^ + P 50 k) 

b. 1,000 = 1,000 [Pl om + — )- 

6.23. Consider the continuous random variable analogue of (6.6.3), 



W 



y^l-^j 0<7<n 
0 T > n. 



The loss, 

L = W - 

can be used with the equivalence principle to determine A 1 ^, the single ben- 
efit premium for this special policy. Show that 

A - n x-n\ ~ n x:<h 

$n 

u rri^i = (1 + 0 2 " - 2(1 + if A^ + (1 - nPx ) 

b - L ] [(l + 0" - 1] 2 

Miscellaneous 

6.24. Express 

a m + a - a_ 10 )p 40 

as an annual benefit premium. Interpret your result. 

6.25. a. Show that 

— — = Pls-M + d. 



rt 65:T0l S 65:l0l 

b. What is the corresponding formula for 

1 -1 

1 i 



a 65:10) S 65: 101 



c. Show that the amount of annual income provided by a single benefit pre- 
mium of 100,000 where 

• The income is payable at the beginning of each month while (65) survives 
during the next 10 years, and 
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• The single premium is returned at the end of 10 years if (65) reaches age 

75, 

is given by 

100,000 (^r - tAt) = ioo,ooo(p) 

V fl 65:10] S 65:10]/ 

where ((B) denotes the answer to part (b) of this exercise. 

6.26. An insurance issued to (35) with level premiums to age 65 provides 

• 100,000 in case the insured survives to age 65, and 

• The return of the annual contract premiums with interest at the valuation 

. i- 4-^. i-U~ A s^t +"U,-» * r ^ »- r\ C A a. n 4-Vi i f fV»o inciirorl A IOC V\&£f\Yfr 3CTP AS 

ICtLC IU 11 IC CHU Ul UlC Jtfll \JL ^^ttVAi ii tin- iiuwiuw ^* <^w*^-w ~~ ■ 

If the annual contract premium G is 1.1 it where it is the annual benefit pre- 
mium, write an expression for tt. 

6.27. If 15 P 45 - 0.038, P 45:T ^ = 0.056, and A 60 = 0.625, calculate PJ 5:B1 . 

6.28. A 20-payment life policy is designed to return, in the event of death, 10,000 
plus all contract premiums without interest. The return-of-premium feature 
applies both during the premium paying period and after. Premiums are an- 
nual and death claims are paid at the end of the year of death. For a policy 

:„„ J t,, /„\ ^ „ ^ , . ^ 1 ^^,r.4-^^>/-f r,>-amiiiiYi ic rr» 110% r»f fhp bpnpfit nrp- 

13SUCU IVJ \AJ f OIUIUUI >_\ji Hi n<-i m -.^ — j 

mium plus 25. Express in terms of actuarial present-value symbols the annual 
contract premium. 

6.29. Express in terms of actuarial present-value symbols the initial annual benefit 
premium for a whole life insurance issued to (25), subject to the following 
provisions: 

• The face amount is to be one for the first 10 years and two thereafter. 

• Each premium during the first 10 years is 1/2 of each premium payable 
thereafter. 

• Premiums are payable annually to age 65. 

• Claims are paid at the end of the year of death. 

6.30. Let L, be the insurer's loss on a unit of whole life insurance, issued to (x) on 
a fully continuous basis. Let L 2 be the loss to (.v) on a continuous life annuity 
purchased for a single premium of one. Show that L T = L 2 and give an ex- 
planation in words. 

6.31. An ordinary life contract for a unit amount on a fully discrete basis is issued 
to a person age x with an annual premium of 0.048. Assume d = 0.06, A x = 
0.4, and 2 A X = 0.2. Let L be the insurer's loss function at issue of this policy. 

a. Calculate E[L]. 

b. Calculate Var(L). 
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c. Consider a portfolio of 100 policies of this type with face amounts given 
below. 



Face Amount 


Number of Policies 


1 


80 


4 


20 



Assume the losses are independent and use a normal approximation to cal- 
culate the probability that the present value of gains for the portfolio will 
exceed 20. 

6.32. Express, in terms of actuarial present- value symbols, the initial annual benefit 
premium for a unit of whole life insurance for (x) if after 5 years the annual 
benefit premium is double that payable during the first 5 years. Assume that 
death claims are made at the moment of death. 

6.33. Repeat Exercise 6.20 for fr-payment whole life insurance. 

6.34. The function /(f) is given by (6.2.1). 

a. Establish that /"(f) > 0. 

b. Adapt Jensen's inequality from Section 1.3 to establish that if P = P(A X ), 
then P(A.) > v et /n^, 

6.35. If T(x) has an exponential distribution with parameter (x, 

a. Exhibit the p.d.f. of L as shown in (6.2.12) 

b. Show that E[L] = (|x - P)l (a. + 8). 

c. Use part (b) to confirm that E[L] = 0 when P = P(A X ). 

6.36. Use the assumptions of Exercise 6.35, with |x = 0.03 and 8 = 0.06. 

a. Evaluate Pr(L < 0) when P - P(A X ). 

b. Determine P so that Pr(L > 0) = 0.5. 
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BENEFIT RESERVES 



7.1 introduction 

In Chapter 6 we introduced several principles that can be used for the determi- 
nation of benefit premiums. The equivalence principle was used extensively in our 
discussion in Chapter 6. By it, an equivalence relation is established on the date a 
long-term contract is entered into by two parties who agree to exchange a set of 
payments. For example, under an amortized loan, ajborrower may pay. a series _of 
equal monthly payments equivalent to the single payment by a lender at the date 
of the loan. An insured mav oav a series of benefit premiums to an insurer equiv- 
alent,~at the date of policy issue, to the sum to be paid on the death of the insured, 
or on survival of the insured to the maturity date. An individual may purchase a 
deferred life annuity by means of level premiums payable to an annuity organi- 
zation equivalent, at the date of contract agreement, to monthly payments by the 
annuity organization to the individual when that person survives beyond a spec- 
ified age. Equivalence in the loan example is in terms of present value, whereas in 

tl : J » . ~ '-.i. \r* n/iniinlnnm V*<-*4-ta r cht^r\ fi*;r\ arfiianal 

tilt mbUrdllLt: dllU cliuiuuy CAcunpico n in cui cijuivaicii\.t i".i'<>->-" m_n*n.± 

present values. 

After a period of time, however, there will no longer be an equivalence between 
the future financial obligations of the two parties. A borrower may have payments 
remaining to be made, whereas the lending organization has already performed its 
responsibilities. In other settings both parties may still have obligations. The in- 
sured may still be required to pay further benefit premiums, whereas the insurer 
has the duty to pay the face amount on maturity or the death of the insured. In 
our deferred annuity example, the individual may have completed the payments, 
whereas the annuity organization still has monthly 'remunerations to make. 

In this chapter we study payments in time periods beyond the date of initiation. 
For this, a" balancing itenVis required, and this item is a liability for one of the 
parties and an asset for the other. In the loan case, the balancing item is the out- 
standing principal, an asset for the lender and a liability for the borrower. In the 
other two cases, if the individual continues to survive, the balancing item is called 
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a reserve. This is typically a liability that should be recognized in any financial 
statement of an insurer or annuity organization, as the case may be. It is also 

■ _n__ i c — tU„ nr- inA^^T^Al^a] nnrrliasincr thp annuitv. 

typicany an asset iui mc n ioui>-u >_,i ^^.^ ^ ~- 0 j 

We illustrate the determination of the balancing item spoken of above by contin- 
uation of Example 6.1.1 in the two cases where a utility function was used to define 
the premium principle. 



Example 7.1.1 



An insurer has issued a policy paying 1 unit at the end of the year of death in 
exchange for the payment of a premium P at the beginning of each year, provided 
the life survives. Assume that the insured is still alive 1 year after entering into the 
contract. Further, assume that the insurer continues to use i = 0.06 and the follow- 
ing mortality assumption for K: 

kl q 0 = 0.2 k = 0, 1, 2, 3, 4. 
Find the reserve, X V, as determined by the following: 

a. Principle II: The insurer, using a utility of wealth function u(x) = x, will be 
indifferent between continuing with the risk while receiving premiums of 
0.30272 (from Example 6.1.1) and paying the amount X V to a reinsurer to assume 
the risk. 

b. Principle III: The insurer, using a utility of wealth function u(x) = -e~ 0Ax , will 
be indifferent between continuing with the risk while receiving premiums of 
0.30628 (from Example 6.1.1) and paying the amount ^ to a reinsurer to assume 
the risk. 



Solution: 

The conditional probability function for K, the curtate-future-lifetime, given that 



i\ — 1, IS 



Pr (K = k) 0.2 n „^ , , d 

Fr(K = k\K > 1) = — = — = 0.2o k = 1, 2, 3, 4. 



The present value at duration 1 of the insurer's future financial loss is X L = v 
- P / where P is the premium determined in Example 6.1.1. 

a. According to (1.3.1), we seek the amount X V such that u{w - : V r ) = 
E[«(ir - s= 1]. By Principle II u(x) = x, so we have 

w - X V = E[w - ,L|K > 1] = w - E[ X L\K > 1]. 

Thus, Principle II is equivalent to requiring that jV be chosen so that 
,V = E[iL|X > 1]. For this example, this requirement is 

x y = V {v a-^ - 0.30272 a^z^) X Pr(X = k\K > 1) 

= X v [k - l) ^ Pr(K = ic|K > 1) - 0.30272 £ <V=Tw; x Pr(K = k \ K - V> 



(7.1.1) 
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which gives X V = 0.15111 as shown in the following calculation. 



Outcome 
k 



Conditional 



of Future Obligations of 



Insurer 



Insured 



Insurer's 
Prospective 
Loss 



1 


0.25 


V 


= 0.94340 


P'H 


= 0.30272 


0.64067 


2 


0.25 


IT 


- 0.89000 




= 0.58831 


0.30169 


3 


0.25 


V 3 


= 0.83962 


Ph 


= 0.85773 


-0.01811 


4 


0.25 


V 4 


= 0.79209 


Pa* 


= 1.11191 


-0.31981 




Expected Value 




0.86628 


0.71517 


0.15111 



The actuarial present value of the insurer's prospective loss is 
0.86628 - 0.71517 ---[().15l 1 lj • 
b. Again by (1.3.1) and now using the utility function in Principle III, we have 



-e 



E[-e- (U(;! "' L) |K > 1] 



-O.lu' 



E[e°- 1,L |K > 1]. 



Thus, Principle III is equivalent to requiring that X V be chosen so that 

t >o.i ,i' = E ryu > 2 ] or that x y = 10 log E ryu .L| X > }] 

The following table summarizes the calculation of X V using the premium 







Insurer's 




Outcome 


Conditional 


Prospective 




k 


Probability 


Loss, X L 




I 


0.25 


0.63712 


1.06579 


2 


0.25 


0.29477 


1.02992 


3 


0.25 


-0.02819 


0.99718 


4 


0.25 


-0.33287 


0.96726 



Thus, E[l' 01 - l \K > 1] = (1.06579 + 1.02992 + 0.99718 + 0.96726)(0.25) = 1.01504 
and X V = (log 1.01504)/ 0.1 ='0.14925., T 

Henceforth, benefit reserves will he based on benefit premiums as determined 
by the equivalence principle in part (a) of Example 7.1.1. Thus, the benefit reserve 
at time t is the conditional expectation of the difference between the present value 
of future benefits and the present value of future benefit prejitiums^ the condition- 
ing event being survivorship of the insured to time f. The type of reserve found in 
part (b) of Example 7.1.1 is called an exponential reserve. 

inc ncciiuiis ii l v,iicipici / pcuauci acmuna ui tim^n-i v i"-">-»" f/iv-iiumnj. > ■ »- 

assume, as we do in Example 7.1.1, that the mortal ity^and- interest r ates_adoptgd 
at policy issue for the determination of benefit premiums cpntin^ 
and are used in the determination of benefit reserves. 
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7.2 Fully Continuous Benefit Reserves 



We now develop the benefit reserves related to the fully continuous benefit pre- 
c Awalnrvirl in ^prHnn n 2 Hv annlication of the eauivalence principle. 



Let us consider reserves for a whole life insurance of 1 issued to (x) on a fully 
continuous basis with an annual benefit premium rate of P(A {x] ). The corresponding 
reserve for an insured surviving t years later is defined under the equivalence 
principle as the conditional expected value of the prospective loss at time t, given 
that (x) has survived to t. More formally, for T(x) > t the prospective loss is 

,L = v ™- - P(A [x] )a w . (7.2.1) 

The reserve, as a conditional expectation, is calculated using the conditional dis- 
tribution of the future lifetime at f for a life selected at x, given it has survived 
to f. In International Actuarial Notation symbols this is 

t V(A [x] ) = E[,L|T(.t) > f] 

= E[^>- f |r(;<:) > f] - P(A N ) E[fl^|T(.r) > t] 

= A lx] „-P(A M )a lx]+l . (7-2.2) 

li tne aiiciiiieu cige wets uic vjiuy given huuhhuuuh ..... ^^^^^ ~„ -- 

age x, or for some other reason an aggregate mortality table is used for the distri- 
bution of the future lifetime, then the conditional distribution of T(x) - i is the 
same as the distribution of T(x + t), and (7.2.2) in symbols is 

t V(A x ) = A x . t ~ P(A x )a x , t . (7.2.3) 

Formulas (7.2.2) and (7.2.3) state that 

(the benefit reserve) = (the actuarial present value for the 



VV 1 [UAt ULt. lujui «■«» i*~v- 



- (the actuarial present value of future 

benefit premiums payable at an annual rate of P(A X )). 

The formulations of P(A X ) and t V(A x ) are related. When t = 0, (7.2.3) yields 
0 V(A X ) = 0. This is a consequence of applying the equivalence principle as of the 
time the contract was established. 



Remark on Notation (Restated): 

In this book, we will simplify the appearance of the formulas by suppressing the 
select notation unless its use is necessary or helpful in the particular situation. The 
c,,™k^t .. m will Hp ncprl for thp forrp nf mortalitv in the development of benefit 

y nifvi f - ^ v V 1 / T,ixx *-' % -' , " m - L -' ww "-*-*~'"" - ■ — — — — — " j » 

reserves to reinforce the idea that the conditional distributions used in reserve 
calculations are derived from the distribution of T(x). 
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Section 7.2 Fully Continuous Benefit Reserves 



Benefit reserves are defined in Section 7,1 as the conditional expectation of loss 
variables. In evaluating these conditional .expected„jyalues JJL Jhy>^ecfon,_the _ 
distribution of T(x) -J, given T(.t) > £, was used. The interest rate and the distri- 
bution of T(x) used with the equivalence principle at time t = 0 to determine the 

l C: i : , ..„„A „ „ : „ tU„ 4-U„ i;f„ / v \ +^ 4-^^^. t xit->c fUn ,m>1t7 

uciiem piciiiiuni vvcic uacu cigciin. i"c sui vimi \jl uic^uic \aj iu wire i- _yv _uo : yjLSLiy \iJL 

new information incorporated into the expected value calculation^ A comprehen- 
sive reserve principle would require that all new information relevant to the loss 
variables and their distributions be incorporated into the reserve calculation. The 
objective of this requirement would be to estimate liabilities appropriate for the 
time that the valuation is made. In Ch ap ters 7 and 8 the process of learning from 
experience to modify the . assumptions under which benefit reserves are estimated 
are n ot stud ied.. 

By steps analogous to those used to obtain (6.2.6), we can determine the variance 
of t L as follows: 



1 + 



P(A X ) 



thus 



Var[,L|T(x) > t] = 1 + 



P(A X ) 
8 

P(A X ) 



8 ' 



Var[v T{x) -'\T(x) > t] 



12 A . . 1 A \2l 

I Tv-r/ - \n x +l> J. 



(7.2.4) 



in n c\ 



Note the relation to (6.2.6) and that the development holds for all premium levels. 
It is not dependent on the equivalence principle. 



Example 7.2.1 



Id AO 1 Kx, ^ a 1^,,1a+;r»rr \T( A \ \/»r r T \T(y\ ^> fl 



T^i'-vl 1 ✓-VTA/ 1 1 1-\ f v a m . _ _ 



Solution: 

Since A x , a x , and P(A X ) are independent of age x, (7.2.3) becomes 

t V(A x ) = A x - P(A x )a x = 0 f > 0. 

In this case, future premiums are always equivalent to future benefits, and no 
reserve is needed. 



Also, in this case, (7.2.5) reduces to 

P(A y ) 



Var[ f LM(-t) > t] 



1 + 



[ 2 A X - (A x ) 2 ] = Var(L) = 0.25, 



as in Example 6.2.1. Here the variance of t L depends on neither the age x nor the 
duration t. T 
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Example 7.2.2 



On the basis of De Moivre's law with l x = 100 - x and the interest rate of 6%, 
calculate 

a- P( A 3s) 

b. t V{A 35 ) and Var[ t L|T(x) > f] for t = 0, 10, 20 60. 



Solution: 



a. From l x = 100 - x, we obtain ,p 35 = 1 - f / 65 and ,p 35 \i{35 + f ) - 1 / 65 for 
0 < t < 65. It follows that 



65 



o U 65 



1 1 d , = ^ 



65 



- 0.258047. 



Then 



^- - 0.020266. 



1 - A 35 

b. At age 35 + t, we have A 3 ^ f = %^ I (65 - t) and 

,^ J5 ) = ^,- 0.020266 



Further. 



= io 65 - f 



65 - t 



and, from (7.2.5), 

Var[ ( L|T(x) > f] 



1 + 



0.020266 



log(l .06) 

Applying these formulas, we obtain the following results 



[ 2 A y , +l - (A 35 - ( ) 2 ]. 



t 


,v(A JS ) 


Var[,L|T(35) > t\ 


0 


0.0000 


0.1187 


10 


0.0557 


0.1201 


20 


0.1289 


0.1173 


30 


0.2271 


0.1073 


40 


0.3619 


0.0861 


50 


0.5508 


0.0508 


60 


0.8214 


0.0097 



xt_,.- t i , ™ «f v^r-r rl-m^ ^> M t-nward zero. There is a rendezvous 

i\iuit: iilc Luiivcigcm-t '"'irrv"-'/ ' "j 



with certainty. 



The table in Example 7.2.2 provides the mean and the variance of the conditional 
distributions of t L for selected values of f. To gain more insight into the nature of 
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reserves, let us explore these distributions of ,L in more depth. We previously stud- 
ied the case for f = 0 at (6.2.11) following Example 6.2.3. From (7.2.1), 



T _ ,J(x)-l D/ A \ 



4. V L X J 1>T(X)-I 



X -1- PfA \ 
" 1 * V Vr/ 



PI A \ 



If 8 > 0, ,L is a decreasing function of T(x) - t and lies in the interval 

P(A X ) 



< I < 1. 



(7.2.6) 



(7.2.7) 



Using Figure 6.2.1 as a guide we can repeat the steps of (6.2.11) to establish the 
following relationship between F T(x) (u) and the d.f. of the conditional distribution 
of ,L, given T(x) > t, which we denote by F iL (y). For a y in the interval given by 
(7.2.7), 



F iL (y) = Pr[ ( L < y\T(x) > t] 



Pr 



Pr 



,m-t 



8 + P(A X ) 



HA X ) 



^y 



T(x) > t 



,T(-v) 



x) _ t < 8y + P(A X ) 
' 8 + P(A X ) 



T(x) > t 



TYv\ > f _ _ \nrr 

iVV ~' 8~ & 



5 + P{A X ) . 



TYv'i "> f- 



= Pr[T(x) a f - (1/8) {log [8y + P(A r )]/[8 + P(A X )}}] 2 

Pr[T(x) > f] 

_ 1 - F r , v) (f - (1/8) log {[by + P(A v )]/[8 + P(A X )]}) 

1 - Fr,,)(f) 

Differentiation of (7.2.9) with respect to y derives the p. d.f. for the conditional 
distribution of ,L, given T(x) > t: 



f,dy) 



l 



l 



' Sy + P(A) 
8 + P(A X ) 



(7.2.10) 



[8y + P(AJ][1 - F r(r) (f)], 

For an aggregate mortality law the conditional distribution of T(x) - f, given 

T(x) > f, is the same as the distribution of T(x + t), so (7.2.8), (7.2.9), and (7.2.10) 
reduce to 



FAy) = Pr 



T(x + t) > - - lot 



= 1 " F T(r.O ^-^ l0 8 



8y + P(A X ) 

8 + P(A\ V ) 
8 + P(A,) 



AO/) = 



[8y + P(A,)] 



/r ( x +() I log 



5y + P(A V ) 
8 + P(AJ _ 



(7.2.11) 
(7.2.12) 
(7.2.13) 
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To illustrate these concepts we will extend Example 7.2.2. 



Example 7.2.3 



For the insurance contract and assumptions m Example 7.2.2: 

a. Exhibit the formulas for the d.f. and the p.d.f. of the conditional distribution for 
,L, given T(x) > t. 

b. Display graphs of these conditional p.d.f.'s for f = 0, 20, 40, and 60. 



Solution: 

a. Since Example 7.2.2 specifies an aggregate mortality law, we use formulas 
(7.2.12) and (7.2.13). In Example 7.2.2, 



T(35 + f) 



(») 



/r,35,n(») = 



65 - f 
= 1 

1 



65 - f 
= 0 



for 0 < it < 65 - t 
for 65 - f < it, 
for 0 < it ^ 65 - t 
elsewhere. 



Figure 7.2.1 shows Figure 6.2.1 as it applies to this example. In this figure the 
outcome space of T(35 + f) is on the H-axis, and the outcome space of the loss 
random variable, t L, is on the y-axis. The relationship between the outcomes of 
T(35 + 0 and the outcomes of ,L is given by the loss function y = l t {u) and is 
indicated by the dashed line connecting u and y in the figure. The p.d.f. / r(3STt) (H) 
has its domain on the (/-axis and its range on the y-axis. The domain of the p.d.f. 
f iL {y) is on the y-axis, and its range is to be imagined on an axis perpendicular 
to "the it-y plane, but for the sketch it has been laid perpendicular to the y-axis 
in the u-y plane. 



Schematic Diagrams of / t (u), f n35+t )( u )' and ^-(y) 



1- 

1 u 


\ ^y = l t (u) = v"-P{A 3 *)a m 
\ J 




N 


u 




It \. 




(65-f) 


1 r 


W t (65-f) 
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To determine the d.f. by t L we start with a value of y corresponding to a value 
of it in the interval (0, 65 - f). For such ay we have, by (7.2.12), 



.1 / s\ l^^r irx,, 



Tii a w i rs 



D/ A Ml 



65 - t 



0 <y < 1. 



For a y > 1, F.l(]/) = 1- 

Again, for a value of i/ corresponding to a value of in the interval (0, 65 - t), 
and using (7.2.13), we have 



1 



fM = U65 - f 



1 



8y + P{A 35 ) 



elsewhere. 



y 



Figure 7.2.2 is the composite of the required graphs of the p.d.f.'s f tL (y), for 
f — 0, 20, 40, and 60. Figure 7.2.1 is a graph for one value of f. Compare Figures 
7.2.1 and 7.2.2 as follows: The vertical y-axis of Figure 7.2.1 is the horizontal axis 
in Figure 7.2.2. The axis that was imagined to be perpendicular to the u-y plane 
in Figure 7.2.1 is the vertical axis in Figure 7.2.2. Note the curves in the y-t plane 
that indicate the minimum and maximum possible losses, the expected loss (ben- 
efit reserve), and the expected loss plus one standard deviation of the loss. ▼ 
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Corresponding to Table 6.2.1, Table 7.2.1 for benefit reserves is presented. We 
have not tabulated details of the prospective loss, ,L, and explicit formulas for 
Var[ t L|T(x) > f], corresponding to the 



several Dtnem icsuhj, m>- ~...^ r — j. — 



Fully Continuous Benefit Reserves; Age at Issue x, Duration r, Unit Benefit 

Prospective Formula 



Plan 



International 
Actuarial Notation 



Whole life insurance t V{AJ 
n-Year term insurance ^(^1.^) 



fi-Year endowment 
insurance 



/j-Payment years, whole h ^ - 

life insurance ' ^ x ' 

//-Payment years, H-year 

endowment insurance ';V(A X ^) 

u-Year pure endowment ,V(A , 

Whole life annuity t V%,.<U 



1° 



f = H 



I t = ii 



f • h 

t > /i 



A — | /; < f < n 

! r = » 



A rr ,^-P(^^)«%, t — « f <» 

(■ = n 



„_ tl a x , t - P(„4,) a xrt ^i 



t < n 
t > n 



7.3 Other Formulas for Fully Continuous Benefit Reserves 

So far we have defined the benefit reserve as the conditional expectation of the 
prospective loss random variable and developed only one method to write for- 
mulas for fully continuous benefit reserves, namely, the prospective method, stating 
that the benefit reserve is the difference between the actuarial present values ot 
future benefits and of future benefit premiums. From the prospective method, we 
can easily develop three other general formulas for policies with level benefits and 
level benefit premium rates. We illustrate these for the case of n-year endowment 
insurances. 

The premium-difference formula tot t V(A^) is obtained by factoring <7\^ out 
of the prospective formula for t V{A x g): 

A x + l:iP7 



t V(A y ~) = 



P(A~rJl) 



= [P(A X+ ,^) - P(A^)} a x+l ^. (7-3-1) 
Formula (7.3.1) exhibits the benefit reserve as the actuarial present value of a 
premium difference payable over the remaining premium-payment term. The 
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premium difference is obtained by subtracting the original annual benefit premium 
from the benefit premium for an insurance issued at the attained age x + t for the 
remaining benefits. 

/A SpCI-UIIU IUlillUlcJ is uuicimcu uy vm-iunug (.lie cn-iucn icn j^iwi-iii v cii ^. iuiui>_ 

benefits out of the prospective formula. Thus, for t V{A x .j) we have 



A x ^f.n-t\_ 

P(A^) 



A x + t:n-t\ 



A x+t ^. (7-3.2) 



P(A x +r^i) 

This exhibits the benefit reserve as the actuarial present value of a portion of the 
remaining future benefits, that portion which is not funded by the future benefit 
premiums still to be collected. Note that P(A x+t .^) is the benefit premium required 
if the future benefits were to be funded from only the future benefit premiums, but 
P(A X $) is the benefit premium actually payable. Thus, P(A X $) I P(A x+t .— 6 ) is the 
portion of future benefits funded by future benefit premiums. This is called a paid- 
up insurance formula, named from the paid-up insurance nonforfeiture benefit to 
be discussed in Chapter 16. Formulas analogous to (7.3.1) and (7.3.2) exist for a 
wide variety of benefit reserves. 

A third expression is the retrospective formula. We develop this from a more 
general relationship. We have, from Exercise 4.12 and from formulas (5.2.18) and 
(5.2.19), for t < n - s, 

and /T> 



Substituting these expressions into the prospective formula for ,V{A X .^), we obtain 
V(A^) = A x \,{ - P(A^) fl A . s:S 

= A,l s:F + ,E, +S ^V(A X -) - P(A^) a^.j. (7.3.3) 

Thus the benefit reserves at the beginning and end of a t-year interval are connected 
by the following argument: 

(the benefit reserve at the = (the actuarial present value at the beginning 
beginning of the interval) of the interval of benefits payable during the interval) 

} + (the actuarial present value at the beginning 

of the interval of a pure endowment for the amount 
- ■ ,|; of the benefit reserve at the end of the interval) 



If. 



(the actuarial present value of benefit premiums 
payable during the interval). 
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The rearranged symbolic form, . ' _ 



= A x .,i + t E,« s . t V(A^), (7-3-4) 
shows that the actuarial present values of the insurer's resources and obligations 
are equal. 

The retrospective formula is obtained from (7.3.4) by setting s = 0, noting that 
V(A X .^) = 0 by the equivalence principle, and solving for t V{A xJi ). Thus, 



t V(A x %) = t inA.^) - Aid. 

t X 



Further, = /,£, so the formula reduces to 



Here 



E 

is called the accumulated cost of insurance. One notes that 

P U' S sPr l^v( S ) rfs 



f (7.3.6) 



= r (i + iy- s i x+i \i x (s) rfs (737) 
Jo z. v+ , 

This can be interpreted as the assessment against each of the survivors to pro- 
vide for the accumulated value of the death claims in the survivorship group be- 
tween ages x and x + t. Thus, the reserve can be viewed as the difference between 
the benefit premiums, accumulated with interest and shared among only t.e sur- 
vivors at age x + t, and the accumulated cost of insurance. 

We conclude this section with some special formulas that express the whole life 
insurance benefit reserves in terms of a single actuarial function. Analogous for- 
mulas hold for n-year endowment insurance benefit reserves when benefit premi- 
ums are payable continuously for the n years. Because we used (5.2.8) to express 
P(A X ) in terms of 8 and either a x or A x , we can use those ideas here to express 
t V(A x ) in terms of one of the actuarial functions a x , A x , or P(A X ) and 8. 

For an annuity function formula, substitute (6.2.9) and (5.2.8) into the prospective 
formula (7.2.3) to obtain 

t V(A x ) = 1 - 8<7V, - Q- - &) a x+t 



= 1 



(7.3.8) 
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Further, substituting (6.2.9) into the premium-difference formula, we have 

y(A x ) = [P(A XH ) - P(A X )] a x+t 



P{A xH ) - P(A X ) 



(7.3.9) 



Finally, we can rewrite (7.3.8) using A x+l = 1 



x + t 



to obtain 



1 - A_ 




(7.3.10) 



These last three formulas depend on relationship (5.2.8) between the annuity for 
the premium paying period and the insurance for the benefit period. Thus they are 
available only for whole life and endowment insurances where the premium- 
paying period and the benefit period are the same. Moreover, the frequency of 
premium payment must be the same as the "frequency" of benefit payment. We 
will see that apportionable premiums satisfy these requirements in their own way. 

Remark: 

Although benefit reserves are non-negative in most applications, there is no 
mathematical theorem that guarantees this property. Indeed, the reader can com- 
u;^ v^^^a a 9 ™A fWrmiLT n 3 1 m fnr t\ nuirk verification that negative benefit 

reserves are a real possibility. 



7.4 Fully Discrete Benefit Reserves 

The benefit reserves of this section are for the insurances of Section 6.3 which 
have annual premium payments and payment of the benefit at the end of the year 
of death. As in Section 7.2 the underlying mortality assumption can be on a select 
or aggregate basis. We will display the formulas for the aggregate case, which has 
simpler notation. Let us consider a whole life insurance with benefit issued to (x) 
with benefit premium P x . Following the development in Section 7.2, for an insured 
surviving k years later, we define the benefit reserve, denoted by k V x , as the con- 
ditional expectation of the prospective loss, ,L, at duration k. More precisely, 



Ac in ^prtinn 7 ") tbic formu la is the actuarial present value of future benefits less 
the actuarial present value of future benefit premiums. 



,\\ = E[ k L\K(x) = k, k + 1, . . 
The prospective formula for the benefit reserve is 



(7.4.1) 
(7.4.2) 



(7.4.3) 
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Analogous to (7.2.4), we have 

Var[ fc L|K(x) = K k + 1, . . .] 



= Vat 



„[K(.x,-t]4l ( 1 + Eli] 



KJx) = k. k + 1. . . . 



1+^1 Var[y' K <- r) -* 1+1 |K(.T) = k, k + 1, . . .] 

i + ^ ) t 2 ^, + , - {A x+k n 



(7.4.4) 



Example 7.4.1 



Follow up Example 6.4.1 by calculating k V x and Var[ k L\K(x) = k, k + 1, . . .]. 



Solution: 

Here A x , d x , and P v are independent of age x so that A x+k = A x and 

,V\. = A, - P t fl\ = 0 * = 0, I, 2 

Also, from (7.4.4), Var[,L|K(.r) = k, k + 1 ] = Var(L) = 0.2347. T 

The benefit reserve formulas tabulated in Table 7.4.1 correspond to the benefit 
nr Pffl ii.m« in Tahlp 6 3.1 and are analogous to the benefit reserves in Table 7.2.1. 



Fully Discrete Benefit Reserves; Age at Issue x, Duration k, Unit Benefit 



Plan 



International 
Actuarial Notation 



Prospective Formula 



k v V 



n-Year term insurance k V\- 



H-Year endowment 
insurance 



.1', 



//-Payment years, whole , 

life insurance k 1 

/(-Payment years, »-year 

endowment insurance k V v ^ 



n-Year pure endowment k V x .^ 
Whole life annuity k^Lfl.x) 



A . - P H 



A, 



P!tt fl, 



k < n 
k = n 



1 k = ii 



A, 



1 



i A 

I 1 



r> 1 i: , 



A- < /I 

k>h 

k < h < n 

h < k < n 

k = h 

k < /i 

Jt = H 
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Example 7.4.2 



Determine an expression in actuarial present values and benefit premiums for 
the Var{ k L\K(x) = k, k + 1, . . .} for a fully discrete n-year endowment insurance 
with a unit benefit. 



Solution: 



kL = v mx)-k+i + ^L^J _ x(x) = k, k + 1, . . . , n - 1 

= v n-k ^ + Pj^J _ i*xL K(x) = n, n + 1 , 

Var[,L|K(x) = k, k + 1 ] 

= ( l+ f^Y a 



In cases other than whole life or endowment insurances with premiums payable 
throughout the insurance term, the expressions for the variance of the loss may be 
difficult to summarize in convenient notation. 

Formulas similar to those of Section 7.3 can be developed for fully discrete benefit 
reserves. We illustrate these by writing the formulas for k V^ with a minimum of 
i • _• _ 1 7 -i i.~i.:„„„ ^„<-i ^Ut^u^^:^ ^o,r Q lnnmonk rlnQplv nnrallpl those 

dlSCUSSlOn. VtrUdl lllieipicwuijua culu eugtuiuiv. u^..^iu f ...>.i..« ■ ~ — j i 

for fully continuous benefit reserves. 
The premium difference formula is 

The paid-up insurance formula is 

= (l " A x+t ^. (7-4.6) 



k x:>l\ 1 " p 

\ *■ x+k:n- 



For the retrospective formula, we first establish a result analogous to (7.3.3), 
namely, for /; < /( - /, 

■y x -, = A x+rM - a x+fM + h E x+j , +h V x .ji r (7-4.7) 

Then, if j = 0, we have, since 0 V t: ^ = 0, 

E 



h V x^ = ( P x-^ ' d xli - A U) 

i, £L v 



- P, : * s rJi - „k x . (7-4.8) 
Here the accumulated cost of insurance is h k x = A\.^ I h E x , and a survivorship group 
interpretation is possible. 

An interesting observation follows from the retrospective formula for the benefit 
reserve. Let us consider two different policies issued to (x), each for a unit of 
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insurance during the first h years. Here, h is less than or equal to the shorter of the 
two premium-payment periods. The retrospective formula for the benefit reserve 



»-w-J i ^\ 7 r\ tt o ic 



and that for the benefit reserve on policy two is 
It follows that 

i.i i .i . . ,i_ _ j^r :„ j.u„ <-,.t^v j-^nofif rocofuoc pmialQ (Tip actuarial 

WlllCn snOWS mat Hie umeieuLe in mc iw^ L"-n<-»i iv-^x.^.^ ~ n — - — 

accumulated value of the difference in the benefit premiums P (1) - P (2 ,. Since 
1 / s T:5 ] = Pj, formula (7.4.9) can be rearranged as 

P (1) - P (2) - Pi - ( 7 - 41 °) 
The difference in the benefit premiums is expressed as the benefit premium for an 
h-year pure endowment of the difference in the benefit reserves at the end of h 
years. Formula (6.3.10) is a special case of (7.4.10) with n V^ = 1 and ;;V\ = A x+Il . 
Another illustration of (7.4.10) is 

n = pi_, + p i v (7.4.11) 

since H V\.^ = 0. 

As in the fully continuous case, there are special formulas for whole life and 
endowment insurance benefit reserves in the fully discrete case. Parallel to 
(7.3.8)-(7.3.10), we have, by use of the relations A y = 1 - d a y and 1 / d xl = P u + d, 

k V x = 1 - d a x+k - Q- - d x , k 

= 1 _ iL±k (7.4.12) 



and 



L±± = P^l- (7.4.13) 



1 - A x+k _ A x , k - A x 



1 - A, \ - A, 



(7.4.14) 



Similar special formulas also hold for fully discrete »-year endowment insurance 
benefit reserves, but not for insurance benefit reserves in general. 

Fully discrete insurances provide instructive examples for the deterministic, or 
expected cash flow, model of the operations of benefit reserves. This is displayed 
in Examples 7.4.3 and 7.4.4. 
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Example 7.4.3 



Assume that a 5-year term life insurance of 1,000 is issued on a fully discrete 
basis to each member of a group of / 50 persons at age 50. Trace the cash flow 
expected for this group on the basis of the Illustrative Life Table with interest at 

U /O, ClllU, CIS d Uy-p'lWUULl, UUIOUL lilC ytUClll ll.Jtln.J. 

Solution: 

We first calculate the annual benefit premium it = 1,000 = 6.55692. Then 
the expected accumulation of funds for the group through the collection of benefit 
premiums, the crediting of interest, and the payment of claims is as stated in the 
following: 



(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 




Expected 
















Benefit 
















Premiums 


Expected 








Expected 






at 


Fund at 




Expected 




Number of 






Beginning 


Beginning 


Expected 


Death 


Expected Fund 


Survivors at 


1,000 h V-^ 


tear 


of Year 


of Year 


Interest 


Claims 


at End of Year 


End of Year 


h 


ho i, i w 


(2),, + (6)„ , 


(0.06) (3)„ 


1,000 dso.,,., 


<3)„ + (4)„ - (5), 


^50 rh 


(6) h H7) h 


1 


586 903 


586 903 


35 214 


529 884 


92 233 


88 979.11 


1.04 


2 


583 429 


675 662 


40 540 


571 432 


144 770 


88 407.68 


1.64 


3 


579 682 


724 452 


43 467 


616 416 


151 503 


87 791.26 


1.73 


4 


575 640 


727 143 


43 629 


665 065 


105 707 


87 126.20 


1.21 




o/\ 280 




40 619 


717 (.Q(. 


0 


86 408.60 


0.00 



Note that the benefit reserves derived in the table match those calculated by for- 
mula. For example, at duration 2 we have 

1,000 A 5 \^ = 20.09 and fl 52:3 = 2.81391. 
Then 1 

1,000 2 V^ = 20.09 - (6.55692)(2.81391) =T^U ▼ 



Example 7.4.4 



Assume that a 5-year endowment insurance of 1,000 is issued on a fully discrete 
basis to each member of a group of / 50 persons at age 50. Trace the cash flow 
expected for this group on the basis of the Illustrative Life Table with interest at 
6%, and as a bv-product obtain the benefit reserves. 

Solution: 

Here the annual benefit premium is ir = 1,000 P 50: ^ = 170.083. The expected cash 
flow is displayed in the following table: 
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(1) 


(2) 
Expected 

D c Iltlll 

Premiums 
at 


(3) 

Expected 
Fund at 


(4) 


(5) 
Expected 


w 


Expected 
Number of 


(8) 




Beginning 






Death 


Expected Fund 


Survivors at 




Year 


of Year 


of Year 


' * K^* " — 

Interest 


Claims 


at End of Year 


End of Year 


1,000 h V^ 


h 


'so - t 1 " 


<2)„ + (6), , 


(0.06) (3),, 


1,000 d^,,-! 


(3),, + (4), - (5),, 


'so • h 


(6), * <7)„ 


1 


15 223 954 


15 223 954 


913 437 


529 884 


15 607 507 


88 979.11 


175.14 


2 


15 133 829 


30 741 336 


1 844 480 


571 432 


32 014 384 


88 407.68 


362.12 


3 


15 036 638 


47 051 022 


2 823 061 


616 416 


49 257 667 


87 791.26 


561.08 


4 


14 931 796 


64 189 463 


3 851 368 


665 065 


67 375 766 


87 126.20 


773.31 


5 


14 818 680 


82 194 446 


4 931667 


717 606 


86 408 507 


86 408.60 


1 000.00 



T 



Figures 7.4.1 and 7.4.2 display the expected benefit premiums and expected death 
claims for the preceding two examples. In Example 7.4.3, expected benefit premi- 
ums exceed expected death claims for 2 years, but thereafter are less than expected 
claims. The excess benefit premiums accumulate a fund in the early years to be 
drawn on in the later years when expected claims are higher. At the end of 5 years, 
the fund is expected to be exhausted. 



c vnA /-+ari Ronofif Prominmc anH FvnprtpH Death Claims for Examole 7.4,3 

k/\|«/^^>lV>u fc^x- • » v- ■ ■ ». ■ — — — - ■ 



Expected Benefit Premiums 
Expected Death Claims 



0 1 



-" — - Year 



Expected Benefit Premiums and Expected Death Claims for Example 7.4.4 



16 

15 1 

14 
13 
I 12 



£ > 

■~ ^| • Expected Benefit Premiums 

* Expected Death Claims 



0 1 



Year 
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Section 7.4 Fully Discrete Benefit Reserves 



For the 5-year endowment case of Example 7.4.4, the picture is much different. 
As shown in Figure 7.4.2, the expected benefit premiums remain far in excess of 
expected death claims throughout. The expected fund at the end of 5 years is suf- 
ficient to provide 1,000 in maturity payments to each of the expected survivors. 

The 5-year term insurance exemplifies a low-premium, low-accumulation life in- 
surance, whereas the 5-year endowment insurance exemplifies a high-premium, 
high-accumulation form. Most life insurances would fall between these two 
extremes. 



~l c D*«»-»s-i<fi+ D r\r ir\r r\ n r% CamirnntinimilC RaOC 

We noted at the end of Section 6.3 that, in practice, there is a need for semicon- 
tinuous annual benefit premiums P(A X ), P(A X .^), P(Al$), ,,P(A. V ), and h P(A Tji ) to take 
account of immediate payment of death claims. In such cases, the benefit reserve 
formulas in Table 7.4.1 need to be revised by replacement of A by A and of P by 
P(A). Moreover, the principal symbol for the benefit reserve is now V{A) with a 
subscript on the A to indicate the type of insurance as in the benefit premium 
symbol. For example, for an //-payment years, ??-year endowment insurance 



'V(A^) = 



A^jrn - „P(A^) d x+k .j^ k<h<n 

h < k 
k - n. 



If a uniform distribution of deaths over each year of age is assumed, we have, from 
(4.4.2) and (6.3.12), 

^ : ,) = ^ + ^. (7.5.2) 

Under this circumstance benefit reserves on a semicontinuous basis are easily cal- 
culated from the corresponding fully discrete benefit reserves. 



7.6 Benefit Reserves Based on True m-thly 
Benefit Premiums 

In this section we examine the benefit reserve formulas corresponding to the 
formulas for true m-thly benefit premiums discussed in Section 6.4. By the pro- 
spective method, one can write a direct formula for \ V { "'^, namely, 

\^ = A x ^-^aTX- k k<h. (7.6.1) 

This can be evaluated after obtaining h P[t by means of (6.4.1) or (6.4.2), and 
a ( ;%.j^ by means of (5.4.15) or (5.4.17). 



We now consider the difference between h k V^ and '[V,--, in the general case of a 
limited payment endowment insurance. We have, for k < h, 
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■ ■('») 

/,„\ „(m) ../...\ /it /• i\ 



Under the assumption of a uniform distribution of deaths in each year of age, (7.6.2) 
becomes 



a?'* fl Y+t: ^H - B(m) ^,V^li- 

J J 

The terms involving a^" 1 cancel to yield 

Jv3-^ = P(m) ; ,P3^. (7.6.3) 

Thus, 

(the benefit reserve for an insurance = (the corresponding fully 
with true m-thly benefit premiums) discrete benefit reserve) 

/a fully discrete benefit reserve for term insurance over\ 
+ I the premium paying period for a fraction, B(m), of the . 

\ a ... ill,, u^^^fn- ^.voTviiiiTvi fnr fKp nlan nf insurance / 

^liutr iii-imy ycuciu -» — j,„~- ^ 

A similar result holds for benefit reserves on a semicontinuous basis with true 
m-thly benefit premiums under the assumption of uniform distribution of deaths 
in each year of age. By the prospective method, we have for k < h, 

h k V°"KA x .j t ) = A,^ - ^'"KA^) eVjng- ( 7 - 6 - 4 ) 

By steps analogous to those connecting (7.6.1) and (7.6.3), we obtain 

lV (m) {A x .^ = \V{A^) + B(m) ,P<'"\A^) k V\.^ (7.6.5) 

Further, by letting m — • x above, we obtain for a fully continuous basis 

>IV(A^) = 'IV(A X ^ + B(=c) h P(A xa ) fc Vl :5 i. (7-6.6) 

Note again that the term insurance benefit reserve is on a fully discrete basis. 



Example 7.6.1 



On the basis of the Illustrative Life Table with the assumption of uniform dis- 
tribution of deaths over each year of age and i = 0.06 calculate the following for a 
20-year endowment insurance issued to (50) with a unit benefit and true semian- 
nual benefit premiums: 

a. The benefit reserve at the end of the tenth year if the benefit is payable at the 
end of the year of death. 

b. The benefit reserve at the end of the tenth year if the benefit is payable at the 
moment of death. 

Also verify (7.6.5) in relation to the benefit reserve in part (b). 
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Section 7.6 Benefit Reserves Based on True m-thly Benefit Premiums 



Solution: 

a. In addition to the values calculated in Example 6.4.1, we require 
A^ M = 0.13678852 
A Mm = 0.58798425 
ci bom = 7.2789425 
iqVso-M = A w-M ~ P 50;20l a'eaTol = 0.052752 

10^50:20] = ^60:101 _ P 50:20| ^60:Tol = 0.355380. 

Then, under the assumption of a uniform distribution of deaths over each 
year of age, we have 

flgfcg = a(2) a bm - P(2) (1 - 10 E 60 ) = 7.1392299. 

The benefit reserve, ^Vf^, can be calculated using either 

(7.6.1): - P^a = 0.355822 

or 

(7.6.3): w V 3m + P(2) 10 V^ = 0.355822. 

\-, \a/q need additional calculated values: 

r ^50-2(3 = 0.13423835 
o 

^50*0 - 4S = 0 - 03286830 

"50:201 

{A^ = 0.14085233 
o 

A 50: 2o, = 0.36471188 
P(A- M :ij) = = 0.03229873 

a 50:20! 

A 60:Ti j = 0.59204806 

10^(^50:25) = ^60:B ~ ^50:55) ^OOOl = 0.3569475 

w V'-\A- Mm ) = /W, - i* 2 ^*,**) «gfo = 0.3573937 
3(2) P (2 >(A 30:5 o) IO V 5 5 0:2g = 0.000446. 

This last value is the difference between the two directly above it, as shown 
in (7.6.5). ▼ 
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7.7 Be 



nefit Reserves on an Apportionable or Discounted 



Continuous Basis 

In Section 6 5 we discussed apportionable, or discounted continuous, benefit pre- 
m Lms, and we now confer the corresponding benefit reserves. For integer k, we 
have by the prospective method 

But by (6.5.2), 

. 



and by (5.5.4), 



a 



Substitution into (7.7.1) yields, for an integer k, 

This means that, on anniversaries of the issue date, fully continuous benefit reserves 

ims inedus uLdi, j„„ t n ( ^ 0 nrpm nm-oavine mode. 

ran be used for all apportionable cases, mutpeuuau r — - — — . , ~ 

The condln that the an .n.eger can be re.axed to being at the end of an ,,,-th 

for m-thly premiums. 

In Section 6.5, it was noted that the apportionable benefit premium could be 
decomposed as 

P m ( A v ) = P(A X ) + P(A P X R ) ( 77 - 3 > 



„.u_ ^ c „n Pr .not PR is used to denote an insurance for the benefit premium 
™ l \ T r" r ~ :ZL:^ ,^ m nndHnn for the benefit reserves can be vermea dv 



.e^dratuXA'similar decomposition for the benefit reserves can be venfiea oy 
use of the prospective method and (6.5.7). The steps are: 



A 



x + k 



A. 



-it 



P(A P X R ) 



= HA X ) 



Since 



-P(A X ) = P ll] (A<\ 
8 



trie expressiun lcul uc icw«-<v.^~ v~ 

^(A™) = -P(A X ) a x+k + P(A X ) ii x+k 

= A x+k - P(A X ) - [A x+k - P(Ar) & X + k\ 
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Benefit Reserves on an Apportionable or Discounted Continuous easts 



Thus we have 



= k V™ (A x ) - k V(A x ). 
V"KA X ) = k V{A k ) + k V(A F x R ). 



(7.7.4) 



7.8 Notes and References 

This chapter has developed the idea of a reserve in parallel to the development 
of premiums in Chapter 6. Discussion of recursion formulas for reserves is deferred 
to Chapter 8. Reserve principles based on the utility functions used in Chapter 6 
were first applied. Gerber (1976, 1979) develops these reserves in a more abstract 
setting. Benefit reserves, which followed from a linear utility function, were studied 
extensively. Scher (1974) explored the apportionable benefit premium reserves as 
discounted fully continuous benefit reserves. 



Exercises 

Section 7.1 

7.1. Determine the benefit reserve for t = 2, 3, 4, and 5 for the insurance in Ex- 

i _ r_ -i 1 

ampie D.I.I. 

7.2. Determine the exponential reserve for t = 2, 3, 4, and 5 for the insurance in 
Example 6.1.1. 

7.3. Determine the exponential reserve for f = 1, 2, 3, 4, and 5 for the insurance 
in Exercise 6.2. 

7.4. Consider the insurance in Example 7.1.1 and the insurer of Exercise 6.3 with 
utility function u(x) = x - 0.01 x 2 , 0 < x < 50. Determine the reserve, k V, for 
it = 1, 2, 3, and 4 such that the insurer, with wealth 10 at each duration, will 
be indifferent between continuing the risk while receiving premiums of 
0.30360 (from Exercise 6.3) and paying the amount k V to a reinsurer to assume 
the risk. 

7.5. Consider a unit insurance issued to (0) on a fully continuous basis using the 
following assumptions: 

i. De Moivre's law with co = 5 

ii. / = 0.06 

iii. Principle III of Example 6.1.1 with a = 0.1. 

a. Displav equations which can be solved for the exponential premium and 
the exponential reserve at f = 1. 
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b Solve the equations of (a) for the numerical values for the exponential 
premium and exponential reserve. Numerical methods must be used to 
obtain these required solutions. 

Section 7.2 

7.6. For an n-year unit endowment insurance issued on a fully continuous basis 
to (*), define ,L, the prospective loss after duration t. Confirm that 



VarCLlT > 0 = - - " 



77 The prospective loss, after duration t, for a single benefit premium n-year 
continuous temporary life annuity of 1 per annum issued to (x) is given by 



t < T < n 



i - \ : ; T 



Express E[ t L\T > t] and Var( f L|T > f) in symbols of actuarial present values. 

7.8. Write prospective formulas for 

a 20 V( A ~i) 

, ' !?. . on H nf 5 vpars for a unit benefit 10-year term 
D. tne uentriiL lcscivt m m<- ~- - j 

insurance issued to (45) on a single premium basis. 

7 9 a For the fully continuous whole life insurance with the benefit pre- 
mium determined by the equivalence principle, determine the outcome 
Uq = T(r) _ t suc h that the loss is zero. [Caution: For large values of f, a 

solution may not exist.] 
b. Determine the value of u 0 for t = 20 in Example 7.2.3 and compare it to 
Figure 7.2.1 for reasonableness. 

7 10 The assumptions of Example 7.2.3 are repeated. Find the value of t such that 
the minimum loss is zero. Check your result by examining Figure /.2.2. 

7 11 a Repeat the development leading to (7.2.9) to obtain the d.f. for the loss 
variable associated with an ;/-year fully continuous endowment insurance, 
b. Draw the sketch that corresponds to Figure 7.2.1 for this endowment 
insurance. 

7.12. Repeat Exercise 7.11 for an n-year fully continuous term insurance. 

7.13. Confirm that (7.2.10) satisfies the conditions for a p.d.f. 

Section 7.3 

7.14. Write four formulas for ] { ^V{A W ). 

7.15. Write seven formulas for W V(A M) .^). 

7.16. Give the retrospective formula for ^V( 30i f7 : , 5 ). 
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Exercises 



7.17. For 0 < £ < m, show 

1 r// a \ _ t7/ ^ 1 \ i I? ' T7/ A \ 

D- t v (n x .— ) - ,v^ T:S ; -r / v v .; |) . ,„ k V ;i v ,„ + „ |; 

anrl o-ivp an infprnrpfation in words. 

■ - — — r 

7.18. State what formula in Section 73 the following equation is related to, and 
give an interpretation in words: 

^V(A 30 ) = A 4,,.=] + 5 E 40 ™V(A 3() ) - 20-P(^30) «40-.5> 

Section 7.4 

7.19. Write four formulas for 2 ^V W . 

7.20. Write seven formulas for ^V^.^. 

7.21. For 0 < k < m, show 

7.22. If it < nil, k V^ = 1/6, and d v ^ + d x+2k .^ = 2 a x+k .^ f calculate 

kYx-k-^k- ■ 

Section 7.5 

7.23. On the basis of the Illustrative Life Table and interest of 6%, calculate values 
for the benefit reserves in the following table. (See Exercise 6.10.) 



Fully Continuous 


Semicontinuous 


Fully Discrete 




10^ 35:371) 


10^35:30] 




n,V(^35) 











7.24. Under the assumption of a uniform distribution of deaths in each year of age, 
which of the following are correct? 

a- k V(A,-) = ^ k V v7 

b. K V(A,) = ^ k V x 

c. k V(A\.-) = ^ k V\. 7n 

C„.-i.'„., - £ 

7.25. Show that, under the assumption of a uniform distribution of deaths in each 
year of age, 

5^30:20] ~ 5^30:2lil _ ^30:2u| 

201/(4) _ 201/ A 
3 V 30 5 V M ^30 
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(The assumption is sufficient but not necessary.) 



7 if, Which of the following are correct formulas for ^Vi'^? 



fT-\im\ T\im\\ ~im\ 



L - 1 40 b 40:15] 15* 



40 



A 1 ^' 

d - 1 " ^ 

"40 



Section 7.7 

7 07 WVii<-Vi nf tV»f> fnllmAnno- arp rnrrprt formulas for ^V' 4 '^ m 1? 

i *£m / . » » « "VI IV*. " 1.W i V V T » t.£j ~ ^ ' 13 \ 1U/ 

b. [P (41 (A 55 ) - P f41 (A 40 )]^ 

P^J 



a. 15 V(A 40 ) 

c. [P(A 55 ) - P(A 40 )]a 55 



1 



A 



55 



e. 1 - r 55 



f. P(A 40 ) s 40: Y5| — 15 k iQ 



728. Show that 



T>\m\i A \ i. /1 



b. ,^""(A^) - ?V""»(A X ) + (1 - A x+ll ) t VV 
Give an interpretation in words. 

Miscellaneous 

7.29. Calculate the value of PJ.^ if „V X 
Pi = 0.2. 



= 0.080, P T = 0.024, and 



n on 1/ 

/.o>U. 11 10 K 35 



nicn x/ — n o.r;,! ,^l--ii1=ifo . \/._ 

auu 20^35 w.^^t;, |g . 45. 



7.31. A whole life insurance issued to (25) pays a unit benefit at the end of the year 
of death. Premiums are payable annually to age 65. The benefit premium for 
the first 10 years is P 25 followed by an increased level annual benefit premium 
for the next 30 years. Use your Illustrative Life Table and 2 = 0.06 to find the 
following. 

a. The annual benefit premium payable at ages 35 through 64. 

b. The tenth-year benefit reserve. 

c. At the end of 10 years the policyholder has the option to continue with 
the benefit premium P 25 until age 65 in return for reducing the death benefit 
to B for death after age 35. Calculate B. 

d. If the option in (c) is selected, calculate the twentieth-year benefit reserve. 

7.32. Assuming 8 = 0.05, <j x = 0.05, and a uniform distribution of deaths in each 
year of age, calculate 

a- (m\.Ti b. U2 V(IA)\.j r 
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Exercises 



ANALYSIS OF BENEFIT RESERVES 



8.1 introduction 

In Chapter 3 probability distributions for future lifetime random variables were 
developed. Chapters 4 and 5 studied the present-value random variables for in- 
surances and annuities. The funding of insurance and annuities with a system of 
periodic payments was explored in Chapter 6, and in Chapter 7 the evolution of 
the liabilities under the periodic payments to fund an insurance or annuity was 

;^ T»- Ur4 I-,.ta -»»-**-c»i-c- fU^ ^tvit-iViicic *A7-sc r\r* 1 1 V\onofifc funrlar? 

/ere/ periodic payments that are usually determined by an application of the equiv- 
alence principle. 

Why was the emphasis on level payments? First, traditional insurance products 
are purchased with level contract premiums. It is natural to think of a constant 
portion of each premium being for the benefit, hence a level benefit premium. 
Second, the single equation of the equivalence principle yields a solution for only 
one parameter. It is natural to think of this parameter as the benefit premium. 
Third, until the incidence of expenses is discussed in Chapter 15, one of the moti- 
vations of nonlevel benefit premiums is not present. Fourth, historically some reg- 
ulatory standards have been specified in terms of benefit reserves defined by level 
benefit premiums. 

In this chapter we define benefit reserves as we did in Chapter 7, but the defi- 
nition is applied to general contracts with possibly nonlevel benefits and premiums. 
Of course, level premiums are a special case of nonlevel premiums, so the ideas 
here applv to the examples of Chapter 7. However, the reverse is not true. The 
special technique and relationships of Chapter 7 may not apply to the more general 
contracts of this chapter. 

We start with definitions of general fully continuous and fully discrete insur- 
ances, and recursion relations are developed for these general models. The general 
discrete model is used to obtain formulas for benefit reserves at durations other 
than a contract anniversary, something that was not obtained in Chapter 7. An 
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allocation of loss and of risk of the contract to the various periods of the contract 
duration is obtained by use of the general fully discrete model. Again, these ideas 
apply to the contracts of Chapter 7, and the reader is encouraged to exercise this 
application. 



8.2 Benefit Reserves for General Insurances 

Consider a general fully discrete insurance on (x) in which 

• The death benefit is payable at the end of the policy year of death 

• Premiums are payable annually, at the beginning of the policy year 

• The death benefit in the z'-th nnlirv vpar ic h. i = 1 1 

j r j j * "jr j *-i ■ ■ ■ 

• The benefit premium payment in the ;-th policy year is j = I, 2, . . . . 
Note that the subscripts of b and tt are the times of payment.' 

For a non-negative integer, h, the prospective loss, h L, is the present value at h 
of the future benefits less the present value at h of the future benefit premiums. 
Expressed as a function of K(x), it is 



uL = 



J K(x) 



K(x) = 0, 1, ... h - 1 
K(x) = h, h + 1, 



(8.2.1) 



Note: This definition extends the one given in (7.4.1) by including values (zeros) 
of h L for K(x) less than h. Of course, this pvtpnsinn will ™t c 

- . , „^ ^ •• ^-ii^ai^,^ mi, v umc ui uic 

benefit reserve because it is the conditional expectation given K(x) > h. The exten- 
sion will be used in the development of recursion relations. 

The benefit reserve at h, which we will denote by h V, is defined as 
h V = E[ h L\K(x) s h] 



r K(x < 

E I Wi vm+1 ~ h ~ 2 ^ vi- h \K(x) > h 
L j=h 



= E 6. 



J (K(x)-h) 



>=0 



(8.2.2) 



Under the assumption that the conditional distribution of K(x) - h, given K(x) = 
Kh + l,...,is equal to the distribution of K(x + h), this last expression can be 
rewritten as 



h V = E 



K(x+h) 



h ,,K(x+h)+l V 

°K(x+h) + h + l V - 2j T*h+i V 



;=0 



E ib h+j+1 u' +l - £ ir h+k v k ) p x+h q 



(8.2.3) 



Note that if this assumption fails, we are in the select mortality mode. By applying 
summation by parts (see Appendix 5) or reversing the order of summation, (8.2.3) 
can be rewritten as 
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/-o ;'=o 

Thus, , V as defined by (8.2.2) converts readily to the prospective formula: the ac- 
tuarial present value of future benefits less the actuarial present value of future 
benefit premiums. 

In Chapter 7 we discussed four types of formulas for the benefit reserve: 
prospective, retrospective, premium-difference, and paid-up insurance. These were 
applicable to benefit reserves for contracts with level benefit premiums and level 
benefits. Only the prospective and retrospective forms extend naturally to the gen- 

The retrospective formula will be developed in the 

next section. 



Example 8.2.1 



A fully discrete whole life insurance with a unit benefit issued to (x) has its first 
year's benefit premium equal to the actuarial present value of the first year's ben- 
efit, and the remaining benefit premiums are level and determined by the equiv- 
alence principle. Determine formulas for (a) the first year's benefit premium, 
(b) the level benefit premium after the first year, and (c) the benefit reserve at the 
first duration. 



a. From Chapter 4, tt 0 = A\^. 

b. By the equivalence principle A\.^ + irfl v = A x , so tt = {A x - A x .^) I a x = 
A x+ \ I a x+ i — P x +i- 

c. By the prospective formula, T V = A x+l - uii x+1 - 0. T 
t-. i _ n t ;ii l i„„ „„„^„^U nov,loiml nrominmc Annthpr annrnach 

example O.Z..1 lllUSUcues unc ayyuja^n i\j ■I"'"'-".' ^a.v.i*"^ — r r 

would be to set a premium pattern in the loss variable 0 L as defined in (8.2.1) by 

a set of weights, w jf for ; - 0, 1, 2 Applying the equivalence principle, we 

have in a special case of (8.2.1) 

E[ 0 L] = 0, 



or 



and 



2 b j+1 p x q x+j = * 5>,- v' p x (8.2.5) 



Z b j+l V'^ p x q x+l 
ir = ^ (8.2.6) 



2 w> ^ 
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By different selections of sequences {b ;+1 ; / = 0, 1, 2, .} and {«,,.; j - 0, 1, 2, . . .}, 
the various benefit premium formulas can be obtained. 

• j u. (h -7 = 012 } to be fixed, there remains great 

If we confer the sequence a 1. 2- ■ ■ -I determines 

flexibility in f^^^^^^^ considerations to require 

tT^/, I butie evince principle does no, irnpose ^s condition. 



The annual benefit premiums for a fully discrete whole life insurance with a unit 
ine annual ucucm ^ ^ mieht be selected 

benefit issued to (x) are ir, = irw,, where ^ - (1 + r)>. The rate mign 

to estimate the expected growth rate in the insured s income. 

Develop formulas for 

a. it 

b. h V and 

c. h V when r = i. 

Solution: 

a. Using (8.2.5), u = A, / a*, where a* x is valued at the rate of interest 
•* = (j_ r )/(i + r ). When r = i, tt = A x / (e x + 1). 

b. Using (8.2.4), 

CO 



;=0 

..^ A + rY .. 

~"x+h 



H v 



c. „V = A, +h - IX / (e x + 1)](1 + r)\e x+h + 1). T 
In Example 8.2.2, negative benefit reserves are possible with higher values of r. 
See Exercise 8.32 for a variation of this policy. 

Now consider a general fully continuous insurance on (x) under which 
. The death benefit payable at the moment of death, t is b t , and 

■ „„~ui Q ^Hnnoiislv at t at the annual rate, ir f . 

^^^^ .^1^; ;^ surviving at , is the present va.ue 
* t of Sire benefits less the present value at , of the future benefit prenuums: 
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,T(x)-t 



: T(x) 



T(x) < t 
tt m v u - f du T(x) > t. 



(8.2.7) 



The benefit reserve for this general case, which we will denute by t V, is then 



t7 - cr r \Tf v \ 



*1 



= E 



= E 



J T(x) 



,T(*)-f 



J tt m v u_t du\T(x) > t 



J (T{x)-t) + t 



,T(x)-t 



•T(x)-t 



TT t+r v r dr\T(x) > t 



(8.2.8) 



As assumed to obtain (8.2.3) for the fully discrete insurance, we assume here that 
the conditional distribution of T(x) - t, given T(x) > t, is the same as the distri- 
bution of T(x + t) and proceed to 



t V=E 



rnx+t) 

°T(x+t)+t V J Q ^t+r u u < 



Tr t+r v r drj u p x+t \x. x (t + u) du 
b t+u v u u p x+ , vjt + u)du- [ TT (+r v r r p x+t dr. 



(8.2.9) 



The second integral in (8.2.9) is obtained bv integration by parts, or, alternatively, 

_ x ' w _ - 

by reversing the order of integration. In other words, t V can be expressed as the 
actuarial present value of future benefits less the actuarial present value of future 
benefit premiums. If the assumption about the conditional distribution of T(x) - t, 
given Tix) > t, does not hold, we are in the select mortality mode. 



8.3 Recursion Relations for Fully Discrete Benefit Reserves 

One objective of this chapter is to explore recursion relations among the loss 
random variables, their expected values, and variances. We start with a definition 
for the insurer's net cash loss (negative cash flow) within each insurance year for 
the fully discrete model as defined for (8.2.1). Figure 8.3.1 is a time diagram that 
shows the annual cash income and cash outgo. 



Insurer's Cash Income and Outgo for General Fully Discrete Insurance 

0 0 b K(x)+1 0 0 
ttkw-i ttjcw 0 0 0 etc. 



Outgo 


0 


0 


0 


Income Tr 0 




ir 2 




0 


1 


2 


3 



K{x)-l K(x) K(x) + lK(x) + 2K{x)+3 
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Let C h denote the present value at ft of the net cash loss during the year 
(ft, ft + 1). If (ft, h + 1) is before the year of death [ft < K(x)], then C h = -it,,. If 
(ft, h + 1) is the year of death [ft = K(x)\, then C„ = v b h+l - tt,,. And if (ft, ft + 1) 
is after the year of death, of course, C h = 0. Restating this definition as an explicit 
function of K(x), 

'0 K(x) = 0, 1 ft - 1 

• v b h+1 - tt,, K(x) = ft (8.3.1) 
-ir h K(jc) = ft + 1, ft + 2, 

For the conditional distribution of C h , given K(x) > ft, we observe that 

Q = 7 - tt,„ 



wnere 



Therefore, 



and 



I _ 1 1 with probability 

[0 with probability p v+/j . 

E[Q|K(x) > ft] = v b k+1 q x+h - TT h (8.3.2) 



Var[C h \K(x) > ft] = (v b h+l f q x+h p x+h . ( 8 . 3 .3) 
Moreover, using (2.2.10) and (2.2.11) along with (8.3.1)-(8.3.3),. 

E[C,J = (v b h+1 q x+h - Tt h ) hPx (8.3.4) 

and 

Var(Q) = (v b h+1 q x+h - it,) 2 hPx h q x + ( v b h+1 fq x+h p x+h hPx . (8.3.5) 

Finally, for ; > ft, C } and Q are correlated, an assertion that is left for the student 
to verify in Exercises 8.5 and 8.6. 

-~ r ~. ^^xj, vc^ui^u V u.^. X y, ^ jlo uiic jjiesent vaiue at n or me insurer s future 

cash outflow less the present value at ft of the insurer's future cash income. By 
rearranging the terms in this definition, an equivalent one that states h L as the sum 
of the present values at ft of the insurer's future net annual cash losses is obtained. 
This is 

CO 

h L = 2 vi~ h C r (8.3.6) 

j=h 

For ft < K(x), we have from (8.3.1), 

h L = 2 «,;-* C ; = v*"-* (v b KM+1 - ^ w ) - 2 

i =h j=h ' 

K(x) 

= 1} K(x)+l-h l, _ V ,,j-h „ 

U °K(x) + l Zj U TT; 



as before. For ft = K(x), h L = C KM = (v b K(x)+1 - tt K(x) ). And for ft > K{x\ both sides 
of (8.3.6) are zero. 
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A recursion relation for the loss variables follows from (8.3.6): 

h L = C h + v 2 v>-^ C, = C h + v h+1 L. (8.3.7) 

fir*ti T^A-ri^fif- rpQprvpQ ran V>p nhtainprl from ('8.^.7^ Hv 

1 V H-V- 1-4 JL L_7iWA I J- l JW* wji.il*- w jk-w ^ „ ■ .- - — " \ / ~ J 

h V = E[ h L\K(x) > h] 

= E[C, + v h+1 L\K(x) > ft] 

- v b h+1 q x+h -tt h + v E[ h+1 L\K(x) > h]. (8.3.8) 

Since , 1+1 L is zero when K(x) is h, we have 

h 1 ^ = v K+i 1x+h ~ + v E[, I+1 L|K(x) > ft + 1] 

= u - tt„ + u h+1 Vp x+h . (8.3.9) 

Formula (8.3.9) is a backward recursion formula [u{h) = c(h) + d(h) X u{h + 1)] 
for the general fully discrete benefit reserve. Note that d(h) = vp x+h again and c(h) 
= vb h+1 q x+h - ir h . A forward recursion formula can be obtained by solving (8.3.9) 
for h+1 V. (See Exercise 8.2.) This forward formula was used in Examples 7.4.3 and 
7.4.4 in an aggregate mode; that is, the mortality functions were in life table form. 

Further insight to the progress of benefit reserves can be gained by rearrange- 
ments of (8.3.9). First, add ir h to both sides, to see 

h V + ir h = b h+1 v q x+h + h+1 V v p x+h . (8.3.10) 

In words, the resources required at the beginning of insurance year h + 1 equal 
the actuarial present value of the year-end requirements. The sum h V + ir h is called 
the initial benefit reserve for the policy year h + 1. In contrast, h V and h+l V are 
called the terminal benefit reserves for insurance years h and h + 1 to indicate that 
they are year-end benefit reserves. 

Formula (8.3.10) can be rearranged to separate the benefit premium ir h into com- 
ponents for insurance year h + 1, namely, 

irh = h+i u + (h+iV v p x+h - h V). (8.3.11) 

The first component on the right-hand side of (8.3.11) is the 1-year term 
insurance benefit premium for the sum insured b h+1 . The second component, 
h+1 V v p x+h - h V, represents the amount which, if added to h V at the beginning of 
the year, would accumulate under interest and survivorship to h+l V at the end of 
the year. 

For the purpose of subsequent comparison with formulas for a fully continuous 
insurance, we multiply both sides of (8.3.11) by 1 + i and rearrange the formula 
to 

*h + (hV + ir fc )i + h+ iVq x+h = K + i 1x + h + M h V)- (8-3.12) 



\ 
1 
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The left-hand side of (8.3.12) indicates resources for insurance year h + l, namely, 
the benefit premium, interest for the year on the initial benefit reserve, and the 
expected release by death of the terminal benefit reserve. The right-hand side con- 
sists of the expected payment of the death benefit at the end of the year and the 
increment h+1 V - h V in the benefit reserve. 

An analysis different than (8.3.10)-(8.3.12) results if one. considers that the benefit 
reserve h+1 V is to be available to offset the death benefit and that only the net 
amount at risk, b h+1 - _ h+1 V, needs to be covered by 1-year term insurance7Forlhis 
analysis we have, on substituting 1 - q x+h for p x+h in (8.3.10) and multiplying 
through by 1 + z, 

h+1 V = ( h V + Tr h )(l + i) - (b h+1 - h+1 V)q x+h . (8.3.13) 
Corresponding to (8.3.11), we now have 

Tt h = (K +1 - k+1 V)v q x+h + (v h+1 V ~ h V). (8.3.14) 

The first component on the right-hand side of (8.3.14) is the 1-year term insurance 
benefit premium for the net amount of risk. The second component, v h+l V - h V, 
is the amount which, if added to h V at the beginning of the year, would accumulate 
under interest to h+1 V at the end of the year. In this formulation h+1 V is used, in 
case of death, to offset the death benefit. Consequently, the benefit reserve accu- 
mulates as a savings fund. This is shown again by the formula corresponding to 
(8.3.12), namely, 

^ + ( h V + Tt h )i = (b h+l - h+l V)q x+h + A(„7), (8.3.15) 
which is left for the reader to interpret. 

The analysis by (8.3.11) does not use the benefit reserve to offset the death benefit, 
and consequently the benefit reserve accumulates under interest and survivorship. 
Both components of the right-hand side of (8.3.11) involve mortality risk, whereas 

in (R .3 14^ nnlv fhe fircf mmnnncnt rlnor ™^ Q C /O o 1 A\ : 1 j 1 

v , - - — r " v.vuij/um. u i UUSiJ. rye JCC 111 lJCI_L1W11 U.U LX LdL \U.^J. It f IS ICldLCU 

to a flexible means for calculating the variance of loss attributable to the random 
nature of time until death. 



Formulas (8.3.10)-(8.3.15) are all recursion relations for the benefit reserve at 
integral durations. None of the six is written in the form of an explicit backward 
or forward formula; rather, each is written to give an insight. In Example 8.3.1, 
recursion relation (8.3.14) is used to obtain an explicit formula for the benefit pre- 
mium and benefit reserve. 



Example 8.3.1 



A deferred whole life annuity-due issued to (x) for an annual income of 1 com- 
mencing at age x + n is to be paid for by level annual benefit premiums during 
the deferral period. The benefit for death prior to age x + n is the benefit reserve. 
Assuming the death benefit is paid at the end of the year of death, determine the 
annual benefit premium and the benefit reserve at the end of year k for k < n. 
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Solution: 

Using the fact that b h+l = h+1 V for h = 0, \, 2, . . . , n - 1, in (8.3.14), we have 



h+l ' 



W = y ft+1 ft+a V - y" „V = A(y" ,V). (8.3.16) 
Summing over /i = 0, 1, 2, . . . , n - 1, we obtain 

n-l 



/t=0 

and, since 0 V = 0 and n V = fl x+tt/ it follows that 



^ _ „n fl *+" _ a x + n 

it — y — 



Thus, this annuity is identical to that described in Example 6.6.2. The benefit reserve 
at the end of k years can be found by summing (8.3.16) over h = 0, 1, 2, . . . , 
k — 1 to give 

V k k V = TTfl^, 

from which 



Example 8.3.2 



A fully discrete n-year endowment insurance on (x) provides, in case of death 
within n years, a payment of 1 plus the benefit reserve. Obtain formulas for the 
level benefit premium and the benefit reserve at the end of k years, given that the 
maturity value is 1. 

Solution: 

In this case b h = 1 + h V, and the net amount at risk has constant value 1. Denoting 
the annual benefit premium by tt and using (8.3.14), we have 

v h+1 V - h V = tt - v q x+h h = 0, 1, . . . , n - 1. 
On multiplication by v'\ this becomes 

A(y" h V) = it v h - v h+1 q x+h . (8.3.17) 
Summing this over h = 0, 1, 2, . . . , n - 1, we obtain 

so that, with „V = 1 (the maturity value is 1), 

i;» + 2 v h+ \ +h 

h=0 

TT = 7. • 
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By summing (8.3.17) over h = 0, 1, 2, . . . , fc - 1, and solving for fc V, we have 

= - X (i + 

/i=o y 

Just before Example 8.2.1 we promised to develop a retrospective formula for 
the benefit reserve of the general fully discrete insurance in this section. We start 
by rewriting recursion relation (8.3.11) in the form 

ir h - b h+1 v q x+h = h+1 V v p x+h - h V 
and then multiplying both sides by v h h p x to obtain 

ir„ v h j>. - b,,, v h+l ,.v.. a...,. = ...V r; h+1 ...n- .V 



ui * ix-rn n-t-i ■ - nt-irx II ' " hfx 



= A( h V v h kVx ), (8.3.18) 

which holds for h - 0, 1, 2, ... . When we sum both sides of (8.3.18) over the 
values from 0 to k - 1, we have 

k-1 

2 K v h hVx - b h+l v h+l hVx q x+h ) = k V u k tf x - 0 V. 



With equivalence principle premiums, Q V = 0, so we can rewrite this last equation 
for the terminal benefit reserve of the general fully discrete insurance as 



k v = 2 ^ v " ~ v'" 1 h Px q x+ h 

h=0 V k yV x 

and then as 

(1 + 

k V = X (tt,, - vb h+1 q x+h ) i (8.3.19) 

h=0 k-hVx+h 

Formula (8.3.19) shows the benefit reserve at k as the sum over the first k years of 
each year's premium less its expected death benefit accumulated with respect to 
interest and mortality to k. 



8.4 Benefit Reserves at Fractional Durations 



We consider again the general fully discrete insurance of (8.2.1) on (x) for a death 
benefit of b j+1 at the end of insurance year ;' + 1, purchased by annual benefit 
premiums of tt ; , / = 0, 1, . . . , payable at the beginning of the insurance year. We 
seek a formula for, and an approximation to, the interim benefit reserve, that is, 
V for h = 0, 1, 2, . . . and 0 < s < 1. Extending the earlier definition of the benefit 



h+s 



reserve as stated in (8.2.1) and (8.2.2), we have for the interim case 

0 K(x) = 0, 1, . . . , h 



h+s 1 



,1-s 



v K(x)+l~(h+s) 



K(x)+1 



K(x) 

2 

j=h+l 



K(x) = h 
v j-(h+ S ) K ^ = h + l,h + 2, 



(8.4.1) 
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and 

h+s V = E[ b+s L\T(x) >h + s]. (8.4.2) 



Worn (8.4.z;, 



h+s' " "/i+l l-slx+rt+s ' " fi+1 ' l-sl-i+ft+s* v,^.^.-/ 



Now multiply both sides of (8.4.3) by u s s p x+h to obtain 

v s s p x +h h +s V = v & h+ iG|i-A+h) + v(j, +1 V) p x+h . (8.4.4) 

Equation (8.3.9) provides an expression for vb h+1 q x+h , which can be substituted into 
(8.4.4) to obtain 

s\1 ~S*? X+h 

v s s p x+h h+ s V = (hV + n,, - h+1 V v p x+h ) ——— + v h+l V p x+h , 

Hx+h 

which can be rearranged to 

* aPx+h h+s V = ( h V + or,,) + ( h+1 V v p x+h ) (l - (8.4.5) 

Hx+h \ 1x+h / 

This exact expression shows that when the interim benefit reserve at h + s is 
discounted with respect to interest and mortality to h, the result is equal to an 
interpolated value between the initial benefit reserve at h and the value of the 
terminal benefit reserve at h + 1 discounted to h. 

W e em nhasize _that the interpolation is,_in general, not linear; however, under 
the^ssumption-DLuri^ 
p_olatio.njw;eights are linear and (8.4.5) is 

v\Px + h h +s V = ( h V + tt„)(1 - s) + ( h+1 V v p x+h )(s). (8.4.6) 

By replacing i and q x+h with zeros in (8.4.6), as an approximation, the result is linear 
interpolation between the initial benefit reserve at h and the terminal benefit re- 

h+s V = (1 - s)( h V + 77,) + s( h+1 V), (8.4.7) 

which is often written in the form 

h+s V = (1 - s)( h V) + s( h+l V) + (1 - sK. (8.4.8) 

Here the interim benefit reserve is the sum of the value obtained by linear inter- 
polation between the terminal benefit reserves, 

(i - 5 )( h v) + sun 

and the unearned benefit premium (1 - s)ir ?I . In general, 

(the unearned benefit premium = (the benefit premium 
at a given time during the year) for the year) 

X (the difference between the time 
through which the premium 
has been paid and the given time). 
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Thus, on an annual premium basis, the benefit premium has been paid to the end 
of the year so at time s the unearned benefit premium is (1 - s)i7 A . This notion of 
an unearned benefit premium will be used in discussing approximations to benefit 
reserves when the premiums are collected by installments more frequent than an 
annual basis. 



We consider now one such case, that of true semiannual premiums with claims 
paid at the end of the insurance year of death. For 0 < s < 1/2 we could start 
with the random variable giving the present value of prospective losses as of time 
h + s and then calculate its conditional expectation given that (x) has survived to 
h + s. This is a bit more complex than it was for (8.4.4), so we start with the 
equation corresponding to (8.4.3) by noting that it is the prospective formula 



J x+h+s 



- y K 5 -%.5- s P, + * +s )- (8.4.9) 

The first two terms of (8.4.9) can be viewed as the actuarial present value of the 
death benefit and an endowment benefit of amount equal to the reserve, and the 
third term is the actuarial present value of the future benefit premium for the 
1 - s year endowment insurance. Multiplying both sides of (8.4.9) by s p x+h v 3 , we 
have 

sP x+ h v s h+s y {2) = vb h+1 ( s ^ s q x+h ) + v( h+1 V&) p x+h 

~ J (v°- 5 )(o.5Px +h )- (8.4.10) 

For the semiannual premium policy the equation corresponding to (8.3.10) is also 
a prospective benefit reserve formula: 

h V^ = b h+1 vq x+h + h+1 V™vp x+h - ^ (1 + v°\ 5 p x+h ). (8.4.11) 

Equation (8.4.11) provides an expression for vb h+1 to substitute in (8.4.10), which 
yields 



sP x+h v\ +s VV=( h VV + ^)*^ 

\ 2 / q x+h 



+ 



v(h + iV {2) ) p x+h ~ ^ (v°- 5 )( Q5 p x+h ) 



x ^ - 

Formula (8.4.12) corresponds to (8.4.5). which showed that the interim benpfif rp- 
serve at h + s, discounted with respect to interest and mortality to h, is equal to a 
nonlinear interpolated value between the initial benefit reserve at h and the dis- 
counted value to h of the terminal benefit reserve at h + 1. For the semiannual 
premium case, this terminal reserve has been reduced by the amount of the 
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discounted value of the midyear benefit premium. Under the assumption of a uni- 
form distribution of deaths over the age interval, we have linear interpolation on 
the right-hand side: 

v s h+ y {2) = (V (2) + ^ a - *) 

\ * / 



sFx+h 



(s). 



(8.4.13) 



Again setting i and c\ x+h equal to zero, as an approximation, we obtain simple linear 
interpolation between the initial benefit reserve and the terminal benefit reserve 
reduced by the benefit premium due at midyear: 



h+s 



y(2) 



V {2) + ■?(!-«)+ „ +1 ^ (2) 



(s). 



This formula can be rearranged as the interpolated value between the terminal 
benefit reserves plus the unearned benefit premium (ir h )(l / 2 - s): 



h+s 



W = [(1 - s)h yP> + s h+lV W] + 



S TTr, 



(8.4.14) 



For the last half of the year when 1 / 2 < s < 1, we can proceed as above to 
obtain the following exact formula for the benefit reserve at h + s discounted with 



respect to interest and murtality to h: 



ym + ^ (l + v°\ 5 p x+h ) 



+ [v( h+ iW) p x+h ] 1 



1x+h 

sfi-stfx+h 
tfx+h 



(8.4.15) 



Again under uniform distribution of death in the year of age, we have the linear 
interpolation 



sPx+H V S h+s V {1) = (1 " S) 



TTf, 



■y (2) + f a + v°\ 5Px+h ) 



+ s[v( h+l V^) p x+h ], (8.4.16) 

and with i and q x+h set equal to zero, as an approximation, we have the simple 
linear interpolation plus the unearned benefit premium 

h+sV (V = hV (2) {1 _ 5) + h+iV (2 )(s) + M1 _ ^ (gA17) 

(For the general result for ra-thly reserves see Exercise 8.12.) 



8.5 Allocation of the Risk to Insurance Years 

In Section 8.3 recursion relations for benefit reserves are developed by an analysis 
of the insurer's annual cash income and cash outflow. Now we extend this analysis 
to an accrual or incurred basis and develop allocations of the risk, as measured by 
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the variance of the loss variables, to the insurance years. Figure 8.5.1 shows in a 
time diagram the insurer's annual cash incomes, cash outflows, and changes in 
liability for the general fully discrete insurance of (8.2.1). The random variable C h 
is related to the cash flows of the policy year (ft, ft + 1). We now define a random 
variable related to the total change in liability, cash flow, and reserves. 



Insurer's Cash Incomes, Outflows, and Changes in Liability 
for Fully Discrete General Insurance 



Outflow 0 0 0 fc KW+1 0 

Tnmmp <tt_ -n-_ it. — n n 

.. u " 1 "l Hj^j u u 

ALiability ,V 2 V-(l+i) t V m V-(l+i)^ h i v -(!+*' W 0 etc 




K(x) K(x) + l K(x) + 2 



Let A h denote the present value at ft (a non-negative integer) of the insurer's cash 
loss plus change in liability during the year (ft, ft + 1). If (ft, ft + 1) is before the 
year of death [ft < K(x)], then 

A,, = C h + v ALiability = -tt„ + v h+l V - h V. 

If (ft, ft + 1) is the year of death [ft = K(x)], then 

A h = C h + uALiability = u b h+1 - it,, - h V. 

And if (ft, h + 1) is after the year of death, of course A h = 0. Restating this definition 
as a function of K(x), and rearranging the terms, 

[0 K(x) = 0, 1, . . . , ft - 1 

K = ] {v b h+1 - T7 h ) + (- h V) K(x) = h (8.5.1) 

+ ( v h+iV ~ h V) K(x) = h + 1, ft + 2, . . . . 

The definition of A^ in (8.5.1) can be rewritten to display A h as the loss variable for 
a 1-year term insurance with a benefit equal to the amount at risk on the basic 
policy. See Exercise 8.31. 

It follows that 

E[A h \K(x) > ft] = v b h+1 q x+h + v h+l V p x+h - (tt, + k V), (8.5.2) 
which is zero by (8.3.10). 

Since the conditional distribution of A,„ given K(x) = ft, ft + 1, . . . , is a two- 
point distribution, then 



t t r a I rr/ 



var^iM*; «J = [V(D h+1 ~ h+1 V)f p x+h cj x+h . (8.5.3) 
With ; < ft we can use (2.2.10) and (2.2.11) to obtain 

E[A h \K(x) > /] = 0 (8.5.4) 

and 
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Var[A, t |K(x) > ;] = Var[AjK(*) > h] h _ jPx+j . (8.5.5) 

Unlike the C h 's of Section 8.3, the A h 's are uncorrelated, an assertion that is 
proved in the following lemma. This fact conveys some sense of the role of reserves 
in stabilizing financial reporting of insurance operations. 

Lemma 8.5.1: 

For non-negative integers satisfying g < h < /', 

Cov[A /7 , A ; |K(x) > g] = 0. (8.5.6) 

Proof: 

From (8.5.4), E[AjK(x) > g] = 0; therefore, 

CovfA,,, A ; |K(x) =» = E[A„A ; |K(x) > 

From (8.5.1) we see that A h is equal to the constant (v h+l V - h V - it,,) where A^ is 
nonzero. Thus, 

A,A ; = (v k+l V - h V - TT/,)Ay for all K(x), (8.5.7) 
E[A ;i A ; |JC(x) ^g] = (v h+1 V - h V- tt,)E[A ; |K(x) > g] = 0, 

and 

Cov[A,A ; |K(x) 2g] = 0. ■ 

We now express the loss variables h L in terms of the A h 's. From the definition 
of the A,,'s and formula (8.3.6), 

CO CO 

X v>~ h Aj = 2 v'- h [q + uALiability (/, / + 1)] 

j—h j—h 

CO 

= h L + 2 v>~ h+1 ALiability (;, j + 1). (8.5.8) 

j=h 

Conceptually the last term will be the present value of the final liability minus the 
liability at h, that is, 0 - h V. Thus, we have the relationship 

CO 

h L = 2 v'~ h A ; + ,V. (8.5.9) 

j=h 

The following recursion relations for the h L's follow from the definition of the A^'s 
and (8.3.7): 

h L = C h + v h+1 L = [A h - (v h+1 V - h V)\ + v „ +1 L 

- a. + t) . . r + f.v - 7i . .v\ ffiAim 

Relationship (8.5.10) can be extended by iteration or by direct use of (8.5.9) to 
obtain, for h < j, 

h+j-l 

h L = 2 v ! ~ h A, + v' h+j L + ( h V - u> h+J V). (8.5.11) 

i=h 
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The following result, attributed to Hattendorf, provides a means for expressing the 
variance of h L in terms of the benefit reserve values. Equally significant is the fact 
that the variance of h L can be allocated to the individual insurance years. This 
allocation facilitates risk management planning for a limited number of future in- 
surance years rather than for the entire insurance period. This option permits se- 
quential risk management decisions. 



Theorem 8.5.1 



^y^:^..,^:, ^.,.- > ^Var^Cx) > Jr) 
c .-_ V^.i, . VaitV./Cuj-Sr/iJ - u- Var[, ['Km ■ h]. 



iSi 12) 
(8.5.1?}. 



Proof: 



(a) follows from (8.5.9) and Lemma 8.5.1. 

(b) is a special case (;' = 1) of (c) which follows from (8.5.11) and Lemma 8.5.1. 



Theorem 8.5.2 



'V-az^.L hixf> hy Pztr Var[ ft .LKl'x) a h ■ (8.5 



Proof: 

By (8.5.9), 

Var[ ft+/ L|K(x) > /z] = Var 



2 v'-W A,- + , + ,y|K(x) > ft 



_i=h+j 



which, from (8.5.5), 



S v 21 ''"^ 1 Var[A,|K(x) ^ fc], 



2 ^ 2Ei " (ft+/)1 >Px +h Var[A t .|K(x) > ft + /] 
Var[, +; L|JiC(x) > h + ;]. 



Combining the results of these two theorems, we have the following corollary. 



Corollary: 



Var[ h L\K(x) > ft] 



Section 8.5 Allocation of the Risk to Insurance Years 



a. = 2 v 2ii - h) Var[A ; .|X(x) > /] (8.5.16) 

j=h 

b. = Var[AjK(x) > h] + v 2 p x+h Var[ h+1 L\K(x) > /z + 1] (8.5.17) 

c. = u 2 ('-") ,._ fcPje+h Var[A,|K(x) > i] 



+ v 2 i ,p x+h Vax[ h+j L\K(x) > h + ;]. (8.5.18) 
Proof: 

• For (a), apply (8.5.5) to each term of (8.5.12). 

• For (b), apply Theorem 8.5.2 to (8.5.13). 

• Fnr (c). atralv Theorem 8.5.2 to (8.5.14). ■ 

- -- \-/< -r i -j .. . - - s , 

We refer to these theorems and their corollary as the Hattendorf theorem, and 
we illustrate their application in the following two examples. Items (b) and (c) of 
the corollary can be used as backward recursion formulas that are useful for un- 
derstanding the duration allocation of risk and, perhaps, for computing. 



Example 8.5.1 



Consider an insured from Example 7.4.3 who has survived to the end of the 
second policy year. For this insured, evaluate 



\r r rliv/irrw — n J: L\ 

a. var[2i J jiv(Ju; ^ z.j ui±e<~uy 



b. Var[ 2 L|K(50) s 2] by means of the Hattendorf theorem 

c. Var[ 3 L|K(50) > 3] 

d. Var[ 4 L|K(50) > 4]. 

Solution: 

a. For the direct calculation, we need a table of values for 2 L. 



Outcome 

of K(50) - 2 = j 




Conditional 
Probability 
of Outcome 


0 
1 
2 

>3 


l,000u - 6.55692 ^ = 936.84 
l,000u 2 - 6.55692 fi% = 877.25 
l,000u 3 - 6.55692 a % = 821.04 
0 - 6.55692 S$ = -18.58 


0 ,<7 52 = 0.0069724 
M q 52 = 0.0075227 
2l q 52 = 0.0081170 
3 p 52 = 0.9773879 



Then E[ 2 L|K(50) > 2] = 1.64, in agreement with the value shown in Example 
7.4.3 and 

Var[ 2 L|K(50) >2] = E[ 2 L 2 |K(50) >2]- (E[ 2 LjK(50) > 2]) 2 
= 17,717.82 - (1.64) 2 
= 17,715.1. 
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b. To apply the Hattendorf theorem, we can use the benefit reserves from Example 
7.4.3 to calculate the variances of the losses associated with the 1-year term 
insurances. 



J 




v 1 (1,000 - 1,000 2+)+1 VW P52+/ 952+,- 


0 


0.0069724 


6 140.842 


1 


0.0075755 


6 674.910 


2 


0.0082364 


7 269.991 



Then by (8.5.16), 

""(^H^W-V — — u ; itu.oii -r (l.UO) "(D,D/t.yiU)p 52 

+ (1.06)- 4 (7,269.991) 2 p 52 = 17,715.1, 
which agrees with the value found by the direct calculation in part (a). 

Note that in the direct method it was necessary to consider the gain in the 
event of survival to age 55; but for the Hattendorf theorem, we need to consider 
only the losses associated with the 1-year term insurances for the net amounts 
at risk in the remaining policy years. Thereafter, the net amount at risk is 0, and 
the corresponding terms in (8.5.16) vanish. 

Also note that the standard deviation, Vl7,751.1 = 133.1, for a single policy 
is more than 80 times the benefit reserve, E[ 2 Lj]C(50)=2, 3, . . .] = 1.64. 

Similarly, we use (8.5.16) to calculate 

c. Var[ 3 L|K(50) > 3] = 6,674.910 + (1.06)- 2 (7,269.991) p 53 = 13,096.2 

d. Var[ 4 L|J<:(50) > 4] = 7,269.991, or after rounding, 7,270.0. ▼ 



Consider a portfolio of 1,500 policies of the type described in Example 7.4.3 and 
discussed in Example 8.5.1. Assume all policies have annual premiums due im- 
mediately. Further, assume 750 policies are at duration 2, 500 are at duration 3, 
and 250 are at duration 4, and that the policies in each group are evenly divided 
between those with 1,000 face amount and those with 3,000 face amount. 

a. Calculate the aggregate benefit reserve. 

b. Calculate the variance of the prospective losses over the remaining periods of 
coverage of the policies assuming such losses are independent. Also, calculate 
the amount which, on the basis of the normal approximation, will give the in- 
surer a probability of 0.95 of meeting the future obligations to this block of 
business. 

c. Calculate the variance of the losses associated with the 1-year term insurances 
for the net amounts at risk under the policies and the amount of supplement to 
the aggregate benefit reserve that, on the basis of the normal approximation, will 
give the insurer a probability of 0.95 of meeting the obligations to this block of 
business for the 1-year period. 
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Section 8.5 Allocation of the Risk to Insurance Years 



d. Redo (b) and (c) with each set of policies increased 100-fold in number. 



Solution: 



T <-»■§- *7 t-nn ci tit 



f nrnsnprtive losses on the 1.500 policies. The symbols 
E[Z] and Var(Z) used below for the mean and variance of the portfolio of 1,500 
policies are abridged, for in both cases the expectations are to be computed with 
respect to the set of conditions given above for the insureds. Using the results 
of Example 7.4.3, we have for the aggregate benefit reserve 

E[Z] = [375(1) + 375(3)](1.64) + [250(1) + 250(3)](1.73) 



noc/i \ _i_ 71 \ 



= 4,795. 

b. From Example 8.5.1, we have 

Var(Z) = [375(1) + 375(9)1(17,715.1) 

+ [250(1) + 250(9)](13,096.2) 
+ [125(1) + 125(9)](7,270.0) 
- (1.0825962) X 10 8 

and a z = 10,404.8. 



Then if 



0.05 = Pr(Z > c) = Pr in , n , Q > 



Z - 4,795.0 c - 4,795.0 



10,404.8 10,404.8 
the normal approximation would imply 

c - 4,795.0 



10,404.8 

or 



= 1.645, 



c = 21,911, 

which is 4.6 times the aggregate benefit reserve, E[Z]. 
c. Here we take account of only the next year's risk. For each policy, we consider 
a variable equal to the loss associated with a 1-year term insurance for the net 
amount at risk. Let Z x be the sum of these loss variables. The expected loss for 
each of the 1-year term insurances is 0, hence E^] = 0. 

From the table in part (b) of Example 8.5.1 we can obtain the variances of the 
losses in regard to the 1-year term insurances, and hence 

Var(Zj) = [375(1) + 375(9)J(6,140.8) + [250(1) + 250(9)](6,674.9) 

+ [125(1) + 125(9)](7,270.0) 
= (4.880275) X 10 7 
and (T Zl = 6985.9. 



Chapter 8 Analysis of Benefit Reserves 



247 



If c x is the required supplement to the aggregate benefit reserve, then 

0.05 = FxiZ, > c a ) = Pr ( > SlZl) 
v \ 6,985.9 6,985.9/' 

and we determine, again by the normal approximation, 

c x = (1.645)(6,985.9) = 11,492, 

which is 2.4 times the aggregate benefit reserve 4,795. 
d. In this case, E[Z] = 479,500 and Var(Z) = (1.0825962) X 10 10 . By the normal 
approximation the amount c required to provide a probability of 0.95 that all 
future obligations will be met is 

479,500 + 1.645 V 1.0825962 X 10 5 = 650,659, 
which is 1.36 times the aggregate benefit reserve E[Z]. 

Also, Var(Z a ) is now (4.880275) X 10 9 . The amount c x of supplement to the 
aggregate benefit reserve required to give a 0.95 pro bability t hat the insurer can 
meet policy obligations for the next year is 1.645 V4.880275 X 10 45 = 114,918, 
or 24% of the aggregate benefit reserve. y 

8.6 Differential Equations for Fully Continuous 



In Section 8.2 a general fully discrete insurance and a general fully continuous 
model is developed. Section 8.3 contains the recursion relations for the fully discrete 
model. The parallel results for the fully continuous model are developed in this 
section. 



The expression for the benefit reserve at t, t V, is given in (8.2.9) and is restated 
here: 

t? = I bt+u V " uV * +t + u) du ~ I 7T ' + » v " "Vx + t du. 

To simplify the calculation of the derivative with respect to t of t V, we combine 
the two integrals, replace the variable of integration by the substitution s = t + u, 
and then multiply inside and divide outside by the factor u l t p x to obtain 

IK m(s) - ir s ]u s s p x ds 

• v = '" vj, • < 8 -«> 



Now 



^ = (-1)[6 ( m(0 - orj + f [b s ^(s) - ^ sPxds , 

^~ = ir f + [8 + ^(t)] t V - b t |x,(f). (8.6.2) 
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Sect/on 8.6 Differential Equations for Fully Continuous Benefit Reserves 



Here the rate of change of the benefit reserve is made up of three components: the 
benefit premium rate, the rate of increase of the benefit reserve under interest and 
survivorship, and the rate of benefit outgo. A rearrangement of formula (8.6.2) 
provides a formula corresponding to (8.3.12): 

ir t + 5 t V + t V njjt) = b t MO + % (8-63) 

This balances the sum of income rates to the sum of the rate of benefit outgo and 
the rate of change in the benefit reserve. 

If the benefit reserve is treated as a savings fund available to offset the death 
benefit, we have 

tt { + s y = (b t - y) m(f) + 4£ (8.6.4) 

Here the income rates are in respect to benefit premiums and to interest on the 
benefit reserve, and these balance with the outgo rate, (b t - t V) p x (t), based on the 
net amount at risk and the rate of change in the benefit reserve. Formula (8.6.4) 
corresponds to (8.3.15). Again, the left side represents the resources available, ben- 
efit premiums, and investment income, and the right side represents their allocation 
to benefits and benefit resources. 



Example 8.6.1 



Use (8.6.2) to develop a retrospective formula for the benefit reserve for the gen- 
eral fully continuous insurance. 



Solution: 

We start by moving all of the benefit reserve terms of (8.6.2) to the left-hand side 
and then multiplying both sides by the integrating factor exp{-/£[8 + |i x (s)] ds\. 

ml 

inus, 

v t tVx |^ - [8 + iL x (t)] f yJ = k - b t m(f)] v t tPx , 

or 

j (v* t p x t V) = [ir t - b t MO] v l t p x . 
Integration of both sides of this last equation over the interval (0, r) yields 

v r rPx y - 0 v = J o K - b t ^(t)] v tPx At. 

For equivalence principle benefit premium rates, 0 T / = 0, so 

[it, - b t |i.,(f)] v l t p x it 
V = 12 . (8.6.5) 

T 
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8.7 Notes and References 



Recursive formulas and differential eauations for thp 1 

1 w , A H_ \-LKJl. LO 

of duration and the expectations and variances of these loss variables provide basic 
insight into long-term insurance and annuity processes. In particular, one of these 
recursive formulas is applied to develop Hattendorf's theorem (1868); for refer- 
ences, see Steffensen (1929), Hickman (1964), and Gerber (1976). This formula al- 
locates the variance of the loss to the separate insurance years. This discussion of 
reserves can be easily extended to more general insurances using martingales of 
probability theory; see, for example, Gerber (1979). Another application of the re- 
cursion relations is to the formulation of the interim reserves at fractional durations, 
which is discussed for the fully discrete case in Section 8.4. 



Exercises 

Section 8.2 

8.1. Assume that jPx = r>, b j+l = 1, j = 0, 1, 2, 3 and 0 < r < 1. 

a. If w 0 = w x = w 2 = . . . = 1, use (8.2.6) to calculate tt at the interest rate i. 

b. If Wj = (-iy, j = 0, 1, 2, ... , use (8.2.6) to calculate tt at the interest 
rate /. 



8.2. Develop a continuous analogue of C8.2.6 1 * 

<_> - \ , -j ~rr-;"'o ^t-" • ^'^^ f*"' 

ciple to the loss variable of (8.2.7) with t = 0 and ir f = mv(t), where w(t) is 
given. 

8.3. If 0 L = T(x) v T(x> - ™^ and the forces of mortality and interest are constant, 
express (a) it and (b) t V in terms of y, and 8. 

8.4. For the general fully discrete insurance of Section 8.2, show that for ;' < h, 

Cov(C /y C h ) = (tt, - vb h+l q x+h ) hVx { ! u j jCjx + vb j+1 ]Px q x+j ). 

Section 8.3 

8.5. Consider the life insurance policy described in Example 8.2.1. Display for 
0 <j <h: 

a. The covariance of C 0 and C h . 

b. Repeat part (a) for C ; and C h . 

c. Give a rule for determining h such that the covariance of C ; and C h is 
negative. 

™^ v^v.iv.nv.v* uiuiunj utauiucu m Example o.o.i. nna v_ov(c y , c ft ), 

< h < « and, for a fixed determine a condition on h such that 
Cov(C ; , C h ) < 0. [Note that this condition on h does not depend on /.] 
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Exercises 



8.7. Show that (8.3.9), with h replaced by h + 1, can be rearranged as 

h+1 V = ( h V + * h ) ^ - b h+1 &±*. 

I AT ft I ' II 

Give an interpretation in words. (This is called the Fackler reserve accumu- 
lation formula, after the American actuary David Parks Fackler.) 

8.8. For a fully discrete whole life insurance of 1 issued to (x), use recursion re- 
lations [(8.3.11) in (a) and (8.3.14 in (b)] to prove that 



a. 



1/ _ V * VC lx+h 
k V x ~ Zj p 

k-1 

k-h 



b- k V x =1[P X ~ uq x+h (l ' + 0 k 



/i=0 



Give an interpretation of the formulas in words. 

8.9. If b h+1 = h+l V, 0 V = 0, and ir b = it, for h = 0, 1, . . . , k - 1, prove that k V = 
TTSj] . [Hint: Use (8.3.14).] 

8.10. Show that if it is the (8.3.14) level annual benefit premium for an n-year term 
insurance with b h = a^, h = 1, 2, . . . , n, 0 V = n V = 0, then 

a. it — — l t 

[Hint: This can be shown directly or by use of (8.3.10).] 

Section 8.4 

8.11. Starting with (8.4.3), establish the equation 

sp x+h h +s v + v 1 -* ax + h h + i = a + + ^) o < s < i. 

Explain the result by general reasoning. 

8.12. Interpret the formulas 

{ h \ 
a y<m) ~ i r y(m) 



u uM ~ ( i _ il _ r ] yM 

°- k+(hlm)+r V — I 1 m Mi" 



where 0 < r < 1 / m. 
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8.13. For each of the following benefit reserves, develop formulas similar to one or 
more of (8.4.8), (8.4.14), and (8.4.18). 

2ov 2 ^W b. 2&ll V{A x . M ) 

C. „„, , V^(A ^ A T7f2W A \ 

— ,2 x-_-*»ui/ 202/3 *" 

e - 2ov^ ,2| (^) f. m ^\A xm ) 

8.14. On the basis of the Illustrative Life Table and interest of 6%, approximate 

ioV^ ,4, (^ 25 )- 
Section 8.5 

8.15. For a fully discrete whole life insurance of amount 1 issued to (x) with pre- 
miums payable for life, show that 

CO / -. \ 2 

b. Var[ k L\K(x) > Jfc] = T ( ^±±1 yW+n 

8.16. For a life annuity-due of 1 per annum payable while (x) survives, consider 
the whole life loss 

L = a m - a x K = 0, 1, 2 

and the loss A h , valued at time h, that is allocated to annuity year h, namely, 



iC < /z - 1 

-{a x+h - 1) = -u P;[+fc K = h 

y a x+h+\ - (a x+h - 1) = a x+h+1 K > h + 1. 

a. Interpret the formulas for A h . 

b. Show that 

(i) L = 2 v h A h 

(ii) E[AJ = 0 

(iii) Var(A ft ) = v 2 (a x+h+1 f hPx Px+h w 

8.17. a. For the insurance of Example 8.3.2, establish that 

Var(L) = "£ hPx Px+h w 

b. If 5 = 0.05, n = 20, and ^(t) = 0.01, t > 0, calculate Var(L) for the insurance 
in (a). 

8.18. A 20-payment whole life policy with unit face amount was issued on a fully 
discrete basis to a person age 25. On the basis of your Illustrative Life Table 
and interest of 6%, calculate 

a - 20^25 b. \IV 25 C. f Q V 15 
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Exercises 



d. Var[ 20 L|K(25) > 20] 
Section 8.6 



e. Var[ ls L|K(25) > 18], using Theorem 8.2. 



8.19. Interpret the differential equations 

a . L v = Tr f + [8 + m(0] - MO 

b. ^ ^ = tt ( + 8 ( V - (b t - t V) MO- 
ar 

8.20. If b t = t V, U V = 0, and tt ( = it, t > 0, show that t V = tts^. 



8.21. Evaluate {a I at) ([l - ( v(AJJ t p,|. 

8.22. Use (8.6.2) to write expressions for 
a.f(,^) b.|(,',y) c.| (l / lP ,,V) 

and interpret the results. 

Miscellaneous 



8.23. Show that the formula equivalent to (8.4.6) under the hyperbolic assumption 
for mortality within the year of age is 

y = v *-*ui - S )LV + ttuYI + i) + s ^,71. 



8.24. Prove that 



[u f - P{A\)atf tVx fJL,(0 dt = [1 - t V(AJ] 2 u 2t t p, fx x (r) df 



and interpret the result. 
8.25. For a different form of the Hattendorf theorem, consider the following: 



k,m 



L = 



(K-k) 



fc=0 



m-1 



fc+m 



Vv m - k V - X 



ir t+fc v h K(x) = k, k + l, ...,k + m- l 
K(x) = k + m, fc + m + 1, 



Ji=0 



and, for h = 0, 1, . . . , m-1, 



A 



■k+h 



Show that 



0 

vb k+h+l - { k+h V + TT k+h ) 



K(x) = k,k + l, ...,k + h-l 
K{x) = k + h 



k+h- 



-iV - ( k+h V + v k+h ) K(x) = k + h + l,k + h + 2,. 



m — l 



a. 



k,m 



L = 2 v" A, 



■k+h 



h=0 



m-1 



b. Var[, w L|K(x) > fc] = £ u lk Var[A, + ,|K(x) >: fc]. 



h=0 
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8.26. Repeat Example 8.5.1 in terms of an insured from Example 7.4.4 who has 
survived to the end of the second policy year. 



8.27. Repeat Example 8.5.? 

j. r — — — — — uuuu ui j.,juu |^um..ica ui mt; type 

described in Example 7.4.4 and discussed in Exercise 8.26. 

8.28. In Exercise 8.27 there is no uncertainty about the amount or time of payment 
for the insureds who have survived to the end of the fourth policy year. Redo 
Exercise 8.27 for just those insureds at durations 2 and 3. 

8.29. Write a formula, in terms of benefit premium and terminal benefit reserve 
symbols, for the benefit reserve at the middle of the eleventh policy year for 
a 10,000 whole life insurance with apportionable premiums payable annually 
issued to (30). 

8.30. A 3-year endowment policy for a face amount of 3 has the death benefit 
payable at the end of the year of death and a benefit premium of 0.94 payable 
annually. Using an interest rate of 20%, the following benefit reserves are 
generated: 



End of 


Benefit 


Year 


Reserve 


1 


0.66 


2 


1.56 


3 


3.00 



Calculate 
a. q x 



c. The variance of the loss at policy issue, 0 L 

d. The variance of the loss at the end of the first vear. ,L. 



8.31. a. Use (8.3.10) to transform (8.5.1) to 



K(x) < h - 1 



0 

A* = "j (b h+1 - h+1 V) v - (b h+1 - h+1 V) v q x+h K(x) = h 

0 - (Vi - h+ iV) v cj x+h K(x) > h + 1. 

In this interpretation A h is the loss on the 1-year term insurance for the 
amount at risk in the year (h, h + I). 

b. Use the display in (a) to verify E[A A ] = 0. 

c. Use parts (a) and (b) to obtain Var(A„). 

Computing Exercises 

8.32. Consider a variation of the insurance of Example 8.2.2 which provides a unit 
benefit whole life insurance to (20) with geometrically increasing benefit pre- 
miums payable to age 65. On the basis of your Illustrative Life Table and i 
= 0.06, determine the maximum value of r such that the benefit reserve is 
non-negative at all durations. 
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Exercises 



8.33. Use the backward recursion formula (8.3.9) to calculate the benefit reserves 
of 

a. Example 7.4.3 [Hint: 5 V = 0.0.] 

b. Example 7.4.4. [Hint 5 V = 1.0.] 

8.34. A decreasing term insurance to age 65 with immediate payment of death 
claims is issued to (30) with the following benefits: 



For Death 




between Ages 


Benefit 


30-50 


100,000 


50-55 


90,000 


55-60 


80,000 


60-65 


60,000 



On the basis of your Illustrative Life Table with uniform distribution of deaths 
within each year of age and i = 0.06, determine 

a. The annual apportionable benefit premium, payable semiannually and 

b. The reserve at the end of 30 years, if benefit premiums are as in (a). 

8.35. A single premium insurance contract issued to (35) provides 100,000 in case 

the insured survives to age 65, and it returns (at the end of the year of death) 

the single benefit oremium without interest if the insured dies before aee 65. 
<~> j. ^ 

If the single benefit premium is denoted by S, write expressions, in terms of 
actuarial functions, for 

a. S 

b. The prospective formula for the benefit reserve at the end of k years 

c. The retrospective formula for the benefit reserve at the end of k years 

d. On the basis of your Illustrative Life Table and d = 0.05, calculate S and 

1 Clj. T7 

uie uciiein icscivc 20 ^ • 

8.36. In terms of P = 2 o^ (12) (^30:35|) an d actuarial functions, write prospective and 
retrospective formulas for the following: 

a- ^ (12) 0W 

b. %V^\A mm ) 

c. On the basis of your Illustrative Life Table with uniform distribution of 
deaths within each year of age and 8 = 0.05, calculate P and the benefit 
reserves of parts (a) and (b). 
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MULTIPLE LIFE FUNCTIONS 



9.1 introduction 

In Chapters 3 through 8 we developed a theory for the analysis of financial 
benefits contingent on the time of death of a single life. We can extend this theory 
to benefits involving several lives. An application of this extension commonly 
found in pension plans is the joint-and-survivor annuity option. Other applications 
of multiple life actuarial calculations are common. In estate and gift taxation, for 
example, the investment income from a trust can be paid to a group of heirs as 
long as at least one of the group survives. Upon the last death, the principal from 
the trust is to be donated to a qualified charitable institution. The amount of the 
charitable deduction allowed for estate tax purposes is determined by an actuarial 
calculation. There are family policies in which benefits differ due to the order of 
the deaths of the insured and the spouse, and there are insurance policies with 
benefits payable on the first or last death providing cash in accordance with an 
estate plan. 

Injhis^apte£j^ Actuarial present values 

for basic benefits are derived by applying the concepts and techniques developed 
in Chapters 3 through 5. Models . built _on_the l jassumptio^ 

time rando m va riables jire independent jcgrystitute, most of th e cha pter. Se^tionJLfi 
introduces special models in which the two future lifetime mndomjyariabJeA^are- 
dej)endeni AlmuaPbenefit^remiums, reserves, and models involving three or 
more lives are covered in Chapter 18. 

A useful abstraction in the theory of life contingencies, particularly as it is applied 
to several lives, is that of stat us f or which J:here_are^fimtions„of - sunQYal^ancL 
failure- Two elements are necessary for a status to be defined. The general term 
entities is used in the definition because of the broad range of application of the 
concept: 

• There must be a "finite ~set_QL^ for each member it must be possible, 
to define..^-futureJ^etime xandom.v.ariable.., 

• There, mustbe -a^^ 
any future time. 
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E 

To compute probabilities or actuarial present values associated with the survival 
of a status, the joint distribution of the future lifetime random variables must be 
available. Some of these random variables may have a marginal distribution such 
that ail the probability is at one point. 

Several illustrations of the status concept may be helpful. A single life age x 
defines a status that survives while (x) lives. Thus, the random variable T(x), used 
in Chapter 3 to denote the future lifetime of (x), can be interpreted as the period 
of survival of the status and also as the time-until-failure of the status. A term 
certain, n|, defines a status surviving for exactly n years and then failing. More 
complex statuses can be defined in terms of several lives in various ways. Survival 

ran ItlPan fhat all mAmViorc cunnTro r\r cltcn-T-. c4-;t7^1t7 (-U-,4- 1^~„4- _l 

— . ^^w^^^.^ ■ i - ^ um.ijmuvi.ij, mm ai icaoi unc mcilLUCl SUI- 

vives. Still more complicated statuses can be in regard to two men and two women 
with the status considered to survive only as long as at least one man and at least 
one woman survive. 



After a status and its survival have been defined, we can apply the definition to 
develop models for annuities and insurances. An annuity is payable as long as the 
status survives, whereas an insurance is payable upon the failure of the status. 
Insurances also can be restricted so they are payable only if the individuals die in 
a specific order. 



9.2 Joint nktrihutinnc of Fntiiro I [fatimac 

— " — - - - — — - .v* a w ■ ■ VV* ■ ^ kll^ VIIII^J 



The time-until-failure of a status is a function of the future lifetimes of the lives 
involved. In theory these future lifetimes will be dependent random variables. We 
will explore the consequences of that dependence. For convenience, or because of 
the lack of data on dependent lives, in practice, an assumption of independence 
among the future lifetimes has traditionally been made. With the independence 
assumption numerical values from the marginal distributions (life tables) for single 
lives can be used. 



Example 9.2.1 



While the distribution in this example is not realistic, it is offered as a vehicle to 
explore a joint distribution for two dependent future lifetimes. For two lives (x) 
and (y), the joint p.d.f. of their future lifetimes, T(x) and T(y), is 

t u n - / 00006 (f ~ s) 2 0 < s < 10, 0 < t < 10 
7tW s ' jo elsewhere. 

Determine the following: 

a. The ioint d.f. of T(x\ and T(v\ 

, - - - v-- , - ^-Zl ' 

b. The p.d.f., d.f., s p x , and |x(x + s) for the marginal distribution of T(x). Note the 
symmetry of the distribution in s and t, which implies that T(x) and T(y) are 
identically distributed. 

c. The correlation coefficient of T(x) and T(y). 
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Solution: 

a. Before calculating, we look at the sample space of T(x) and T(y) in Figure 9.2.1 
and observe the region where the joint p.d.f. is positive. At points outside the 
the d.f. will be 0. In the first quadrant we start by calculating the 
d.f. at a point in Region I where both s and t are between 0 and 10: 



frum ,/,("' v ) dv du 



rs rt 

— U.UUUO((J — U) UU Ml) 

Jo Jo 

= 0.00005[s 4 + f 4 - (f - s) 4 ] 
0 < s < 10, 0 < t < 10. 



Sample Space of T(x) and 7(y) 




T(x) 



Sample Space of T(x) and T(y) 



Since the joint p.d.f. is 0 in regions II, III, and IV, we have 



= ^ + 0.00005[s 4 - (10 - s) 4 ]_ 



_ 1 

~ 2 

= 1 



+ 0.00005[f 4 - (10 - f) 4 L 



in Region II 

in Region IV 
in Region III. 
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b. Using the d.f. obtained in part (a), we have 
Ft(x)T( V )( s > 10) = F T(x) (s) 

= 0 s < 0 

= ^ + 0.00005[s 4 - (10 - sf] 0 < s < 10 



and 



=1 s > 10 



f M _ F , M _ f0.0002[s 3 + (10 - sf] 0 < s < 10 



lav. V V A. _1_ V_ . 



The survival probability and force of mortality are given by 

sP* = 1 - F T( x )(s) 

1 

= - + 0.00005[(10 - s) 4 - s 4 ] 0 < s < 10 

= 0 s > 10, 

and y,(x + t)= fTU)(t) 

1 - W) 



0.0002[s 3 + (10 - sf] 
1/2 + 0.00005[(10 - sf - s 4 ] 



0 < s < 10. 



c. 



no 

E[T(x)] = J o s(0.0002)[s 3 + (10 - s) 3 ] ds = 5 = E[T(y)], 
E[T(x) 2 ] = J Q s 2 (0.0002)[s 3 + (10 - s) 3 ] ds = ^ = E[T(y) 2 ], 



35 

Var[T(x)] = y = Var[T(y)], 



to no 5Q 



E[T(x)T(y)] = sf(0.0006)(f - sf ds dt = — , 

Jo jo 3 

Cov[T(x), T(y)] = E[T(x)T(y)] - E[T(x)]E[T(y)] = - j , 

Cov[T(x), T(y)] _ -25/3 _ 5 
p ™> a Tw a T(y) - 35/3 " 7' V 

For the joint life distribution, we define the joint survival function as 

S7Xxm y) (s, 0 = Pr[T(*) > s and T(y) > t]. (9.2.1) 

Unlike the single life distribution, the d.f. and survival function do not necessarily 
add up to 1. Their relationship for the joint life distribution can be illustrated by 
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a graph of their joint sample space as shown in Figure 9.2.2. The d.f. 
F T(x)T(y) (s, t) gives the probability of Region A, "southwest" of the point (s, t), and 
s_ .<*. n crivpR the nrobabilitv of Region B, "northeast" of (s, £)• 

" ux) Jtyjv " / o r ^ ^ 



Sample Space of Future Lifetime Random Variables T(x) and T(y) 

T(y) 







Region 




(s,t) 


B 






Region 






A 




0 





T(x) 



Sample Space of Future Lifetime 



Example 9.2.2 



For the distribution of T(x) and T(y) in Example 9.2.1 determine the joint survival 
function. 

Solution: 

For 0 < s < 10 and 0 < t < 10, 

SiWs, 0 = > s n T(y) > t] 

r<x> rca 

= Is It ^' T( J" ( "' V) ^ dU 

no no 

= J J 0.0006(u - uf dv du 

= 0.00005[(10 - tf + (10 - s) 4 - (f - s) 4 ]. 

For other points in the first quadrant, s ru) T(y) (s, t) will be 0 and for all points in 
the third quadrant it will be 1. In the second quadrant, where s < 0 and t > 0, 

S T(x)T(y)( S > 0 = S T(y)(0 = fPy 

In the fourth quadrant, where s > 0 and t < 0, 

S TWT(y)( S ' 0 ~ S T(.v)( S ) ~ tVx- 
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In Example 9.2.1 we were given the joint distribution of two dependent future 
lifetimes and then determined their marginal distributions and their correlation 
coefficient, which indicated their degree of dependence. In applications, the de- 
pendence of the time-until-death random variables may be difficult to quantify. 

■ — — - . . ... — t ^ ... — 1 1_ » J) i miv ' ^ • ' — * * — i I i. . ..I J 1 V — -J 1 ... — ' V-l LI J I \ L V V.. u LU\.^V.llU\.l Ul LU Llll.lL 

their joint distribution is obtained from their marginal single life distributions that 
we discussed in Chapter 3. This is illustrated in the next example. 



Example 9.2.3 



The future lifetimes T(x) and T(y) are independent, and each has the distribution 
defined bv the D.d.f. 

f = |0.02 (10 - f) 0 < t < 10 
J [0 elsewhere. 

a. Determine the d.f., survival function, and force of mortality of this distribution. 

b. Determine the joint p.d.f., d.f., and survival function for T(x) and T(y). 



Solution: 



f Ttx)(0 = W s ) ds 



0 

1 - 0.01(10 - tf = 0.2t - O.Olf 2 
1 



WO = 1 - WO = ■ 



1 

0.01(10 - tf 
0 



fJL(x + t) = 



wo 



wo io - 1 

fT(x)T(y)( S ' 0 = /r(.r)( S )/T(y)(0 



= J (0.02) 2 (10 - s)(10 - 0 
0 



t < 0 

0 < t < 10 
t > 10, 

t < 0 

0 < t < 10 
t > 10, 

0 < f < 10. 



0 < s < 10, 0 < t < 10 
elsewhere, 



^T(x)T(y)( S ' 0 ~~ ^T(.i.)( S )£t<i/)(0 

= (0.2) 2 (f - 0.05f 2 )(s - 0.05s 2 ) 
= W s ) = (0.2)(s - 0.05s 2 ) 
= F ny) (t) = (0.2)(t - 0.05f 2 ) 

0 = S rW (s)%y)(0 

= (0.01) 2 (10 - s) 2 (10 - o 2 
= s T(x) (s) = (0.01)(10 - s) 2 

= s T(y ,(0 = (o.oi)(io - o 2 

= 0 



0 < s < 10, 0 < t < 10 
0 < s < 10, t > 10 
s > 10, 0 < t < 10, 



5 T(.t)T( y)>> 



0 < s < 10, 0 < t 
0 < s < 10, t < 0 

s < 0, 0 < t < 10 
s > 10, t > 10. 



10 
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9.3 The Joint-Life Status 



A status Jhat survives as long as_alL members of a set of live s suryiye..andJa ils. 
up on th e first death is called a joint-life sta tus. I t is denoted by (x lf x 2 , . . . , x m ), 
where x,- represents the age of member i of the set and m represents the number of 
members. Notation introduced in Chapters 3 through 5 is used here with the sub- 
script listing several ages rather than a single age. For example, and t p xy have 
the same meaning for the joint-life status (xy) as A x and t p x have for the single 
life (x). 

A joint-life status is an example of what we call a survival status^ that is, a status 
for which there is alfufanT^ and, therefore, a survival 

function can be defined. For the future lifetime of a survival status, the concepts 
and relationships established in Sections 3.2.2 through 3.5 (excluding the life table 
example in Section 3.3.2) apply to the distribution of the survival status. These 
concepts will be used here without new proofs. 

We now consider the distribution of the time-until-failure of a joint-life status. 
For m lives' f(x v x 2 , . . . , xj = min^x^, T(x 2 ), . . . , T(xJ], where f(x,-j is the time 
of death of individual i. For the special case of two lives, (x) and (y), we have 
TYriA = min \T(xY TYi/ll. When clear bv context, we denote the future lifetime of 

- vjr / 1 - ~ " -J 

the joint-life status by simply T. The student can interpret the time-until-failure of 
the joint-life status as the smallest order statistic of the m lifetimes in tue set. In 
previous studies of order statistics, the random variables in the sample have usually 
been independent and identically distributed. He re the rand om vanahks^arejyp.- 
ically^independent by assumption but are rarely identically distributed. 

We begin by expressing the distribution function of T, for t > 0, in terms of the 
joint distribution of T(x) and T(y) for the general (dependent) case: 

F T (t) = t q xy = Pr(I < 0 

= Pr{min[T(x), T(y)] < t) 

= 1 - Pr{min[T(x), T(y)] > t) 

= 1 - Pr(T(x) > t and T(y) > f} 

Another equation can be obtained from the second line by recognizing that the 
event {min[T(x), T(y)] < t] is the union of \T(x) < t) and (T(y) < t}. Then, 

F T (t) = Pr{min[T(x) / T(y)] < t), 

and using a basic result in probability, we have 

F T (t) = Pr[T(x) <t]+ Pr[T(y) < t] - Pr[T(x) < t D T(y) < t] 

- = t q x + t q y - F T{X) T(y) (t, t). (9.3.2) 
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The mixture of IAN and standard probability / statistics notation in (9.3.2) dem- 
onstrates that although the IAN system may accommodate survival statuses, it does 
not provide for the joint distribution of several statuses except in the indenendpTit 
case which can be expressed in single survival status symbols. 

When T(x) and T(y) are independent, the two expressions for the d.f. of T can 
be written in terms of single life functions as: 

F T (t) = Pr{min[T(x), T(y)] < t) 

= 1 - S T(t) T(y)(t, 0 = 1- tP x tV r (9.3.3) 

and 

F At) = fl x + fly ~ Fju) r 0/) (t 0 = fl x + fly ~ fl x fl r (9.3.4) 

The survival function for the joint-life status, t p xyr is obtained by subtracting the d.f. 
from 1. 

For the general case, f p xy = s T(x) T(lJ) (t, t) using (9.3.1). In the independent case, we 
have by (9.3.3) 

tPxy = g>* tPy (9.3.5) 

Expression (9.3.5) is the convenient starting point for the independent case since 
the joint-life status survives to t if, and only if, both (x) and (y) survive to t. 

Determine the d.f., survival function, and complete expectation for the joint-life 
status, T{xy), for the lives of Example 9.2.1. 

Solution: 

For t < 0 and t > 10, the value of m 

0 < t < 10, we have by the results of Example 9.2.1(a) and (b) and (9.3.2) 

*W0 = 2 {°" 5 + 0.00005[£ 4 ~ (10 - f) 4 ]} - 0.0001 

= 1 - 0.0001 (10 - f) 4 

for 0 < t < 10. 
Now, 

t p xy = 1 - F T(xy) (t) = 0.0001(10 - 0 4 0 < f < 10. 

From (3.5.2), 

e„, = Erita/)! - f„ x).... dt = (1° n.nnmnn - m = ? w 



Example 9.3.2 



Determine the d.f. and survival function and the complete expectation for the 
joint-life status, T(xy), for the distribution of Example 9.2.3. 
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Solution: 

For independent lives we use (9.3.5) and the results of Example 9.2.3 to obtain 
t p xy = [0.01(10 - tff = 0.0001(10 - tf for 0 < t < 10. 



men 



and 



*W0 = 1 - (0.0001 )(10 - f) 4 for 0 < t < 10 



0.0001(10 - f) 4 dt = 2. 



An insight can be gained from the two previous examples. Although the j oint 
5£tnbu^of ^ variables of the two" 

.e^mplesarenotthesajr^ 

such case the underlying joint distribution is not uniquely determined. In statistics 

,al h Z ^L* 0 * T 03X1 be ° btained by different ^ting its d.f. as displayed in either 

(9.3.1) or (9.3.21 For re 3 -n wa will t.u„ ... . 

' ..v. u. lc vAciivauivt;, wim respect to t, of 

S T(x) T(ij)(t, 0 = J t J fT(x)T(y)( U r V) du dv. 

Using the formula from calculus in Appendix 5, we have 



fa S T(x) T(y)(t, t) - 



/nW f ' f ) ^ + / Twr(v) (", f) d« 



Hence, 



/T,, y) (0 - | f f T(xmy) (t, v) dv + f T(xmy) (u, t) du. (9.3.6) 
Using (9.3.2), the reader can show that the p.d.f. of T can also be written as 

/r ( .v y) (£) = f T(x) (t) + f T( Jt) - j o f Tlx)Tiy) {t, v) dv + j f nx)ny) (u, t) du 
or with actuarial notation as 

fT(xy)(t) = t p x \l(X + t) + t p y (JL(y + t) 



\ j 0 fmmyft, v) dv + I f nmv) (u, 



t) du 



(9.3.7) 



When T(x) and T(y) are independent f mmiJ) ^ v) = „ Pjt ^(x + u) „p y + ,), and 
(9.3.6) reduces directly to 



= iP y ^, + 0 + M.(y + *)]• 



(9.3.8) 
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Example 9.3.3 



By use of (9.3.6) determine the p.d.f. of T{xy) for Example 9.2.1. Verify your result 
by examination of the d.f. in Example 9.3.1. 

Solution: 

Using (9.3.6) we obtain 
r no 



hit) 



■ no no 
| 0.0006 (f - vf dv + J 0.0006 (u - tf du 

= 0.0004(10 - f) 3 for 0 < f < 10, 



0 elsewhere. 
This is the derivative of the d.f. in Example 9.3.1. j 

We saw that T(xy) has the same distribution in Examples 9.3.1 and 9.3.2. If we 
use (9.3.8) to obtain the p.d.f. of T(xy) for Example 9.2.3, we will see this again. 
This is left as Exercise 9.8. 

As explained in Chapter 3, the distribution of T = T(xy) can also be specified by 
the force of "mortality," or more generally, the force of "failure." First we consider 
a notation for the force of failure of the status at time f. Thejraditional notation 
for this force is ix..^..._ L < (in analofv with Knt 

other statuses where duration must be recognized, and in acco rdance with the 

notational convention adopted in Chapter 3, we use the notation ^J^T The nota- 

^~^)j^ es n °L .nec^rayjoieai^at Jar) and Jy_)_or j]^_surviyal stanis~(^) 

3^.^"!3gctjojLj^^ at these 

ages, 

By analogy with the first formula of (3.2.12) and with f Tw (x) and F T(x) (x) replaced 
b Y /tcoJO and F T(xy) (t), we have 

^ (f ) = fnx V) (t) 

1 - f % ,(f) ( 3 ' 9) 

For dependent T(x), T(y), this expression does not simplify beyond the general 
form. However, using (9.3.3) and (9.3.8) for the independent case, we have 
M f ) = v(x + 0 + \i{y + t). 

In words, if the future lifetimes are independent, the force of failure for their 
joint-life status is the sum of the forces of mortality for the individuals. As in 
Chapter 3 with the single life case, we can characterize the distribution of T(xy) by 
the p.d.f., the d.f., the survival function, or the force of failure. 



Example 9.3.4 



Determine the force of failure for the joint-life statuses of (x) and (y) in Examples 
9.2.1 and 9.2.3. 
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Solution: 

Since the joint distributions of the two examples produce the same distribution 
for T(xy), we will use the independent case. From the results of part (a) of Example 
9.2.3 and (93.9), 



MO = w^t 0<t<1 °- 



We now turn to the curtate future lifetime of the joint-life status. 

ThaprobabiHty^thatthejgint-life status fails during the time k to k + 1 is deter- 
mined by 

?r(k < T < k + 1) = Pr(T < k + 1) ~ Pr(T < k) 

~ kPxy ~ k+\Pxy 

= kPxy q x+ k:y+k- (9.3.10) 

When the future lifetimes of (x) and (y) are independent, the probability of the 
joint-life status (x + k:y + k) failing within the next year can be written in terms 
of the probabilities of independent failure of the individual lives as follows: 

tfx+bij+k ~ ^ ~ Px+k:y+k 

~ 1 ~ Px+k Py+k 

= 1 - (1 - q x+k ){l ~ q v+k ) 

= tfx+k + Hy+k ~ ^x+k tfy+k 

= 1 x+ k + (! - 1x+k) Vfc- (9.3.11) 
From the discussion of curtate-future-lifetime of (x) in Section 3.2.3, we see that 
(9.3.10) also provides the pi. of the random variable K, the number of years com- 
pleted prior to failure of the joint-life status; that is, for k = 0, 1, 2, . . . , 

Pr(K = k) = ?r(k < T < k + 1) 
= Pr(fc < T < k + 1) 

— kPxy tfx+hy+k 



Example 9.3.5 



Determine the p.f. and curtate expectation of K(xy) using the common d.f. of 
Examples 9.3.1 and 9.3.2. 

Solution: 

- From Example 9.3.2, 

kPxy = 0.0001(10 - kf. 
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Hence 

Pr[K(xy) = k] = 0.0001[(10 - kf - (9 - kf], 

From (3.5.5), 



i- = n i n a o 

/>. a., t- r ^J, . . . , j. 



e xy = E[K(xy)] = 2 t+iPw = E 0.0001(9 - kf = 1.5333. 



XV 



9.4 The Last-Survivor Status 

In addition to benefits defined in terms of the time of the first death, there are 
those defined in terms of the time of the last death. In this section we will examine 
situations in which the random variable is the time of the last death. 



A survival status that exists as long as at least one member of a set of lives js 
alive and fails upon the last death is called t he last-surv ivor status. It is denoted 
by (x 1 x 2 ■ • • x m ), where x, represents the age of member i and m represents the 
number of members of the set. We consider the distribution of the time-until-failure 
of the last-survivor status, the random variable T = maxfT^), T(x 2 ), . . . , T(xJ], 
where T(x,) is the time-until-death of individual i. The random variable T can be 
interpreted as the largest order statistic associated with [T(x t ), T(x 2 ), . . . , T(xJ], 
Unlike the typical situation in the studv of inferential Statistics tbp m ranrfnm var. 
iables here are not necessarily independent and identically distributed. 

For the case of two livesjx) and (y), T(xy) = max[T(x), T(y)]. General relation- 
ships exist among T(xy), T(xy), T(x), and T(y). For each outcome, T(xy) equals either 
T(x) or T(y) and T(xy) equals the other. Thus, for all joint distributions of T(x) and 
T(y), the following relationships hold: 

T(xy) + T(xy) = T(x) + T(y), ^ (9.4.1) 

T(xy) T(xy) = T(x) T(y), (9.4.2) 

There are also some general relationships among the distributions of these four 
random variables that come from the method of inclusion-exclusion of probability; 
that is, 

Pr(A UB) + Pr(A n B) = Pr(A) + Pr(B). (9.4.4) 

Defining A as (T(x) < t) and B as JT(y) < t|, we have A D B - \T(xy) < t} and 
A U B = {T(xy) < f }, which lead to 

^WO + F^(0 = F T(x) (t) + F T(y) (t). (9.4.5) 
From this it follows that 

tPxy + tV^j = iP x + Py (9.4.6) 



268 



Section 9.4 The Last-Survivor Status 



and 

WO + WO = W) + M*)' ( 9 - 4 " 7 ) 

The relationships developed above allow the distribution of the last-survivor 
status to be explored by use of the distribution of the joint-life status that is de- 
veloped" in the pr eviou s section. An illustration of this fact is provided by substi- 
tuting (9.3.2) into (9.4.5) to obtain 

WO = W) + WO - WO = W y) (*' 0/ 
a relationship that also follows from F m) (t) = Pr[T(x) < t D T(y) ^ f]. 



Determine the d.f., survival function of p.d.f. of T(xy) for the lives in Example 
9.2.1. 

Solution: 

From (9.4.5) and the solutions to part (b) of Example 9.2.1 and Example 9.3.1, 
WO = 2 < 0 - 5 + 0-00005[f 4 - (10 - 0 4 ]) - [1 - 0.0001(10 - tf] 
= O.OOOlf 4 = F T(x)T(y) (t, t) 0 < t < 10, 

^ - i - WO - i - °.°o°i' 4 0 < ^ 10. 

By differentiation, 

/,\ n nnnj x3 (\ ^ *■ ^ in ▼ 



Example 9.4.2 



Determine the d.f., survival function and p.d.f. of T(xy) for the lives in Example 
9.2.3. 



From (9.4.5) and the solutions to Examples 9.2.3 and 9.3.2 for 0 < t< 10, 

WO = 2 ^ _ a01 < 10 " t)2] °- 0001 < 10 ~ i)4] 

= [1 - 0.01(10 - f)T ' 

= f 2 (0.2 - O.Olt) 2 = FtxW*' 0- 

^ = i - WO = i - * 2 (0-2 - o-oio 2 , 

WO = 0.04f(2 - 0.10(1 - 0.10 0 < f < 10. ▼ 

An observation derived by comparing Examples 9.3.1 and 9.3.2 with Examples 
9.4.1 and 9.4.2 is that two^f erenLiQint^dislrihut ions^may^ produce th esamg_dis- 
tiihutioiiiojLjth^^ 

status. This possibility could have been anticipated by the general nature of (9.4.5). 

For applications it is preferable to rearrange and to restate (9,45) andJ9A7)Jn 
actuarial notation: 
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ifey ~ fix + fly - fl xy < (9.4.5) restated 

t Pxy MO = ,p x v.{x + t) + tVxj v(y + t ) - tPxy ^(f ). (9.4.7) restated 

The force of failure for the last-survivor status is implicitly defined in this restate- 
ment of (9A.7) as 



MO 

= M* + f ) + My + 0 ~ t Pr„ HUP 



v _ (9-4.8) 

tPxy 

When T(x) and T(y) are independent ix„..(t ) can bp rpnlarpH 1w 4- .. n\ i^. 
(9.4.7) and (9.4.8), and they can be rewritten as 

p- y Msy(f) = f ? y f Rv M* + 0 + ^ ^ (x(y + 0 (9.4.9) 



and 

fly tPx + flx ,Py + t Px t Py { [ 

In this form the force of failure of the last-survivor status is a weighted average of 
forces of mortality. Forces of mortality are conditional p.d.f.'s, and the probability 
density that (x) and (y) will die at t is 0. As a result, the force associated with 
t p x t p y in the weighted average is 0. 



Example 9.4.3 



Determine the force of failure for the last survivor of the two lives in 

a. Example 9.2.1, and 

b. Example 9.2.3. 

Solution: 

a. Using the results of Example 9.4.1, 

0.0004f 3 4f 3 



1 - O.OOOlf 4 10,000 - £ 4 ' 
b. Using the results of Example 9.4.2, 

(f) = 0.04£(2 - 0.1Q(1 - Q.1Q = 4f(20 - Q(10 - t) 
xyK I - t 2 {Q2 - Omtf 10,000 - f 2 (20 - o 2 ' v 

Discrete analogues of relationships (9.4.1 )-(9.4.3) and (9.4.5)-(9.4.7) exist for the 
curtate-future-lifetimes. These are 

K(xy) + K(xy) = K(x) + K(y), (9.4.11) 
K(xy) K(xy) = K(x) K(y), (9.4.12) 
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a Uxy) + a nxy) = fl «») + fl K(y> for fl > Q/ (9.4.13) 

From (9.4.14) it follows that 

fmy)( k ) + h(7y)( k ) = fK<x)( k ) + (9.4.15) 

The distribution of K(xy), the number of years completed prior to failure of the last- 
survivor status, that is, the number of years completed prior to the last death, can 
now be determined from these relationships and the results for the curtate-future- 
lifetime of the joint-life survivor status. From (9.4.15), 

?i[K(xy) = k]= f K{xTj) (k) = k p x q x+k + k p y q y+k - k p xy q x+k y+k- (9.4.16) 

For independent lives, (9.3.5) and (93.12) allow us to write (9.4.16) as 

Pr[K(iy) = k] = k p x q x+k + k p y q y+k ~ k p x & y (q x+k + q x+k ~ Ix+kly+k) 

= (i - kP y ) kPx q x+ k + (i - kVx) kP y q y+ k + kPx kpy q x+ k q x+k - 

In this last form, the first two terms are the probability that only the second death 
occurs between times k and k + 1. The third term is the probability that both deaths 
occur during that year. This expression for ?x[K(xy) = k] is analogous to (9.4.9) for 
the p.d.f. of T(xy) where, since the probability that two deaths occur in the same 
instant is 0, there are only two terms. 



9.5 More Probabilities and Expectatiuns 

In Sections 9.3 and 9.4 we express the p.d.f.'s and the d.f.'s of the future lifetimes 
of the joint-life status and the last-survivor status in terms of the functions of the 
probability distributions for the single lives. In this section we use these expressions 
to solve probability problems and to obtain expectations, variances, and, for inde- 
pendent individual future lifetimes, the covariance of the joint-life and last-survivor 
future lifetimes. 



Example 9.5.1 



Assuming the future lifetimes of (80) and (85) are independent, obtain an ex- 
pression, in single life table functions, for the probability that their 

a. First death occurs after 5 and before 10 years from now, and 

b. Last death occurs after 5 and before 10 years from now. 

Solution: 

a. With T = T(80:85) we obtain 

Pr(5 < T < 10) = Pr(T > 5) - Pr(T > 10) 

= 5^80:85 ~ 10^80:85 

~ 5^80 5^85 — 10^80 10^85- 

Note that the independence assumption is used only in the last step. 
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b. With T = T(80:85) 

Pr(5 < T < 10) = Pr(T > 5) - Pr(T > 10) 

= 5^80785 ~ 10P80?85/ 



.,,-.,-1 f~^ m /q yi a\ „i_j.„:„ 
aiiu iiuiii \y ,i.vj y vvc VJUiaiil 



5^80 10^80 ~*~ 5^85 10^85 (5/%): 85 10^80:85)- 

Using the independence assumption, we can substitute 5 p 80 5 p S5 for 5 p 80: 85 and 

loPsO 10^85 ^ 0r 10^80:85- T 

The results of Section 3.5 concerning expected values of the distribution of T, the 
time-until-the death of (x), are also valid if T = T(u) the time-until-failure of a 
survival status (u). We used some of these ideas in the previous two sections; now 
we will state them explicitly. 

From (3.5.2) we have that e u = E[T(«)], which for a survival status (u) can be 
obtained from the formula 



/0 (Pu dt (9.5.1) 
If (u) is the joint- life status (xy), then 

K y = [ ^ y ^ (9.5.2) 
and for the last-survivor status (xy) we have 

$xy = j Q tVTy ^. (9.5.3) 

Upon taking expectation of both sides of (9.4.1), we see that 

= K + %~ K v - (9.5.4) 
From (3.5.5), the expected value of K = K(u) is 

30 

e« = 2 kVu 

i 

for a survival status, (u). Special cases include 

e xy ~ 2 kPxy 

and 



c xy kFxy 



It follows from (9.4.11) that 



e-j = e x + e y - e vy . (9.5.5) 
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The variance formulas derived in Section 3.5 can be used to calculate the variance 
of the future lifetime, or curtate-future-lifetime, of any survival status, (u). Thus, 

Var[T(xy)] = 2 j Q t t p xy dt - 0 xy f (9.5.6) 

and 

Var[T(xy)] = 2 j o t ^ dt - (e^) 2 . (9.5.7) 

In Example 9.2.1 we calculated the covariance of T(x) and T(y) for dependent 
future lifetimes. For the moment, we return to dependent future lifetimes to explore 

J.T „i TV,,-, A TY^TA 4« 4-k/-. rtanoi-il mco- 

ULC l^U VCIX1C111V..C Ul L\A.lfJ ailU l\<VlfJ 111 IJ.IC gtlltiui >_uov_. 

Cov[T(xy), T(xy)] - E[T(xy) T(xy)] - E[T(xy)] E[T(xy)]. (9.5.8) 
On the basis of (9.4.2), 

E[T(xy) T(xy)} = E[T(x) T(y)]. 
Using this result and (9.5.4), we can write 

Cov[T(xy), T(xy)] = E[T(x) T(y)] - E[T(xy)] {E[T(x)] + E[T(y)] - E[T(xy)]}, 
which can be rewritten as 

= rVwrTYvN TY-wYI + JFrTCrM - V.\T(yuV\ IFTTYivYI - E\T(r.vW\. f (9.5.9) 

If T(x) and T(y) are uncorrelated, then 

Cov[T(xy), T(xy)] = & - 2^(2, - 2 vy ). (9.5.10) 

Since both factors of (9.5.10) must be non-negative, we can see that when T(x) and 
T(y) are uncorrelated, T(xy) and T(xy) are positively correlated, except in the trivial 
case where e x or e y equals e xy . 



Example 9.5.2 



For T(x) and T(y) of Examples 9.2.1 and 9.2.3 determine (a) Cov[T(xy), T(xy)], 
and (b) the correlation coefficient of T(xy) and T(xy). 

Solution: 

Most of the required calculations have been done in previous examples. The 
remaining calculations can be done readily with the p.d.f.'s that were determined 
there. We will complete the calculations by displaying intermediate results in tab- 
ular form along with the number of the formula being illustrated. 
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Distribution 



Item 



Examples 9.2.1, 
y.j.i., i.t.i 



e x = e y = E[T(x)] = E[T(y)] 
e xy = E[T(xy)] 
Cov[T(x), T(i/)] 
Cov[T{xy), T(xy)} 



b. E[T(xy) 2 ] 
Var[T(yy)] 



5 
2 

-25/3 
2/3 



Var[T(xy)] 



20/3 
8/3 



8 

200/3 
8/3 



Examples 9.2.3, 
9.3.2, 9.4.2 



10/3 
2 
0 

16/9 



20/3 
8/3 



14/3 
80/3 
44/9 




In Section 9.2 the concept of the ioint distriWi™ ^ rr/^ tv..v. _ , 

similar illustrations for independent random variables. , ? 

[TO ^r^be^d^ aPP ^ t0 SPeCifyinS j ° int diStributa of 
each model convenient independent case is included within 



Let r*(x) and T*(y) denote two future lifetime random variables that in the 
absence of the possibility of a common shock, are independent; that is 

V w T *(y)(s, 0 = Pr[T*(x) > s D T*(y) > f] 

= S T*(r)(s) s r » (y) (f). (9.6.1) 

In addition there is a common shock random variable, to be denoted by Z that 
can aifec. the join, distribution of the time-until-death of lives (z) and ( y f TWs 
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common shock random variable is independent of [T*(x), T^{y)\ and has an ex- 
ponential distribution; that is, 

s z iz) = e' Kz z > 0, X > 0. 

We can picture the random variable Z as being associated with the time of a ca- 
tastrophe such as an earthquake or aircraft crash. The random variables of interest 
m building models for life insurance or annuities to (x) and (y) are T(x) = 
mm[T*(x), Z] and T(y) = min[r*( y)/ Z]. The joint survival function of [T{x\ T(y)] 

s T(x)T( ¥) (s, t) = Pr{min[T*(x), Z] > s n min[T*(y), Z] > t] 

= Pr{[T*(x) > s n Z > s] n [T*(y) > t n Z > t]} 
= Pr[T*(x) > s n T*{y) > f n Z > max(s, f)] 

= S TW (S) S T . (y) (/) e -Mmax( S , () ], (9 6 2) 

The final line of (9.6.2) follows from the independence of [T*{x), T*{y), Z]. 

Using the joint survival function displayed in (9.6.2), we can determine the joint 
p.d.f of [T(x), T(y)]. Except when s = f, the p.d.f. can be found by partial differ- 
entiation. We have 



, , a 2 
: InmA 5 ' 0 = ^ s T . (I) (s) s r . (y) (f ) e -Mmax (s , 0 ] 

= [St» w (s) sf. (y) (f) - Ks T , M (s) s^ (y) (t)] <T Vs 0 < t < s (9.6.3a) 
= [St* (x) (s) sf. (y) (f) - Xs^ w (s) s r . (y) (0] <r w 0 < s < f. (9.6.3b) 

This display does not complete the definition of the p.d.f. When s = t, the common 
shock contribution to the p.d.f. is ! 

_jnx )n y) \; -/ ^rwu^r-ijilU r u. ; " (9.6.3c) 

The domain of this mixed p.d.f., with a ridge of density along" the line s = t is 
shown in Figure 9.6.1. 



Domain of Common Shock p.d.f. 

t 




Remark: 

The interpretation of the p.d.f. given in (9.6.3.a), (9.6.3.b), and (9.6.3c) requires a 
careful analysis of the distribution of [T*(x), T*(y)] and the derived distribution of 
i'T(x) = min(i *(x),Zj, j (y) = min[T*(y), Z]}. Table 9.6.1 facilitates this analysis. 
Because of the intervention of the common shock, realizations of T*(x) and T*(y) 
may not be observed because of the prior realization of Z. The common shock 
random variable can mask or censor observations of T*(x) and T*(y). In addition 
events such as T*(x) <Z< T*(y) and T*(y) < Z < T*(x) can contribute to the p.d.f 

The marginal survival functions are given by 

s T(x) (s) = Fx{[T(x) > s] n [T(y) > 0]} 

= s T%r) (s)e- Xs (9.6.4a) 

and 

s T(y) (f) = Pr{[T(x) > 0] n [T(y) > f]} 

= s T * {x] (t)e- xt . (9.6.4b) 



Interpretation of p.d.f. of (T(x), T(y)), Common Shock Model 



y ormu * a Interpretation Domain 

9.6.3a Pr{[(s < T*(x) < s + As) n (t < T*(v) < t + At\ n <z > «u i i n ^ * ^ „ 

*(x) > s) fl (f < T*(yj < f + Af) n (s < Z < s + As)]} « " 
[/i-w(s)/n s) Ws 2 (s) + s r , w (s)/ T * (y) (£)/ z (s)]AsA£ 

9.6.3b Pr{[(s < T*(x) < s + As) n (t < T*(y) < t + M) 0 (Z > t)] U 0 < s < t 

[(s < T*(x) < s + As) n (T»(y) >f)n(KZsf + Af)]} = 
Ut'&P) f T . {y) {t) s z (t) +/ r » w (s) s T . (y) (£)/ z (£)]AsA* 

9.6.3c Pr{(T*(x) > t) fl (T*(y) >f)n(KZ<f + Af)} « s = f 

H)(0sr^,(t)/z(f) 



If we are interested in the distribution of T(xy) = min[T(x), T{y)} r the joint-life 
status in the common shock model, the survival function can be obtained usine 
(9.3.1) and (9.6.3): 6 

<W0 = s T . M (t) s T * (j/) (f ) e~ M 0 < f. (9.6.5) 
The distribution of T(xy) = max[T(x), T(y)], the last-survivor status in the common 
shock model can be derived by using (9.4.5), (9.6.5), (9.6.4a), and (9.6.4b): 

s T (^(0 = [s T . w (f) + s T . (y) (f) - s rw . (y) (f, f)] e~» 0 < t. (9.6.6) 

If the COmmnn ^hnrlr na 

_ rilitullvlu — W/ luimuias ^.o.jj anu (y.o.o) revert to tne 

form where T(x) and T(y) are independent. When \ > 0 the joint-life and last- 
survivor survival functions are each less than the corresponding survival function 
when X = 0. 
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Example 9.6.1 



Exhibit \ju xy (t) as derived from (9.6.5). 
Solution: 



jx, y (0= -|log [s T . M (0 s r ,„(0^"] 

= |x(x + o + ^(y + 0 + 



Example 9.6.2 



The random variables T*(x), T*(y), and Z are independent and have exponential 
distributions with, respectively, parameter \s. v p, 2 , and \. These three random var- 
iables are components of a common shock model. 

a. Exhibit the marginal p.d.f. of T(y) by evaluating 

/-r< y) (0 = J o fm my) (s, *) ds + f TwT{y) {t, t) + ^ f T(xmy) (s, t) ds. 

b. Exhibit the marginal survival function of T(y) by evaluating 



c. Evaluate 



Tr[T(x) = T(y)] = j Q f nxmv) (t, t) dt. 



Solution: 



a. We use the three elements of (9.6.3), adapted for exponential distributions, to 
obtain 

M*) = /o Mm* + \)e-^~^ ds + x^-^ + « + ^ 
+ JT ^(h + \>T (M+X)s ~ wf ds 
= (jx 2 + \)e- (M+wt (1 - e~ wf ) + + ^-Ou+M+'Of 

= (JJL 2 + \)g-(W + Mf 0 < t. 

b- s T(y) = JT/jYy/w) dw = <re« +x >' = s r . (i/) (f)<?~" which agrees with (9.6.4.b). 
c. Pr[T(x) = T(y)] = /J \ e -(w + ^ rff = X 



9.6.2 Copulas 

The word copula means something that connects or joins together. Copula is 
used in multivariate statistical analysis to define a class of bivariate distributions 
with specified marginal distributions. 
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In this section we will illustrate actuarial applications of Frank's copula. The 
notation will be that used in Section 9.2. It is claimed that 



1 , 



1 + ^ ^ 

e a - 1 



(9.6.7) 



when a * 0 is a joint d.f. with marginal distribution F T(x) (s) and F n ,(f ). This claim 
can be verified by confirming that 

F T(xmy)(0r °) = 0. (9.6.8) 
*Wy)(°°/ °°) = 1, (9.6.9) 

8 



F„, Yfl. n = f_ _ c c n 

[(e a - 1) + (e aF ^)W _ ^(goJriy/f) - i)]2 ^ e - u, (y.b.iu) 

and 

f 7T*my)(S/ °°) = Ftxx)(s)/ 

Statements (9.6.8) and (9.6.9) are necessary for F T(x)TUj) (s, t) to be a d.f. of two future 
lifetime random variables. Statement (9.6.10) exhibits thp f 
it is non-negative. 



) U " L1 j^.wt.i. iulu J1IUIVO UJLLai 



The parameter a in the d.f. displayed in (9.6.7) and the p.d.f. displayed in (9.6.10) 
controls the dependence of T(x) and T(y). This can be appreciated by finding 



lim /r W T ( y,(s, 0 =/r w (s)/r (y) (0 ] lim [A(a) B(a) C(a)] \, 

a -° [ a— 0 ' 

where 

A(a) = e^WsHFi^m] 

B(a) = i£l^J>, 

and Qct) = J— 

{1 + [(e af ™<s) - l)( e «F%,(0 _ l)/(^ - 1)]}2 



We have 



lim A(a) = 1, 

a— 0 



urn c(ct) - i, 

a— 0 
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and lim C(ct) depends on the term in the denominator 



nm 

a— 0 



lim 

a— 0 



F T(X) (5) g aFTw(s) (e arr, y |( " - 1) + F T(y) {t)e a '"^\e a - T ^' - ij 



Therefore, lim C(a) = 1, and lim/ T( , my) (s, 0 = f nx Js) f m {t). This means that T(x) 



<x—0 



a— 0 



and T{y) are independent in the limit as a — 0. We interpret the joint p.d.f. in this 
fashion when a = 0. 



Example 9.6.3 



Let F TW (s) = s, 0 < s < I, and F T(y) (f) 
mm[T(x), T(y)]. 

a. Find the d.f. of T{xy). 

b. Find the p.d.f. of T(xy). 



= f, 0 < £ < 1, in (9.6.7) and T(xy) 



Solution: 



a. Using (9.3.2), 



b. 



= 2t 



a 



log 



1 + 



(e at - If 



0 < t < 1. 



= 2 - 

= 2 - 



2a(g at - l)g a 7(e a - 1) 
a{l + [(e at - l) 2 /(e* - 1)]} 

2(e°^ - l)e at 
_(e a - 1) + (e at - l) 2 



0 < f < 1. 



9.7 Insurance and Annuity Benefits 

Insurances and annuities, previously discussed for an individual life, can be de- 
fined for the survival status, (u), and are discussed in this section. We also inves- 
tigate more complicated examples in which an annuity, payable to a survival status, 



9.7.1 Survival Statuses 

With the -single-life status, (x), replaced by the survival status, (u), the models 
and formulas of Chapters 4 and 5 are applicable here. Expressions for the actuarial 
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1 

present values, variances, and percentiles in terms of the distribution of (u) are 
immediately available. The relationships of Sections 9.3 and 9.4 can then be used 
to be these expressions in terms of functions for the individual lives of the survival 
status. 

For an insurance of unit amount payable at the end of the year in which the 
"survival" status fails, the model and formulas of Section 4.3 apply. Thus if K 
denotes the curtate-future-lifetime of (w), then the 

• Time of payment is K + 1, 

• Present value at issue of the payment is Z = v K+J , 

zc 

' Actuarial present value, A u , is E[Z] = 2 v k+1 Fr(K = k), (9-7-1) 

• Var(Z) = M„ - (A u f. (972) 
As an illustration, consider a unit sum insured payable at the end of the year in 
which the last survivor of (x) and (y) dies. From (9.4.16) and (9.7.1) we have 

A Jy = 2 v k+1 ( k p x q x+k + kVy q y+k - kPxy q x+k . lJ+k ), 

which can be used at forces of interest 8 and 28 to obtain the variance by (9.7.2). 

The numerous formulas for discrete annuities in Section 5.3 are valid when the 
annuity payments are contingent on the survival of a survival status. For example, 
if we replace x with u to emphasize that K is the curtate-future-lifetime of the 
survival status, (u), we can restate the following formulas for an n-year temporary 
life annuity in regard to (u): 

Y = K = 0,1 n-l 

Y % K=n,n + l (5.3.9) restated 

n-i 

a u % = E[Y] = 2 <%ni k \q u + an n Vu> (9.7.3) 

u 

n-l n-l 

' d u^ = 2 k E u = 2 u fc rfv (5.3.9) restated 



0 0 



= ^ C 1 ~ A «^X (5.3.12) restated 

Var(Y) = j 2 ?A U $ - (A irJi ) 2 ]. (5.3.14) restated 

As an illustration, consider an annuity of 1, payable at the beginning of each 
year to which both (x) and (y) survive during the next n years. This is an annuity 
to the joint-life status (xij). By substituting fPxy/ or tPx p y if the lifetimes are inde- 
pendent, for f p u in the above formulas, we can obtain the actuarial present value 
of the annuity. For the variance as given in (5.3.14), we can use 

A x y ^ = 1 - da ^ 
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and 

or we can calculate the actuarial present values directly. 

In addition, we can establish relationships among the present-value random var- 
iables for annuities and insurances on the last-survivor status and the joint-life 
status. From relationship (9.4.13), we have 

y«3y)+l + v K*y)+l = v K(x)+l + (9.7.4) 

' d ix^ + d m^% = ' d m^ + d m^\ ■ ^ 9 - 7 - 5 ^ 

By taking the expectations of both sides of (9.7.4) and (9.7.5), we have 

A W j + Ay = Ac + Aj 

and 

These formulas allow us to express the actuarial present values of last-survivor 
annuities and insurances in terms of those for the individual lives and the joint- 
life status. Note that these formulas hold for all joint distributions; independence 
is not required. 

We now consider continuous insurances and annuities. If T, the future-lifetime 
ranaom vanaoie m sections anu o.zi, ib i-em.ieiyi.ci.eiA aa n»;, mc umt-uum 
failure of the survival status, (u), the formulas of those sections for present values, 
actuarial present values, percentiles, and variances hold for insurances and annu- 
ities for the status (u). 

For an insurance paying a unit amount at the moment of failure of (w), the,present 
value at policy issue, the actuarial present value and the variance are given by 

Z = u T , 

A= I V tPu MO dt, (4.2.6) restated 

J 0 

Var(Z) = 2 A U - (AJ. 
As an illustration, the restated (4.2.6) for the last survivor of (x) and (y) would be 

Ajp = J o v* t p^ M^(£) dt. 

From (9.4.7), this is 

P . 

A-j = J o v< [ t p x (x(x + f) + t p y ^(y + t) - t p xy ^ v {t)\ at. 
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For an annuity payable continuously at the rate of 1 per annum until the time-of- 
failure of (u), we have 



y = 



Var(Y) = 



a u = J o n tpu m,(0 dt 
' 2 K ~ (A,) 2 



S 2 



The interest identity, 



8 + v T = 1, 



(5.2.3) restated 

(5.2.4) restated 
(5.2.9) restated 

(5.2.7) restated / 



is also available for T = T(u) and provides the connection between the models for 
insurances and annuities. 

As an application, consider an annuity payable continuously at the rate of 1 per 
year as long as at least one of (x) or (y) survives. This is an annuity in respect to 
(xy), so we have from the above formulas with T = T(xy) 

Y = fl= 



a xy = J Q ^ lVx ^{x + t) + t p y (x(y + t) - t p xy ix xy {t)] dt 



^ tVxy dt, 



Var(Y) = 



2 A^ (A^) 2 



5 2 



Formula (9.4.3) implies that 



and 



and (9.4.1) implies that 



v TUy) + v T(xy) _ v T(x) + y 7Ky) (9.7.6) 

(9.7.7) 
(9.7.8) 

These identities can be used to obtain the relations among the actuarial present 
values, variances, and covariances of insurances and annuities for the various stat- 
uses. For example, taking the expectations of both sides of (9.7.6) and (9.7.7), we 
obtain 



v T(xy) v T(xy) _ y T(,x) yT(y)_ 



Ajy + A. X y — A x + Ay, 



a nj + a xy = a x + Ay 



(9.7.9) 
(9.7.10) 



y 
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In the same way that Cov[T(xy), T(xy)] was expressed as 

Cov[T(5y), T(xy)] = Cov[T(x), T(y)} + (i, - e xy )(e y ~ e xy ), 
it can be shown that 

, -n™, Tivu\x _ TV*) ,.T(w>\ _ Z \( A — A \ fQ 7 1 "H 

Both factors in the second term of (9.7.11) are nonpositiye, so it will be non-negative 
and will be zero only in the trivial case where either A y or A y equals A xy . 

The actuarial present value of a continuous annuity paid with respect to (xy) 
where, because (x) and (y) are subject to common shock, the joint survival function 
„;„ Q n u*, (Q a x,\ ran Vip written in current uavment form as 

a~ = f e^V) df + 1 e_(5+M W f ) * 



f 

Jo 



iq dt - {9 - 712) 

Formula (9.7.12) illustrates how the common shock parameter X can be combined 
with the force of interest in some calculations. 



a. Extend (9.7.9) to the actuarial present value of a n n-yea rjer m insu rance paying 
a death benefit ot 1 at tne moment or cne wsi uca.ui ui aiL y vy; " ~— — 
occurs before time n. If at least one individual survives to time n, no payment 
is made. 

b. Use the formula to calculate the actuarial present value, on the basis of 5 = 0.05, 
of a 5-year term insurance payable on the death of the last survivor of the two 
lives in Example 9.2.1. 

Solution: 

a. By restating (9.7.6) for n-year term insurance random variables and then taking 
expectation of both sides, we have 

= A l x $ + A 1 ^ - A^. 

The symbol A^ represents the actuarial present value of an n-year term in- 
surance payable at the failure of the joint-life status if it occurs prior to n. 

b. From Example 9.2.1, T(x) and T(y) each has p.d.f. f T (t) = 0.0002 [f 3 + 
(10 - tf], 0 < t < 10. Therefore, 

= A 1 .* = f 5 e-° 05t {0.0002[f 3 + (10 - £) 3 ]} dt 

^ Jo 

= 0.4563. 

From Example 9.3.3, we have that f T(xy) (t) = 0.0004(10 - tf, 0 < f < 10, so 
J ^ = £ e - 005f [0.0004(10 - tf] dt = 0.8614. 
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Using the result from part (a), 

= 2(0.4563) - 0.8614 = 0.0512. 



9.7.2 Special Two-Life Annuities —————— 



Example 9.7.2 



An annuity is payable continuously at the rate of 
• 1 per year while both (x) and (y) are alive 

a. The annuity's present-value random variable 

b. The annuity's actuarial present value 

c ZT^:;r dom variable m (a) < ™ der «« ** rw md 



Solution: 



' whrr^^^T^^ 1~ tot * - *e rate 0f 2/3 per y ear 

payable at the rate n 1/3 J ve-until time r ( Jy)]_and one that is 

T h e ptir^ui o^:;^ r mdividuaJs - e ai "' *™ 

b. The actuarial present value is 

E[Z] = - a- + - a 
3 xy 3 v f ' 

Using (9.7.10) to substitute for a- we have 

E t Z ] = \\ + H - - a 

3 3 y 3 ^ 

Alternatively, f rom (5.3.2B) restated, we have 

Thereby considering the three mutually exclusive cases as to which of the lives 
may be survmng when {x y) 1S surviving at time t, we can write 

tttrcon;^: XPreSSi0n ^ ** ta ^ al ™ d — *e resets 



^04 



Secf/bn 9. 7 Insurance and Annuity Benefits 



3 Jo 

H I »' ( n — -n \ 

3 Jo " vtry trx y' """ 



This expression of E[Z] can be directly obtained by considering the three cases 
The first term is the actuarial present value of the payments at the rate of 1 per 
year while both (*) and (y) survive. The second term is the actuarial present 
value of the payments at the rate of 2/3 per year at those times t when (*) is 
alive (with probability tPx ) but not both of (x) and (y) are alive (with probability 

,T! 1. I hp thirW form T-.-.0 ... _ r J 

Irxy/ . -„ a 011IU1£U . uuerpretanon witn x and y interchanged. 



Var(Z) = Var ( ^ 5— , + 1 



4-1 4 
= 9 Var( W + 9 Var( ^) + 9 Cov ^- «r^)- 



But, by Exercise 9.23, for independent T(x) and T{y), 

CovCa— n 5—,) - Cov(" r( ^ 
^ UV( -"n^' "ns^ ^ 



fA. - A \(A - A \ 



Hence 



Var(Z) = |4/9 - (A^f) + 1/9 - (A„, f] + 4/9 (A - A„)(A. - A..Y j 



9.7.3 Reversionary Annuities 



A reversionary annuity is payable during the existence of a status («), but only 
after the failure of a second status (v). Conceptually, this is a deferred life annuity 
with a random deferment period equal to the time until failure of the second status 
In fact, it is a generalization of the deferred life annuity, for if (v) is an n-year term 
certain, then reversionary annuity reduces to an rc-year deferred annuity If («) is 
a term certain, the reversionary annuity reduces to a form of insurance, family 
income insurance, studied in Chapter 17. The basic notation for the actuarial pres- 
ent value of this annuity is a vW with adornments to indicate frequency and timine 
of payments. The concept has been useful to obtain expressions for the more com 

plex annuity arrangements in terms of sWIp „ t- 

, „ „ ; ~ - " er- j"""- oicn.uo amiuuies (see cx- 

ample 9.7.3). Here we will study the present-value random variables for reversion- 
ary annuities. 



We start with an annuity of 1 per year payable continuously to (y) after the death 
of (x). The present value at 0, denoted by Z, is 

f . — TYr^i < 7YiA 

10 T(x) > T(y). 



This can be written as 

Z 



0 T(x) > T(y), 



or as 



which is the same as 



(9.7.14) 



[awr-i - fl^ Tlx) < Tfvl 

z = jj**. _<~* — (9 715) 

Ufm - am ™ > T(y), 

z = - (9.7.16) 



Thus, 

^ y = E[Z] - E[^] - Elfl^j] = fl y - fl Yy . (9.7.17) 
Formulas (9.7.16) and (9.7.17) hold for survival statuses («) and (v). For example, 

^lly = «y ~ ^y^/ 
fl x|t/:^ ~~ fl y:^] — ^y:^| • 

We note that (9.7.17) holds for dependent future lifetimes. 



Example 9.7.3 



Calculate the actuarial present value of an annuity payable continuously at the 
rates shown in the following display. 



Case, Rate, and Condition 

1. 1 per year with certainty until time n, 

2. 1 per year after time n if both (x) and (y) are alive, 

3. 3/4 per year after time n if (x) is alive and (y) is dead, and 

4. 1 12 per year after time n if (y) is alive and (x) is dead. 



Solution: 

We use the reversionary annuity idea to write the actuarial present value of this 
arrangement in terms of single-life and joint-life annuities. 

• Case 1: This is an n-year annuity-certain: a-^. 

• Case 2: This is n-year deferred joint life annuity to (xy): 

u\ a xy ~ a xy ~ a xijjl\ ■ 

• Case 3: This is a reversionary annuity of 3/4 per annum to x after y-nj: 

3- 3-- 3 ^ _ 

4 <gSi\x = 4 («* - flv:M)) = ^ (a x - a xlJ - a x .^ + a xlJ ^). 
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• Case 4: This is a reversionary annuity of 1/2 per annum to y after 

1 _ 1 ._ _ - , - , 
— 

Ad dine the results for the four cases together, we obtain the required actuarial 

— u ~ 

present value, 

3_ 1 _ 1 _ 3_ 1 _ 1 _ 
^ + 7 fl.x + 2 fl J/ ~ 4 fl *y ~ 4 fl *a ~ 2 ^ 4 ▼ 



9.8 Evaluation— Special Mortality Assumptions 

In Section '9.7 the actuarial present values of a variety of insurance and annuity 
benefits that involve two lifetime random variables were developed. These devel- 
opments typically culminated in an integral or summation. In this section we study 
several assumptions about the distribution of T(u) that will simplify the evaluation 
of these integrals and summations. 

9.8.1 Gompertz and Makeham Laws 



nmr^f-i™-* fViat mnrf-alifv follow*; MakpVmm's law. or its 

important special case, Gompertz's law, and the implications for the computations 
of actuarial present values with respect to multiple life statuses. Independent future 
lifetime random variables will be assumed. 

We begin with the assumption that mortality for each life follows Gompertz's 
law, = Bc x . We seek to substitute a single-life survival status (w) that has a 
force of failure equal to the force of failure of the joint-life status (xy) for all t > 0. 
Consider 



(x ry (s) = \l(w + s) s > 0; 



(9.8.1) 



that is, 



Bc x+S + Bcv +S = Bc w+S , 



or 



c * + c y = c w , 

which defines the desired w. It follows that for f > 0, 



exp 



— exp 



tFxy 



\i.{w + s) ds 



(9.8.2) 



(9.8.3) 



Thus for w defined in (9.8.2), all probabilities, expected values, and variances for 
the joint-life status (xy) equal those for the single life (w). For tabled values, the 
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need for a two-dimensional array has been replaced by the need for a one- 
dimensional array, but typically w is nonintegral, and therefore the determination 
of its values requires interpolation in the single array. 

Tl-.^ ^cciirvinUrm J-T-i-al- i-n ni4 ■=! 1 i f r t (r\r a-af1-> lifo fr»11rv«Ai-o \A a XroVi a m ' c law /cpp TaVllf 

1 lit HL?i?UUL^/LlVlt UIUl 1 1 1 VII LLli i L V I. W 1 \— L« ^ 1 I 111 — n/"m * ' . t inm,i iiai i i — ' ' " ' ' y — ^- - " ^- ' — 

3.6) makes the search more complex. The force of mortality for the joint-life status 
is 

|x vy (s) = [l{x + s) + \x(y + s) = 2A + Bc s (c x + c"). (9.8.4) 

We cannot substitute a single life for the two lives because of the 2A. Instead, we 
replace (xy) with another joint-life status (ww), and then 

M^Js) = 2\l(w + s) = 2(A + Bc s n, (9.8.5) 

and we choose w such that 

2c w = c x + c y . (9.8.6) 

Unlike the Gompertz case where the one-dimensional array is based on functions 
from a single life table, this one-dimensional array is based on functions for a joint- 
life status (ww) involving equal-age lives. 



Example 9.8.1 



Use (3.7.1) and the d xx values based on the Illustrative Life Table (Appendix 2A) 
with interest at 6% to calculate the value of a 60 . 70 . Compare your result with the 
values of a 60:70 in the table of a x:x+w . 



Solution: 

From c = 10 004 and c 60 + c 70 = 2c w , we obtain w = 66.11276. Then using linear 
interpolation, a 60:70 = 0.88724a 66:66 + 0.11276a 67:67 = 7.55637. The value by the 
d x . x+w table is 7.55633. ▼ 



9.8.2 Uniform Distribution 

We retain the independence assumption, and in addition we assume a uniform 
distribution of deaths in each year of age for each individual in the joint-life status. 
With this additional assumption, we can evaluate the actuarial present values of 
annuities payable more frequently than once a year and insurance benefits payable 
at the moment of death. 

We recall from Table 3.6 that, under the assumption of a uniform distribution of 
deaths for each year of age, t p x = 1 - tq x and 

tPx ^(x + t ) = | (1 - tPx ) = q x . (9.8.7) 

When we apply this assumption to a joint-life status (xy), with independent T(x) 
and T(y), we obtain, for 0 < t < 1, 
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f p,. y M') = P* <Py W * + t) + ^ + 01 

= tVlJ t p x |ul(x + o + ,p x t p y jt(y + 0 

- (1 - + (1 ~ 

= + % ~ 1Aj + (! ~ 2f )^y 

- ^ + (1 - ( 9 - 8 - 8 ) 
On the basis of (4.4.1), the actuarial present value for an insurance benefit in regard 
to a survival status, (u), can be written as 



V ,.fc+i 

fc=0 



r 



Ai-s *±£h „. + ds. 

kPu 



Using (9.8.8), we can rewrite this for the joint-life status, {xy), as 



A xy = E v k+l 



+- 



2 2 

- + - 
8 z 



2 Vk+1 kVxy q x +k 



(9.8.9) 



To interpret the right-hand side of (9.8.9), we see from (4.4.2) that the first term 
is equal toX, if T(xy), the time-until-failure of (xy), is uniformly distributed in each 
year of future lifetime. Such is not the case for T(xy) = {min[T(x), T(y)]} when T(x) 
and T(y) are distributed independently and uniformly over such years. Underthis 
latter assumption, the conditional distribution of T(xy), given that TU} and T(y) are 
in different yearly intervals, is also uniform over each year of future lifetime. How- 
ever, given that T(x) i_and T(y) are wilhin„the same .HiL^^Jh^^tobutiOToLtiiOT 
shifted tow^„^ejLegfflI3^.^L&e. interval (see. Exercise 9.38). A 



lJ.lllLLXlLWiJ.i-l J.O Ji 



xj, iu uaj. i. w*-*-*- » ■ - — — : j.;™— — « — — - tr — — — -^j- - 

consequence of this" shift is to require the second term in (9.8.9) to cover the ad- 
ditional expected costs of the earlier claims in those years. The second term, which 
is the product of an interest term that is close to z/6 (see Exercise 9.39) and a 
actuarial present value for an insurance payable if both individuals die in the same 
future year, is very small. The actuarial present value A, ;/ is often approximated by 
ignoring the small correction term, thereby simplifying (9.8.9) to 

A — - A (9.8.10) 

which is exact, as noted previously, if T(xy) is uniformly distributed in each year 
of future lifetime. 



To evaluate a xy , we 



and, on substitution from (9.8.9), obtain 



have from (5.2.8), with survival status (x) replaced by (xy), 
1 — 

a xu = 7 (! _ Avy)' 
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A xy + ( 2 ~ ^ + j) i Vk+1 >=Px V <lx + k %+k j 



use (5.4.12) and (5.4.13) to write 

Kj = [a(°°)^ y - P(°°)] 

~ ^ I 1 ~ i + f) % vk+l kVxy qx+k q>j+k ' (9 ' 8 ' n) 

Formula (9.8.11) follows from the assumption that T(x) and T(y) are distributed 
independently and uniformly over future years. If we assume that T(xy) itself 
is uniformly distributed over each future year, then from the continuous case of 
(5.4.11), m = 00, we would have immediately 

"*y = ^)a xy - 3(00). (9.8.12) 

Formula (9.8.12) differs from (9.8.11) by a small amount, which approximates the 
product of z/(68) and the actuarial present value for an insurance payable if both 
individuals die in the same future year. 

To use the same approach to evaluate the actuarial present value of an annuity- 
due payable m-thly, we need an expression for A<™ ] under the assumption of a 
uniform distribution of deaths for each of the individuals in each year of age. In 
analogy to the continuous case, we start with 

<= m 

Ar^ ~ 2 V>C kPxy 2 V''™ ((j-l)l mVx+k:y+k ~ jlmP x+k.y+k)- (9.8.13) 
k=0 j=1 

In Exercise 9.40 this expression, under the assumption that T(x) and T(y) are in- 
dependently and uniformly distributed over each year of age, is reduced to 



<"> = -L A*, + -L (l + - - ~L + ~) E v k+1 kVxv q x+k q u+k . (9.8.14) 

' \ rn a—' i j k = Q — 

As m — ► oo, the expression in (9.8.14) approach their counterparts in (9.8.9). To 
interpret the right-hand side of (9.8.14), we see by analogy to (9.8.9) that the first 
term is the usual approximation for A'^ and is exact if T{xy) is uniformly distrib- 
uted in each year. Then, 

_z_ / 1_ 2_ 2\ m 2 - 1 . 

i (m) \ + m d (m > + i) ~ 6m 2 h 

which is less than i/6. 

By substituting (9.8.14) into -(5,4*4) restated for (xy), and replacing A by 
1 - da r „, we obtain the formula for cf™) that is analogous to (9.8.11). If the second 
term of (9.8.14) is ignored, the formula for reduces to 

= a(m)a ty - 0(m). (9.8.15) 

Again by (5.4.11), this is exact under the assumption that the distribution of T(xy) 
is uniform over each year of future lifetime. 
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9.9 Simple Contingent Functions 

In this section we study insurances that, in addition to being dependent on the 
time of failure of the status, are contingent on the order of the deaths of the indi- 
viduals in the group. In this section we will assume that T(x) and T(y) have a 
continuous joint d.f. This is done to exclude the common shock model of Section 
9.6.1. 

We begin with an evaluation of the probability that (x) dies before (y) and before 
n years from now. In IAN this probability is denoted by n q\ y , where the 1 over the 
nrrvhahilitv is for an event in which (x) dies before (y), and n mdi- 
cates that the event occurs within n years. Then , t ql v equals the double integral of 
the joint p.d.f. of T(x) and T(y) over the set of outcomes such that T(x) < T(y) and 
T(*) ^ n: 



«<lly = J 0 J s fnwyP> f ) dt ds 

= I I f-n v ptx)(t\s) dtf T(x) (s) ds 

JO Js 

= f PrriYirt > s\T(x) = sl f™(s) ds 
Jo - 



Pr[T(y) > s\T(x) = s] s p x [l{x + s) ds. 
For the independent case, Pr[T(y) > s\T(x) = s] = s p y , so 



(9.9.1) 



(9.9.2) 



a_ 4-^^^ n ( (Q q ?\ inT^nlvPc tbrpp plements. First, because s is the time of 

death of (x), the probability 5 p x 5 p y indicates that both (x) and (y) survive to time s. 
Second, + s) ds is the probability that (x), now age x + s, will die in the interval 
(s, s + ds). Third, the probabilities are summed for all times s between 0 and n. 



Example 9.9.1 



Calculate 5 ql y for the lives in Example 9.2.1. 

Solution: 

From (9.9.1), 

f 5 f 10 

„i = I I n nnfW/- - <A 2 dt ds 

5 ^y h J s N " "" ' " 



I 



= 0.0002(10 - sf ds = 0.46875. 
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We can also evaluate the probability that (y) dies after (x) and before n years 
from now. This probability is denoted by n cj^ the 2 above the y indicating that (y) 
dies second and n requiring that this occurs within n years. To evaluate n q*, we 
integrate the joint p.d.f. of T(x) and T{y) over the event [0 < T(x) < T(y) < n]: 



rn rt 

ifli = J 0 J 0 /n*my)( s ' t)dsdt 



7 

o Jo ' 



,;W<y)(s|0 dsf ny) (t) dt 

= j Q Pr[T(x) < *|T(y) - f] ,p y ,x(y + 0 dt. (9.9.3) 
Again in the independent case, we have 



n <?*5 = I a ,p y My + 0 dt 

J 0 

= nfy - (gr> -Kr'j (9-9.4) 
If the integration of (9.9.3) is set up in the reverse order, we have 

Ay = J o J s fnx)nyp, t) dt ds 

= J 0 j g fnyimiAs) dtf T(x) (s) ds 

= Pr[s < T(y) < n|T(x) - s] 3 p r jji(x + s) ds. 
Making the assumption of independence for T(x) and T(y), we can rewrite this as 



= nlly - nVy A" (9.9.5) 

In (9.9.5) the integrand is interpreted as the probability that (x) dies at time s, with 
0 < s < n, and (y) survives to time s but not to time n. Moreover, we now have 
that 



This implies 



tflxy ntfxy + nPy nix- 



ntfxy ~ ntf: 



xy 



Similar integrals can be written for the actuarial present values of contingent 
insurances, but some do not simplify to the same extent. Consider the actuarial 
present value of an insurance of 1 payable at the moment of death of (x) provided 
that (y) is still alive. This actuarial present value, denoted by A\ , is E[Z] where 
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z = 



, T(x) 



0 



T(x) < T(y) 
T(x) > T(y). 



j c „n — ~£ ty v \ -.,-.,-1 77 < A fVio ovnortafinn nf 7 ran hp nhtainpd bv usine 

DllUje ^ lt> <X ILUlLllwii ujl ctuvt J-vj//' '- i j ,j 

the joint p.d.f. of T(x) and T(y): 

/•co Too 

AL = I I v s f TMT( Js, t) dt ds 



0 Js 



0 Js 



y s /T(y)|m)(*|s) dtf T(x) (s) ds 



- rrr 



v s <,p r ix(x + s) ds. 



(9.9.6) 



In the case of independent future lifetimes, T(x) and T(y), we can simplify (9.9.6) 
and express it in IAN as 



u s s p x (jl(x + s) ds 



(9.9.7) 



The final expression can be interpreted as follows: If (x) dies at any future time s 
and (y) is still surviving, then a payment of 1, with present value v s , is 
5 = 0, Ai, = „^„. 



made. When 



Example 9.9.2 



Determine the actuarial present value of a payment of 1,000 at the moment of 
death of (x) providing that (y) is still alive for (x) and (y) in Example 9.2.3 and on 
the basis of 5 = 0.04. 



Solution: 

Since T(x) and T(y) are independent in Example 9.2.3, we can use the results of 
that example in (9.9.7) to have 

1,000 A\ y = 1,000 J o e-°' 04s 5 p y s p x |i(x + s) ds 
no 

= 1,000 <T a04s 0.01(10 - sf 0.02(10 - s) ds 

Jo 

no 

= 0.2 e" 0 - 04s (10 - s) 3 ds = 462.52. _ 
Jo ▼ 



Example 9.9.3 



a. Derive the single integral expression for the actuarial present value of an insur- 
ance of 1 payable at the time of death of (y) if predeceased by (x). 

b. Simplify the integral under the assumption of independent future lifetimes. 
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c. Obtain a second answer for part (b) by reversing the order of integration in the 
part (b) double integral. 



Solution: 

a. The actuarial present value, denoted by A xy , is E[Z] where 

z = \v T{ y ) T(x) < T(y) 



0 T(x) > T(y). 

Again, Z is a function of T(x) and T(y), so we write an integral for the expectation 
of Z by using the joint p.d.f. of T(x) and T(y), 

Al = j o J Q v'f mmy) (s, t)dsdt 

= J o j; f Pr[r(x)<f|T(y) = t]/ T(y) (0^. 

b. Invoking the independence assumption and writing in IAN we have 

Avy = j n V ' fix tVy V(V + 0 ^ 

r 

= j o y v - t pj tPy wy + u flf 

We note for the independent case that we can express the actuarial present value 
for a simple contingent insurance, payable on a death other than the first death, 
in terms of the actuarial present values for insurances payable on the first death. 
This is the initial sten in the numerical evaluation of simole contingent insur- 
ances for independent lives. 

c. We have 

Too 

2 _ 



Al = J o J s s p x ^{x + s) t p y |x(y + t) dt ds. 

To simplify we replace t with r + s in the inner integral and rewrite the 
expression 



co Too 



Avy = J o J o v r+s r+s p y |x(y + r + s) s p x \l(x + s) dr ds 

/"CO l*cc 

= L u$ sPy sP x Pi* + s) \ n V r p y+5 (x(y + s + r) dr ds 

vS A y+S 5 p y s p x ja(x + s) ds. 

This last integral is an application of the general result given in (2.2.10), 
E[W] = E[E[W|V]]. Here V = T(x), W = Z, and we see that the conditional 
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expectation of Z, given T(x) = s, is the actuarial present value, v s s p y A y+S , of the 
pure endowment for an amount A y+S sufficient to fund a unit insurance on 

(y + 5). ▼ 



9.10 Evaluation— Simple Contingent Functions 

We now turn to the evaluation of simple contingent probabilities and actuarial 
present values, noting the effects of assuming Gompertz's law, Makeham's law, 
and a uniform distribution of deaths. The ubiquitous assumption of independence 
will be made. 



Example 9.10.1 



Assuming Gompertz's law for the forces of mortality, calculate 

a. The actuarial present value for an n-year term contingent insurance paying a 
unit amount at the moment of death of (x) only if (x) dies before (y) 

b. The probability that (x) dies within n years and predeceases (y). 



Solution: 

a. A^j = | n v* t p xy n(* + t)dt 

Under Gompertz's law, 

= JVj^Bc* c ' dt 



o 

x fn 

v l t p xy B(c x + cyy dt 



c x + c y 

Furthermore, if (9.8.2) holds, then 
and 



c x + c y h 

c x f n 
I v 1 u._/n dt 

c x + c» Jo ' ir " y ' 



C A^. (9.10.1) 



ft = £_^i (9.10.2) 

xy: u| Q w w:n ' 

b. Referring to (9.9.2) we see that n q\ y is A] y .^ with y = 1. Thus, it follows from 
(9.10.2) that, under Gompertz's law, 

q 1 = — a , (9.10.3) 
where c w = c x + c lJ . T 
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Example 9.10.2 



Assuming Makeham's law for the forces of mortality, repeat Example 9.10.1. 
Solution: 



a. A\ y .^ - | v> tPxy (A + BcV) dt 



c x rn 



~ ^ j 0 yt ^ df + J 0 ^ ^ B(c + c»y dt 

+ ^+~^ I Uf ^ [2A + B(CX + CVy] dt 
I 2c x \ c x 

Then by using (9.8.6), we obtain 

^ = A {^~~) + ^ (9-10.4) 

b. Again, we set u = 1 in the result of part (a) to have 

/ c x \ c x 
A = A ( 1 - — ) e ww .^ + — n q um . (9.10.5) 



▼ 



The actuarial present value for a contingent insurance payable at the end of the 
year of death is 

CO 

A\ y = 2 v k+1 kP xy Itty+k- (9-10.6) 

fc=U 

Under the assumption of a uniform distribution of deaths for each individual and 
independence between the pair of future lifetime random variables, we have 



fiTfcy+fc = j sPx+h.y + k + k + S) ds 



Ix+ki 1 ~ S %+k) ds 
0 * 



= <W 1 1 - (9-10.7) 



2 

We can now rewrite s p x+k:v+k \l(x + k + s) in terms of 
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sPx+fcy+Jt ^{x + k + s) = q x+k (l - sq y+k ) 

\ * " 7 



/1 \ 
+ I- 



S J Ix+kly+k 



q.7T k :y + k + [\ -s)q x+k q y+k . (9.10.8) 



When the benefit is payable at the moment of death, the actuarial present value is 

f 1 



A\y = 2>* kVxy V s sPx+ky+k |X(X + fc + S) dS 

L = n JO 



= 1 kPxy 

k=0 



\ (1 + z) 1_s ds 

JO 

+ f„ t 9,« / 0 (1 + 0 1 - (l - s) ds 

The second term (9.10.9) is very small relative to the total amount. It is 1/2 of the 
second term in (9.8.9). 

9.11 Notes and References 

The concept of the future-lifetime random variable, developed for a single life in 
previous chapters, has been extended to a survival status, particular cases of which 
are statuses defined by several lives. Probability distributions, actuarial present 
values, variances, and covariances based on these new random variables were ob- 
tained for statuses defined by two lives by adaptation of the single life theory. 
These concepts are developed for more than two lives in Chapter 18. 

Discussions of the ideas of this chapter without the use of random variables can 
be found in Chapters 9-13 of Jordan (1967) and Chapters 7-8 of Neill (1977). A 
general analysis of laws of mortality, which simplify the formulas for actuarial 
functions based on more than one life, is given by Greville (1956). Exercise 9.36 
illustrates Greville' s analysis. 

Marshall and Olkin (1967, 1988) contributed to the literature on families of bi- 
variate distributions. In particular, they wrote about the common shock model. 
Frank's family of bivariate distributions is named for M. J. Frank, who developed 
it. This family is reviewed by Genest (1987). 

Frees, Carriere, and Valdez (1996) used Frank's copula to analyze data from last- 
survivor annuity experience. They assumed that the marginal distributions belong 
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to the Gompertz family. The estimation process yielded an estimate of a of ap- 
proximately -3.4. Comparing this estimate with the approximate standard error of 
the estimate leads to the conclusion that T(x) and T(y) were dependent in that 
experience. 

The parameter a is not a conventional measure of association. The value -3.4 is 
associated with a positive correlation between T(x) and T(y). This might have been 
expected because in practice lives receiving payments until the last survivor dies 
live in the same environment. 

Frees et al. also found that the assumption of independence between T(x) and 
T(y) resulted in higher estimated last-survivor annuity actuarial present values than 
those estimated using a model that permits dependence. The difference was in the 
range of 3% to 5%. 

Exercises 

Unless otherwise indicated, all lives in question are subject to the same table of 
mortality rates, and their times-until-death are independent random variables. 

Section 9.2 

9.1. The joint p.d.f. of T(x) and T(y) is given by 

£ , ^ (n - l)(n ~ 2) 

/tW s - 0 = {1 + s + tf 0 < s, 0 < f, n > 2. 

Find: 

a. The joint d.f. of T(x) and T{y). 

b. The p.d.f., d.f., and |x(x + s) for the marginal distribution of T(x). Note the 
symmetry in s and t which implies that T(x) and T(u) are identical! v 
distributed. 

c. The covariance and correlation coefficients of T{x) and T(x), given that 
n > 4. 

9.2. Display the joint survival function of [T(x), T(y)] where the distribution is 
defined in Exercise 9.1. 

9.3. The future lifetime random variables T(x) and T(y) are independent and iden- 
tically distributed with p.d.f. 

m = ^rnpi » > 3, * >o. 

Determine the joint d.f. and the joint survival function. 
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Section 9.3 

9.4. In terms of the single life probabilities jp x and n p y , express 

a. The probability that (xy) will survive n years 

b. The probability that exactly one of the lives (x) and (y) will survive n years 

c. The probability that at least one of the lives (x) and (y) will survive n years 

d. The probability that (xy) will fail within n years 

e. The probability that at least one of the lives will die within n years 

f. The probability that both lives will die within n years. 

9.5. Show that the probability that (x) survives n years and (y) survives n - 1 

vpars mav be exoressed either as 

j j ~i 

nPx:y— 1 

or as 

Px n-lPx+V.y 



9.6. Evaluate 

tPxx MO dt 

Jo 



n rr t t„: j;^„«nn TYv\ ^-.^ TYiA cVinwn in Fvprrkp Q 1 disnlav fa 1 ) the 

y.y. uaiiig uic uiauiuuuun ui jl. \a j uj.iv* j. \j / ^.^-....i — — ~ '•- j j \--/ 

d.f., (b) the survival function, and (c) E[T(xy)] for T(xy). Assume n > 3. 

9.8. Use (9.3.8) to obtain the p.d.f. of T(xy) for the joint distributions of T(x) and 
T(y) given in Example 9.2.3. 

Section 9 A 

9.9. Show 

tPxy = tPxy + tPx (1 - tPy) + «Py " ffcc) 

algebraically and by general reasoning. 

9.10. Find the probability that at least one of two lives (x) and (y) will die in the 
year (n + 1). Is this the same as „\cj-7 Explain. 

9.11. The random variables T(x) and T(y) have the joint p.d.f. displayed in Exercise 
9.1. Find (a) the d.f. and the p.d.f. of T(xy), (b) E[T(xy)], and (c) ^(O- 

Section 9.5 

9.12. Given that 25 p 25:50 = 0.2 and 15 p 25 = 0.9, calculate the probability that a person 
age 40 will survive to age 75. 
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9.13. If fx(x) = 1/(100 - jc) for 0 < x < 100, calculate 

a " 10^40:50 b. 10 p4oT5o 



c. e, 



40:50 



e. var[i(40:£>0)] 

K. Covrrf40:50V Tf4075Cm 



d. e- 



40:50 



f. Var[T(40:50)] 



nn V»£i4"TA j-^^t-* TV /I ^ . CAN J 

" " ■ * vxx_/i i uv-ivv v,\„± l i , jy j ctllU. 



1(40:50). 



9.14. Evaluate 



dx 



9.15. Show that the probability of two lives (30) and (40) dying in the same year 
can be expressed as 

1 + ^30:40 _ P30(l + e 3 l:40) " VtoQ- + ^30:4l) + P 3 0:4 0 (l + e 31:41 ). 

9.16. Show that the probability of two lives (30) and (40) dying at the same age 
last birthday can be expressed as 

ioP3o(l- + e 4 o:4o) - 2 „p 30 (1 + e 40:41 ) + p i0 n p 30 (1 + g 41:41 ). 



9.17. Assume that the forces of mortality that apply to individuals I and II, 
spectively, are 



re- 



Il\x) = log ^ for all x 



10 



and 



[)}\x) = (10 - xY 1 for 0 < x < 10. 



Evaluate the probability that, if both individuals are of exact age 1, the first 
death will occur between exact ages 3 and 5. 



9.18. This is a continuation of Example 9.6.3. Exhibit (a) the d.f. and (b) the p.d.f. 

of Tixy). 

9.19. If 5 q x = 0.05 and s q y = 0.03, calculate the corresponding value of F nxm ) (5, 5) 
using (9.6.7). Your answer will depend on the parameter a. 

9.20. Use the result of Exercise 9.19 to evaluate 5 q^ for (a) a = 0, (b) a = 3, and 
(c) cx = -3. [Hint: Recall (9.4.5) and (9.3.2).] 

Section 9.7 



Q 91 QI-i^>t»7 hU^4- 

s -*- • -VI IV_/ VV LJ. LCI L 



a nty\ -^ - a-fi + n\ a xy 

Describe the underlying benefit. 
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I 

9.22. For an actuarial present value denoted by A^j, describe the benefit. Show that 

A^ = A, - A^ + v'\ 

9.23. For independent lifetimes T(x) and T(y), show that 

Cov(u^> u^>) = (A x - A xlJ )(A y - A XIJ ). 

9.24. Express, in terms of single- and joint-life annuity values, the actuarial present 
value of an annuity payable continuously at a rate of 1 per year while at least 
one of (25) and (30) survives and is below age 50. 

7 . ^.v.. 1 . LjA|/lcso, ill LC11H3 \ja oniric - anu j^jLiit-iJLi.^; cii. ll lui vtuuw/ nit «».mwiiui j-' < l.'liu 

value of a deferred annuity of 1 payable at the end of any year as long as 
either (25) or (30) is living after age 50. 

9.26. Express, in terms of single- and joint-life annuity values, the actuarial present 
value of an n-year temporary annuity-due, payable in respect to (xy), provid- 
ing annual payments of 1 while both lives survive, reducing to 1/2 on the 
death of (x) and to 1/3 on the death of (y). 

9.27. An annuity-immediate of 1 is payable to (x) as long as he lives jointly with 

1 1/\ n-nA (r\r vi rrfltiro afi-ar J-l-io Aaa1r\n r\f ( tA ovront t-hat in r\r\ oiront will naumpnk 

^ y l_< 1 I I V./ 1 I t y \— l_l J. i_J Ull\.l LI l u>.UU I V » y ^ i vji ' >-■. v ' J ' ' ' — » v_.il. T . i.i j-- ' ■ ■ ^- • • - - ' 

be made after m years from the present time, m > n. Show that the actuarial 
present value is 

9.28. Obtain an expression for the actuarial present value of a continuous annuity 
of 1 per annum payable while at least one of two lives (40) and (55) is living 
and is over age 60, but not if (40) is alive and under age 55. 

9.29. A joint-and-survivor annuity to (x) and (y) is payable at an initial rate per 
year while (x) lives, and, if (y) survives (x), is continued at the fraction p, 
1/2 < p < 1, of the initial rate per year during the lifetime of (y) following 
the death of (x). 

a. Express the actuarial present value of such an annuity-due with an initial 
rate of 1 per year, payable in m-thly installments, in terms of the actuarial 
present values of single-life and joint-life annuities. 

b. A joint-and-survivor annuity to (x) and (y) and a life annuity to (x) are 
said to be actuarially equivalent on the basis of stated assumptions if they 
have equal actuarial present values on such basis. Derive an expression for 
the ratio of the initial payment of the joint-and-survivor annuity to the 
payment rate of the actuarially equivalent life annuity to (x). 



9.30. Show that 

A 2 ■ 

d _ 



3 - A?y — Ay S fl y|x 



b ' fx U -' lx = ^ {X) " 
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Section 9.8 

9.31. When, under Makeham's law, the status (xy) is replaced by the status (ww), 
show that 

log(c a + 1) - log 2 

W - y = — = ~— 

logc 

where A = x - y > 0. (This indicates that w can be obtained from the younger 
age y by adding an amount that is a function of A = x - y. Such a property 
is referred to as a law of uniform seniority.) 

9.32. On the basis of your Illustrative Life Table with interest of 6% calculate 
%0:60:iol- I n your solution, use 

a. Values interpolated in the a xx table 

b. Values from the a x:x+w table. 

9.33. Given a mortality table that follows Makeham's law and ages x and y for 
which (ww) is the equivalent equal-age status, show that 

a. t p w is the geometric mean of t p x and t p y 
b - tVx + tP y > 2 / Vv, for x ^ y 

C - %y > fl5S5 for X * J/- 

9.34. Given a mortality table that follows Makeham's law, show that a is equal 
to the actuarial present value of an annuity with a single life (w) where c w = 
c* + c y and force of interest 5' = 8 + A. Further, show that 

Avy ~ A' w + Aa' w 
where the primed functions are evaluated at force of interest 8'. 

9.35. Consider two mortality tables, one for males, M, and one for females, F, with 

3bz 

jjl m (z) = 3a + — and |x F (z) = a + bz. 

We wish to use a table of actuarial present values for two lives, one male and 
one female, each of age w, to evaluate the actuarial present value of a joint- 
life annuity for a male age x and a female age y. Express w in terms of x 
and y. 

9.36. From Section 9.5 we know that if T(x) and T(y) are independent, 

J e -/o[S + l4*+s)+|JL(y+s)]rfs 

Jo 

If we could find 8 k, and w such that 

8 + [x{x + t) + fi.(y + t) = 8' + k\x.(w + t) (*) 

we would have 
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a xy = j v%pj dt 



interest 8' and w{k) indicates a joint-life status with k "lives" (k is not neces- 
sarily an integer). 

If (jl(x + t) = a + b(x + t) + c(x + tf, confirm that (*) is satisfied if 

k = 2, 

x + y 



8' = 8 + c(x 2 + y 2 - 2w 2 ). 



9.37. Find e xy if q x = q y = 1 and the deaths are uniformly distributed over the year 
of age for each of (x) and (y). 

9.38. Let T(x) and T(y) be independent and uniformly distributed in the next year 
of age. Given that both {x) and (y) die within the next year, demonstrate that 
the time-of-failure of (xy) is not uniformly distributed over the year. [Hint: 
Show that Pr[T(xy) < f|(T(x) < 1) n (!(:/) < 1)] = 2t - t 2 .] 



9.39. Show 



1 1 



Hence, show 



8 i[l - (i72 - i 2 /3 + i 2 /4: - i 4 /5 + ••■)] 
i 2 12 24 720 



8 V 8 + / ) ~ 6 360 



9.40. Show that if deaths are uniformly distributed over each year of age, then 

1 m + 1 - 2j 

(j-D/mPxy ~ jhnVxy ~ ~ Vxy + ^5 1x % 

for any x and y and _/' = 1, 2, 3, . . . , m. Hence, verify (9.8.14). 
Section 9.9 

9.41. Show by general reasoning that 

ntfxy ~ ntfxy ntfx nV y 

When n — ► °o, what does the equation become? 



Chapter 9 Multiple Life Functions 



303 



9.42. Show that the actuarial present value for an insurance of 1 payable at the end 
of the year of death of (x), provided that (y) survives to the time of payment, 
can be expressed as vp y a x . y+1 - a xy . 

9 A3. Show that A\ y - A x ] = A xy - A y . 

9.44. Express, in terms of actuarial present values for single life and first death 
contingent insurances, the net single premium for an insurance of 1 payable 
at the moment of death of (50), provided that (20), at that time, has died or 
attained age 40. 



n AC TwnrPSS. in tprms nf ar+iiarial nrsoonf iralnoc — ,i„„„ j. i . 

y.i^i. — j^^w^^-^.u v^i^^j im puic ci [uu vv 1 1 \ ci L L ctllU Iirst 

death contingent insurances, the actuarial present value for an insurance of 1 
payable at the time of the death of (x) after (y), providing (y) died during the 
n years preceding the death of (x). 

9.46. If y-CO = 1/(100 - x) for 0 < x < 100, calculate 25 q 25 .} 0 . 
Section 9.10 

9.47. In a mortality table known to follow Makeham's law, you are given that 
A = 0-003 and c 10 = 3. 



a. If ^40:50 'J- 7 ' calculate ^ :50 . 

b. Express A 40 \ 50 in terms of A 40 . 50 and a 



•40:50" 



9.48. Given that mortality follows Gompertz's law with n(x) = 10~ 4 X 2 x/8 for 
x > 35 and that by (9.10.12) 

^40:48:10] = fA\ 0 .J^, 

calculate / and w. 
Miscellaneous 

9.49. The survival status (n\) is one that exists for exactly n years. It has been used 
in conjunction with life statuses, for example, in A^, Al^ AJ,, d x ^ A^. 
Simplify and interpret the following: 

a. ^ 

b. AJ- 

9.50. Use the probability rule Pr(A U B) = Pr(A) + Pr(B) - Pr(A n B) to obtain 
(9.4.6). 



3jc 



'.TIT 



9.52. The random variables T*(x), T*{y), and Z are independent and have expo- 
nential distributions with, respectively, parameters y^, fx 2 , and \. These three 
random variable are components of a common shock model. 
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a. Exhibit the marginal p.d.f. of T(y) by evaluating 




b. Exhibit the marginal survival function of T(y) by evaluating 

Sr ( y)(0 = | ( /n y) (") du. 

Compare the result with (9.6.4b). 

c. Evaluate 

Pr[T(x) = T(y)] = f W (1/ ,(£, t) dt. 

jo --' 
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MULTIPLE DECREMENT MODELS 



10.1 Introduction 

In Chapter 9 we extended the theory of Chapters 3 through 8 from an individual 
life to multiple lives, subject to a single contingency of death. We now return to 
the case_of a single life, b ut here subjectto m^tj^^_gi3niingeQcjgs^_As an application 
of this extension, we observe that the number of workers for an employer is re- 
duced when an employee withdraws, becomes disabled, dies, or retires. In man- 
power planning, it might be necessary to^estimate only the numbers of those pres^ 
ently at work who wil l^emain active to various years into the future. Forjhis task, 
the model for survivorship developed in Chapter 3 is adequate, with time-until- 
termination of employment rather tha njime- until-death _ as the mte^pjetahgjTLoiJbe 
basic random variable, jmploye e ben efit plans, however, provide benefits paid on 
termination of employment that may depend on the cause of termination. For_ ex- 
ample, the benefits on retirement often differ from those payable on death or dis- 
ability. Therefore, survivorship models for employee benefit systems include ran-., 
dom variables for both time-of- termination^ and c ause of terrrdnatiorL. Al so, th e 
benefit structure often depends on earnings, which is another and different kind 
— of unc^ertainty that is discussed in Chapter 11... 

As another application, _rnost individual life insurances provide payment of a 
nonforfeiture benefit if premiums stop before the end of the specified premium 
jpayment term. A comprehensive model forsuch Jr^rancesj^ncorjDora^ 
until-termmation and. cause of termination as random, variables^ 

Disability income insurance provides periodic payments to insureds who satisfy 
the definition of disability contained in the policy. In some cases, the amount of 
t he p ejiodic_p^yments-may depend on whether the. disability was caused-by-illness 
or accident. A pers onjnay cease to be an active insured by dying, withdrawing, 
becoming disabled, or reaching the end of the^coverage period. _A ^mpTeteJiadel 
foxjdisability insurance, incorpojcates a 

when the insured ceases to be a member of the active insureds, as well as a random 
variable for the cause of termination. 
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Public health planners are interested in the analysis of mortality and survivorship 
by cause of death. Public health goals may be set by a study of the joint distribution 
of time-until-death and cause of death. Priorities in cardiovascular and cancer re- 
search were established by this type of analysis. 

Jhemain^^ 

of two random variables in regard to a single life: time-untjl-termina a 
jiven sta ^^dxa»S^.oLdieJermina ^ion. The resulting model is usedln "eacFo? 
the applications described in this section. Within actuarial science, the .termination 
from a given status is called decrement,, and the subject of this chapter is called 
multiple decrement theory. Within biostatistics it is referred to as the theon/ of 
comxtetinsjrisk.fi. 

It is also possible to develop multiple decrement theory in terms of deterministic 
rates and rate functions. There is some recapitulation of the theory from this point 
of view in Section 10.4. 



10.2 Two Random Variables 

Chapter 3 was devoted injsart) to methods for specifying and using the distri- 
bution of the continuous random variable T(x), the time-until-death of (x). The same 
methods can be used to study time-until-termination from a status, such as em- 

nlovrnpnf- with 

r~~j ~ r ~" ^^lj^av/^^j., vvim Kjxuy uiiukjjl uiLaiLgc& in vucciuuiciry- in 

fact, we use the same notation T(x), or T, to denote the time random variable in 
this new setting. 

In this section we expand the basic model by introducing a second random vari- 
able, cause of decrement, to be denoted by }(x) = J. We assume that / is a discrete 
random variable. 



The applications in Section 10.1 provide examples of these random variables. For 
employee benefit plan applications, the random variable / could be assigned the 
values 1, 2, 3, or 4 depending on whether termination is due to withdrawal, disa- 
bility, death, or retirement, respectively. In the life insurance application, / could 
be assigned the values 1 or 2, depending on whether the insured dies or chooses 
to terminate payment of premiums. For the disability insurance application, / could 
be assigned the values 1, 2, 3, or 4 depending on whether the insured dies, with- 
draws, becomes disabled, or reaches the end of the coverage period. Finally, in the 
public health application, there are many possibilities for causes of decrement. For 
example, in a given study, / could be assigned the values 1, 2, 3, or 4 depending 
on whether death was caused by cardiovascular disease, cancer, accident, or all 
other causes. 



Our purpose is to describe the joint distribution of T and / and the related 
marginal and conditional distributions. We denote the joint p.d.f. of T and / by 
f Til (t, j), the marginal pi. of / by /,(/), and the marginal p.d.f. of T by f T (t). Figure 
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Section 10.2 Two Random Variables ■ 

H 



10.2.1 illustrates these distributions. They may seem strange at first because / is a 
discrete random variable and T is continuous. 




The joint p.d.f. of T and /, f Z] (t, j), can be pictured as falling on m parallel sheets, 
as illustrated in Figure 10.2.1 for three causes of decrement (m = 3). There is a 
separate sheet for each of the m causes of decrement recognized in the model. In 
Figure 10.2.1 the following relations hold: 

2 //(;) = i 

and 

I f T (t) dt = 1. 
Jo 

The p.d.f. f T] (t, j) can be used in the usual ways to calculate the probabilities of 
events defined by T and /. For example, 

f ZJ (t, j) dt = Pr{(f < T < t + dt) n (/ - ;)} (10.2.1) 

expresses the probability of decrement due to cause / between t and t + dt, 

f/ T ,(s, j) ds = Pr{(0 < r =s f) n (/ = ;')} (10.2.2) 

JO 

expresses the probability of decrement due to cause j before time t, and 
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m rb 

2 fad, ]) dt = Prjfl < T < b) 

PYnrPQQP? fhp r>rnViaVn'liti7 nf Horromont ^no f,-. oil ^ono^o X-,^)-, . „ „„J l. 

" [~ ~ ------ ~. . — ^ • ^' ^ * • ■ *-J- wi-vivuH-iLi uujl V-CI.Ui.JtJ ytlVVCCIl it UUU C/. 

The probability of decrement before time t due to cause / given in (10.2.2) has 
the special symbol 

rfP = f hj(s, j) d$ t > 0, ;' = 1, 2, . . . , m, (10.2.3) 

which is illustrative of the use of the superscript to denote the cause of decrement 
in multiple decrement theory. 

The use of information given at age x to select a distribution is similar to the 
concepts in Chapter 3. IfbejngJi5J:h£_suLvitaisjto 
javajk^e,Jhe:n^ 

isjiddirion^^ a select distribution and 

the age of se lection would be enclosed in brackets. 

By the definition of the marginal distribution for /, appearing as /,(/) in the (;', z) 
plane of Figure 10.2.1, we have the probability of decrement due to cause j at any 
time in the future to be 

/>(/) = f fir As. i) ds = „a[P ? = 1.2 m. C\n?A\ 

" "'' Jo """ ' ' " ~' A ' \ / 

This is new and without a counterpart in Chapter 3, unlike the marginal p.d.f. for 
T,f T (t) in the (f, z) plane of Figure 10.2.1. For/ T (0, and the d.f., F T (t), we have for 
t > 0 

m 

Mt) = 2hi(t,j) (10.2.5) 

and 

fr(0 = f /r(s) ds. 
Jo 

The notations introduced in Chapter 3 for the functions of the distribution of the 
future-lifetime random variable, T, can be extended to accommodate those of the 
time-until-decrement random variable of the multiple decrement model. Using the 
superscript (t) to indicate that a function refers to all causes, or total force, of 
decrement, we obtain 

... _ ._ . _ V 
fix' = mi" ^ t\ = F T (t) = JJ T (s) ds, (10.2.6) 

f p« = Pr{r > t) = 1 - $\ (10.2.7) 
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N 



d 1 



(T) 



(10.2.8) 



and 



(10.2.9) 



Mathematically, thegejui^gns^for the ra^omjrariable^ 
identical to those for the T ofChapter 3; IhVdifferencj A s in th eir intei pretatipnjn 
%^Ji^^^The"dioice of the symbol f4 T) (£) for the force of total decrement is 
influenced by these applications. For example, in pension applications (x) is an age 
of entry into the pension plan, and although no special selection information may 
be available, subsequent causes of decrement may depend on this age. 

As with the applications in previous chapters, the statement in (10.2.1) can be 
analyzed by conditioning on survival in the given status to time t. In this way, we 
have 

f TJ (t, j) dt = Pr{r > £} Pr{[(f <T^t + dt)D(J = j)]\T > t}. (10.2.10) 

By analogy with (3.2.12) this suggests the definition of the force of decrement due 
to cause j as 

„ov f ) = AML = Md!. ( io.2.ii) 

* At) l-F T (t) fiP \ 

The force of decrement at age x + t due to cause / has a conditional probability 
interpretation. It is the value of the joint conditional p.d.f. of T and / at x + t and 
/, given survival to x + t. Then (10.2.10) can be rewritten as 

/ TJ (f, /) dt = $\t) dt j = 1, 2, . . . , m, t > 0. (10.2.10) restated 
Restated in words, 

(the probability of decrement between = (the probability, t p^\ that (x) remains 
t and t + dt due to cause ;') in the given status until time t) 

X (the conditional probability, (4 y) (0 
that decrement occurs between t 
and t + dt due to cause /, given 
that decrement has not occurred 
before time t). 



It follows, from differentiation of (10.2.3) and use of (10.2.11), that 

tVx Ul 
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Now, from (10.2.6), (10.2.5), and (10.2.3), 

ft ft m 

flT=\jr{s)ds= 2f T ,,(s,j)ds 




(10.2.13) 



That the first and last members of (10.2.13) are equal is immediately interpretable 
Combining (10.2.8), (10.2.13), and (10.2.12), we have 

m 

m4 t) (0 = 2 m4°(0; (10.2.14) 

that is, the total force of decrement is the sum of the forces of decrement due to 
the m causes. 



We can summarize the definitions here by expressing the joint, marginal, and 
conditional p.d.f.'s in actuarial notation and repeating the defining equation 
numbers: 



fzid, i) = ,p< t) ix^a 



Mi) 



,(;■) 



(10.2.11) restated 
(10.2.4) restated 



M C J = tPx' With 

The conditional n,f, nf I 



//irO'10 



f T (t) t p? ^>(f) 



Finallv. we note that f-hp 

y , _ " — r " ^ " iil y a. v.m l L/C J.C VVilLLCll CIS 



(10.2.15) 



Hx 



s p< T > ^>\s) ds. 



(10.2.16) 



Example 10.2.1 



Consider a multiple decrement model with two causes of decrement; the forces 
of decrement are given by 



(4 2, (0 



1UU 



t > 0. 



For this model, calculate the pi. (or p.d.f.) for the joint, marginal, and conditional 
distributions. 
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Solution: 

Since 



the survival probability ^ is 



ttx = eX P 



exp 



s + 1 
o 100 

-(f 2 + 2f) 
200 



ds 



and the joint p.d.f. of T and / is 

hj(t< i) = < 

The marginal p.d.f. of T is 



f 

t 

100 


exp 


~-(t 2 + It) 
200 


< 

1 

100 


exp 


~-{t 2 + It) 
200 



t > 0, 

f > 0, j = 1 
f > 0, j = 2. 



2 f + 1 



-(f 2 + 2Q" 
200 



* >0, 



and the marginal pi. of / is 

//(/) = \ 



f TJ (t, 1) rff ; = 1 
/ TJ (t, 2) df / = 2. 



It is somewhat easier to evaluate f } (2). In the following development, <&(x) is the 
d.f. for the standard normal distribution N(0, 1). By completing the square we have 

"-(t + l) 2 " 



^=ibo ea °° 5 r ex p 



200 



df 



1 , r 1 

= _L e o.oos 10 -p= — exp 

100 Jo V2^10 



-(* + I) 2 
200 



dt. 



We now make the change of variable z = (f + 1) / 10 and obtain 



/,P>-io' 



i , — r i 

,0.005 -v/"^ 



o.i V2ir 



exp 



-z 2 



dz 



= — p 0 005 V2^ ri - $(o.i)i 

10 ' ' ' " 

= 0.1159. 

Therefore / ; (1) = 0.8841. Finally, the conditional p.f. of /, given decrement at t, is 
derived from (10.2.15) as 
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and 

f m (2\t ) = ^ . 



Example 10.2.2 



For the joint distribution of T and / specified in Example 10.2.1, calculate E[T] 
and E[T\J = 2]. 



Solution: 

Using the marginal p.d.f. / T (f ), we have 
Integration by parts, as in (3.5.1), yields 



'-(t 2 + It) 
200 



E[T] = -t exp 



+ Jo GX P 



-{t 2 + 2f) 
200 

-(t 2 + 2f) 



200 



0 + lOO/^), 



hence 



E[T] = 11.59. 
Using the conditional p.d.f./ rj (t, 2)// / (2), we have 



E[T|/ = 2] = J M 100- 1 exp 



-(t 2 + It) 
200 



(0.1159)- 1 dt 



This integral may be evaluated as follows: 

E[T|/ = 2] = E[(T + 1) - 1|/ = 2] 

= (0.1159)" 1 I exp 



o 100 



-{t 2 + It] 



200 



dt 



= -(0.1159)- 1 exp 



= 7.63. 



'-{t 2 + 2Q 
200 



The point of Examples 10.2.1 and 10.2.2 is that once the joint distribution of T and 
/ is specified, marginal and conditional distributions can be derived, and the mo- 
ments of these distributions determined. y 

In some instances, a particular application may require a modification of the 
above model. A continuous distribution for time-until-termination, T, is inadequate 
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in applications where there is a time at which there is a positive probability of 
decrement. One example of this is a pension plan with a mandatory retirement 
age, an age at which all remaining active employees must retire. A second example 
is term life insurance in which there is typically no benefit paid on withdrawal. 
Thus, after a premium is paid, none of the remaining insureds withdraw until the 
next premium due date. Here we do not attempt to extend the notation to cover 
such situations. However, in Section 10.7 we describe extended models for each of 
these examples. 

The random variable K, the curtate-future-years before decrement of (x), is de- 
fined as in Chapter 3 to be the greatest integer less than T. Using (10.2.1) and 
(10.2.11), we can write the joint p.f. K and / as 

Pr|(K = k) n (/ = ;)} = Pr{(A: < T < fc + 1) n (/ = ;')} 

= f4 ;) (f ) dt. (10.2.17) 

Jk 

Rewriting t p™ of the integrand in the exponential form of (10.2.9) and factoring it 
into two factors changes (10.2.17) to 

fk+l 

= kPx T) J. e ~ s ' k du m4 /} (0 dt 

Changing the variables of the integrations by r = u - k and $ = t - k yields 

= k p[ r) [ e~ J » »* lk+r) dr yLf{k + s) ds. 

Thus far we have done manipulations that hold in all tables. If we are using an 
aggregate or ultimate (a nonselect) table where the forces of decrement depend on 
an initial age and the duration only through their sum, that is, the attained age, 
then for t and all 

\x. x (k + s) = \l x+Ic (s) for all x, k, and s > 0, 
and (10.2.17) may be written 

kVT \[ Jfilk )&Us) ds = k ?T til* ■ (10.2.18) 



The probability of decrement from all causes between ages x + k and x + k 
+ 1, given survival to age x + k, is denoted by $\ kl and it follows that 



n in 

= sVT +k 2 ds 

J 0 , — i 



S flu- < 10 - 2 - 19 ) 
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An examination <oi (10.2.18) and (10.2.19) discloses why multiple decrement theory 
is also called the theory of competing risks. The probability of decrement between 
ages x + k and x + k + 1 due to cause j depends on 5 p { ? +k , 0 < s < 1, and thus on 
all the component forces. When the forces for other decrements are increased, 
sVxik is reduced, and then q { Jl k is also decreased. 

10.3 Random Survivorship Group 

Let us consider a group of I™ lives age a years. Each life is assumed to have a 
distribution of time-until-decrement and cause of decrement specified by the p.d.f. 



Jt.iV> 1) = iVV MV) t>u,) = u,...,m. 
We denote by the random variable equal to the number of lives who leave the 
group between ages x and x + n, x > a, from cause ;'. We denote E[ y^>l bv tf ( » 
and obtain 

n d^ = E[„i7*»] (10.3.1a) 
= W f " " ^ vtf(t) dt. 

J x—a 

As usual, if n = 1, we delete the prefixes on n $tp and n d ( J\ We note that 



n x Z-i n u x 

)=1 



and define 



x t) = = 2 j<p. (io.3.ib) 



Then, using (10.3.1a), we have 

m rx+n-a 
j=l J x-a 

= T \ x a t p?> tfXt) dt. (10.3.2) 

If £ (t) (x) is defined as the random variable equal to the number of survivors at 
age x out of the l ( a r) lives in the original group at age a, then by analogy with (3.3.1) 
we can write 

1? = E[*M(*)] 

= l a } x-aVT- (10.3.3) 

We recognize the integral of (10.3.1a) with n = 1 as the integral of (10.2.17) with 
x = a and k = x - a. Thus for a nonselect table, we have from (10.2.18) 

d ( J } = l ( P x - a p { ; } = l? e ' (10.3.4) 
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This result lets us display a table of and q<p values in a corresponding table of 
I™ and df values. Either table is called a multiple decrement table. 



Construct a table of V? and d</> values corresponding to the probabilities of dec- 
rement given below. 



X 




4? 


65 


0.02 


0.05 


66 


0.03 


0.06 


67 


0.04 


r\ r\r-7 
U.U/ 


68 


0.05 


0.08 


69 


0.06 


0.09 


70 


0.00 


1.00 



Although this display is designed for computational ease, it may be roughly sug- 
gestive of a double decrement situation with cause 1 related to death and cause 2 
to retirement. It appears that, in this case, 70 is the mandatory retirement age. 



Solution: 

.... i s it*r\ ^ r\r\r\ J /in O A \ ~ ^ i « A -i 4-/-* ,-1 T-^I^tat 

We assume tne arbitrary vame or x,uuu anu use ^u.^.t; ao uliuwicu l, w »v. 



X 


e 




4? 




t<t) _ I(t) „(t) 
l x l x-l Px-1 


d? = I? 4? 


df = € 


65 


0.02 


0.05 


0.07 


0.93 


1 000.00 


20.00 


50.00 


66 


0.03 


0.06 


0.09 


0.91 


930.00 


27.90 


55.80 


67 


0.04 


0.07 


0.11 


0.89 


846.30 


33.85 


59.24 


68 


0.05 


0.08 


0.13 


0.87 


753.21 


37.66 


60.26 


69 


0.06 


0.09 


0.15 


0.85 


655.29 


39.32 


58.98 


70 


0.00 


1.00 


1.00 


0.00 


557.00 


0.00 


557.00 



Note, as a check on the calculations, that /<ti = W ~ d x ] ~ d( ?> except for rounding 
error. 

We continue this example with the evaluation, from first principles, of several 
probabilities: 

2 pg = P§ P$2 = (0.93)(0.91) = 0.8463, 

= PS P$ = (0.91)(0.89)(0.05) = 0.0405, 

2 <$ = + P$ <?$ = °-° 7 + (0.89)(0.08) = 0.1412. 

ine last tnree columns ui me auuvc iauic um) ^v, ^^.^ ^ ~ — — r 

bilities. The answers agree to four decimal places: 
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„(t) = 
2P65 



/(T) 
f 67 

7(t) 
l 65 



846.30 
1,000.00 



= 0.8463, 



21^66 ^ 930 _ 0Q 



_ 37.66 



0.0405, 



2*767 



+ 59.24 + 60.26 



/(T) 

'67 



846.30 



= 0.1412. 



10.4 Deterministic Survivorship Group 



The total force of decrement can also be viewed as a total (nominal annual) rate 
of decrement rather than as a conditional probability density. In this view, where 
we assume a continuous model, a group of lives advance through age'subject 
to deterministic forces of decrement ^\y - a), y > a. The number of survivors to 
age x from the original group of /< T) lives at age a is given by 



I™ exp 



M4 T, (y - a) dy 



(10.4.1) 



and the total decrement between ages x and x + 1 is 







= ;w 



sr+l 



/ ( v t) ^ i - 



exp 



"J M-o T)| 



(y - «) dy 



= m 



Further, by definition or from differentiating (10.4.1), we have 

l_dVl 
/t T) dx 



^\x - a) = - 



(10.4.2) 



(10.4.3) 



These formulas are analogous to those for life tables in Section 3.4. Here is the 
effective annual total rate of decrement for the year of age x to x + 1 equivalent 
to the forces |x< T) (y - a), x < y < x + 1. 

Consider next m causes of decrement and assume that the I< T) survivors to age x 
will, at future ages, be fully depleted by these m forms of decrement. Then the 
survivors ran hp vicnaliTo^ ao (->u;*-.rr ,-j;„-i~:„„j. t;,i .■ „ 

A ..^v-.v^^v.^ up miuiig uuu uiOLiiu.1 OUUglUUpS tj", ] — 1, Z, . . . , 

m, where /</> denotes the number from the survivors who will terminate at future 
ages due to cause /, so that 



(;') 



(10.4.4) 
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We define the force of decrement at age x due to cause by 

/(/) _ /(/), 

ri'Kx -a) = Hm 

ft— 0 ru x ' 

„ . r U /(t) „ A t ;(/) annoare in t-hp rlpnnminatnr This vields 

WllClt Ij , J.lV-'l. i-j; , — — J 



From (10.4.3)-(10.4.5) it follows that 

1 A m m 

tfX* - a) = - ± j~ 2 I? = 2 H^* - a). (10.4.6) 
Formula (10.4.5), substituting y for x, can be written as 

-<a<j> = iy \&Ky - «) d v> 

and integration from y = xtoy = x + \ gives 

- l&i - 4* = £ +1 Z< T > ^(y - a) dy. (10.4.7) 
Summation over j = 1, 2, . . . , m yields 



7< T > - = d< T > = I /. (T) ulWv - a) dv. (10.4.8) 



runner, rrom aivision oi rormum (xu.t./ uy i x -, wc nave 



/ 



>(/) fx+l 

£ = J ^ ~a)dy = e (10.4.9) 

Here ^ is defined as the proportion of the survivors to age x who terminate 
due to cause / before age x + 1 when all m causes of decrement are operating. 

As was the case for life tables, the deterministic model provides an alternative 
language and conceptual framework for multiple decrement theory. 

10.5 Associated Single Decrement Tables 

For each of the causes of decrement recognized in a multiple decrement model, 
it is possible to define a single decrement model that depends only on the particular 
cause of decrement. We define the associated single decrement model functions as 
follows: 



t Px f) = e *P . ... 

L JV J 



^> = 1 - p'U. (10.5.1) 

Quantities such as fl' x (i) are called net probabilities of decrement in biostatistics 
because they are net of other causes of decrement. However, many other names 
have been given to the same quantity. One is independent rate of decrement, chosen 
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f 

Jo 



because cause ; does not compete with other causes in determining t q'^ The term 
we use for t q^ is absolute rate of decrement. The use of the word rate in describing 
t q x > stems from a desire to distinguish between q and q'. The symbol tff> denotes 
a i probability of decrement for cause; between ages x and x + t, and we will show 
that it differs from t ^>. In addition, jtf'), un i ike ^\ is nnf ^r P ^h, * B „„^„„ 
ship function, because it is not required that lim^ t p' x ^ = 0. 

While 

I n£>(f) df = oo, 

we can conclude from ("ID 9 141 

- \ ^ — • — ■ -*- -■- / ^-'i t-ijf tj. it* t 

f4»(f) df = » 

for at least one;. There may be causes of decrement for which this integral is finite. 

We seldom have an opportunity to observe the operation of a random survival 
system m which a single cause of decrement operates. In an employee benefit plan 
retirement, disabilities, and voluntary terminations make it impossible to directly 
observe the operation of a single decrement model for mortality during active ser- 
vice. In biostatistical applications random witlirlraTAralc (mm ^U™„r~i_: j _.. 

i i •■ — ~ — ■ ■ "■•■^ uum uk/oci vauun emu ar- 

bitrary ending of the period of study may prevent the observation of mortality 

^j-^^uung uu a giuup (Jl llVtib. 

As we see in Section 10.6, jUisaalAsU^^ decrement 
I5PdellsJ.osd ect abso^^^ 

the incidence of the decrements within any single year of age to obtain probabilities 

.<?/, AM-icmyerse^robJem^ 

involves assumptions, about the incidence of the decrements. These assumptions 
are implicit in statistical methods for estimating absolute rates and will be discussed 
in Section 10.5.5. 

fethe^ 

decrement table and its associated single decrement tables. Then we examine a . 
rrum]3£r_o£speaaLassu^ over |he year o£ 

and note s Qme implied relationships. In Section 10.5.5 some of the " statistical issueT 
m estimating a multiple decrement distribution are examined. 

10.5.1 Basic Relationships 



nircf nr^fo 4-U^4- 
M.+. w x. r x lv. L4. LCI I Oil LV_C 



we have 



tfi? = exp j-[ [^(s) + ^ + . . . + is | 
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Secf/on 70.5 Associated Single Decrement Tables 



& = n t vT- d°- 5 - 2 ) 
1=1 

This result does not involve any approximation. It is based on the definition of an 
associated single decrement table where the sole force of decrement is equal to the 
force for that decrement in the multiple decrement model. We require that it hold 
for any method used to construct a multiple decrement table from a set of absolute 
rates of decrement. 

Now compare the size of the absolute rates and the probabilities. From (10.5.2) 
we see, if some cause other than / is operating, that 

t p; (/) s 

This implies 

and if these functions are integrated with respect to t over the interval (0, 1), we 
obtain 

q'W = £ tP '^ ^J\t) dt > £ tV <? ^\t) dt = e (10.5.3) 

The magnitude of other forces of decrement can cause p' x (i) to be considerably 
greater than $>f, and thus there can be corresponding differences between the ab- 



10.5.2 Central Rates of Multiple Decrement 

There is one function of the multiple decrement model that is quite close to the 
corresponding function for an associated single decrement model. To introduce this 
function, we return to a mortality table and recall the central rate of mortality, or 
central-death-rate at age x, denoted by m x and defined in (3.5.13) by 



[ tP x MO dt f l x+t m(0 

Jo Jo 



m x = — = —x = r • (10-5.4) 

Thus, m x is a weighted average of the force of mortality between ages x and 
x + 1, and this justifies the term central rate. 

Such central rates can be defined in a multiple decrement context. The central 
rate of decrement from all causes is defined by 

f (P « UL<'>(0 dt 
m ( T ) = (10.5.5) 

Jo 
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and is a Weighted average of yS;\t), 0 < t < 1. Similarly, the central rate of dec- 
rement from cause j is 



id) 



J o t p? ^i\t) dt 



i (10.5.6) 



and is a weighted average of ji^f), 0 < t < 1. Clearly, 

m< T) = X m ( >\ 

The corresponding central rate for the associated single decrement table is given 
hv 



by 



i 

p«l> ^\t) dt 

■,'W = 



t P'J j) dt 



(10.5.7) 



A 'i 



This is again a weighted average of ^J\t) over the same age range, the weight 
function now rather than t p^\ If the force n#>(f ) is constant for 0 < t < 1 we 
have inO) = tn?» = ^(0). If ^>(f) is an increasing function of f, then ,p'^ £ ves 
more weight to higher values than does and > mf. If ^(f ) is a decreasing 
Ct3< . function of t, then m'^ < m ( j\ See Exercise 10.33 for 

" — — ^ — * wj. j.x IMJ. LXJL IVJ, 1.1 VI 

these statements. 

Central rates provide a convenient but approximate means of proceeding from 
the to the tfj\ j = 1, 2, . . . , m, and vice versa. This is illustrated in Exercise 
10.18. 



10.5.3 Constant Force Assumption for Multiple Decrements 

Let us examine specific assumptions concerning the incidence of decrements. 
First, let us use an assumption of a constant force for decrement / and for the total 
decrement over the interval (x, x + 1). This implies 

Wj\t) = ^(0) 

and 

f4 T, (0 = m4 t) (0) oski. 
Then, for 0 < s < 1, we have 

dp = I tiPV) dt 

J o 

i4 T >(0) Jo tPx ^ [t) dt ^(o) Sx ■ (10 - 5 - 8 ) 

But also for any r in (0, 1), under the constant force assumption, 
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and 



so that from (10.5.8), 



r^< T >(0) - -log ^ 
r^'(0) = -log r v' x (i) , 



a (i) = IO § rPx !) (x) (10.5.9) 



Equation (10.5.9) can be rearranged as 

ana men in ine mini as r gueo iu i v.a±i w"-" o"" 

tfj) = 1 - (j%yytM\ (10.5.10) 

If the constant force assumption holds for all decrements (and then automatically 
for the total decrement), (10.5.9), as r and s approach 1, together with (10.5.2), can 
be used for calculating qf from given values of q' x % j = 1, 2, . . . , m. Also, (10.5.10) 
is useful for obtaining absolute rates from a set of probabilities of decrement. Note 
that for (10.5.9) and (10.5.10) special treatment is required if p' x (i) or p< r T) equals 0. 



10.5.4 Uniform Distribution Assumption for Multiple Decrements 

Formula (10.5.10) holds under alternative assumptions. One of these is that both 
decrement / and total decrement, in the multiple decrement context, have a uniform 
distribution of decrement over the interval (x, x + 1). Thus we assume that 



r0) 



and 



r(T) 



Also under the given assumption, we see from (10.2.12) that 



and 



Then 



a (i) Aj) 
<;V n = ik_ = 1s- 



exp 



Jo 



dt 



I f 3 

exp y-j Q T 



at j 



— exp 



\ log (1 - s#>) 

1x 



(10.5.11) 



(10.5.12) 
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At s = 1, (10.5.10) and (10.5.12) yield the same equation relating q' x ( >> with qf and 
q^K As a result, (10.5.9) with r = 1 can be used to obtain q ( J\ Exercise 10.22 provides 
additional insights into the connection between the developments in Sections 10.5.3 
and 10.5.4. 



Example 10.5.1 



Continue Example 10.3.1 evaluating q' x {1) and q' x {2) by (10.5.10). 



Solution: 

By (10.5.10), the following results are obtained. 



X 


if 


9? 






65 


0.02 


0.05 


0.02052 


0.05052 


66 


0.03 


0.06 


0.03095 


0.06094 


67 


0.04 


0.07 


0.04149 


0.07147 


68 


0.05 


0.08 


0.05215 


0.08213 


69 


0.06 


0.09 


0.06294 


0.09291 


70 


0.00 


1.00 







At age 70, the rates depend on mandatory retirement, and there is no particular 

C -K\\ -t(T\ 1- 1.1 ij i_ _ • j , ■ !-■ _ j . . ... i • m 

"ecu iul q 7 b', q 7 b ' ciiLinjugii uiey uuuiu De luenunea, respecnveiy, usmg qy 0 ' 
and q%. j 



10.5.5 Estimation Issues 

The definition of the absolute rate of decrement given in (10.5.1) depends on the 
force of decrement in multiple decrement theory as defined in (10.2.11). From def- 
inition (10.5.1), the developments in this section and their application in construct- 
ing multiple decrement distributions from assumed absolute rates of decrement 
follow. Questions remain, however, about the interpretation and estimation 
of tV '«\ 

If the joint p.d.f. f T ,j(t, j) is known, then the survival function and forces of dec- 
rement are determined using the formulas of Section 10.2. For example, (10.2.13) 
follows as a consequence of the assumption that decrements occur from m mutually 
exclusive causes. The issue is, under what conditions can informati ^n L objained in 
j^ingle-decremmt^nviro^ used to c onstruct the distribution of (T, /)? 

We will illustrate this issue by considering two causes of decrement. Each as- 
sociated single decrement environment has its time-until-decrement random vari- 
able Tfx) and its survival function s T ft) = Pr{T ; (x) > t], j = 1, 2. The joint survival 
function of T x (x) and T 2 (x) is given by 

Sr h T 2 (t v t 2 ) = PrKT^x) > f a ) n (T 2 (x) > t 2 )}. 
In this context, the time-until-decrement random variable T equals the rninimum 
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of T^x) and T 2 (x) and, in accordance with Section 9.3, (9.3.1), its survival function 



is 



'TV/ "Ti,T2 \*' 



If T a (x) and T 2 (x) are independent, 

s T (t) = s Tl (t)s T2 (t) = s ThTl {t t 0)s Tl , T2 (0, t), 

and 

^(t)= - | log s Tl (0s T2 (0 

= ^(0 + j^(t). (10.5.13) 
On the other hand, if T^x) and T 2 (x) are dependent, 

tf\t)= "|log s Tl , r2 (f,0 

* - | log s^f, 0) - | log s Tl , T2 (0, t). (10-5.14) 

The two terms on the right-hand side of (10.5.13) are called marginal forces of 
decrement associated, in order, with T r (x) and T 2 (x). 

f fVipn tVip marginal fnrrps nf decrement from a 

J.* *■ / 'ZV"/ ■-f -"~~"v O 

single decrement environment can be used with (10.5.2) to determine If T t (x) 
and T 2 (x) are dependent, we have no assurance that assuming (10.5.2) yields the 
survival function of time-until-decrement in a multiple decrement environment. 



Example 10.5.2 



This example builds on Examples 9.2.1, 9.2.2, and 9.3.1. The dependent random 
variables T^x) and T 2 (x) have a joint p.d.f. given by 

/t,,t 2 (s, 0 = 0.0006(s - tf 0 < s < 10, 0 < t < 10 
- 0 elsewhere. 

The joint survival function is exhibited in Example 9.2.2, and the survival function 
of T = mm[T lr T 2 ] is exhibited in Example 9.3.1. 



Show that 



Solution: 



and 



| log s r (f) * - | log s TvT2 (t, 0) - j t log s Tl , r2 (0, t). 



-I lo ^> = (lo^7) 0< < <ia 
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- log s (t 0) = iOQQ - 1,200? + not 2 
dt 5 Tl ^ v ' 20,000 - 4,000? + 600? 2 - 40? 3 



100 - 30? + It 2 



500 - 100? + 15? 2 - f 3 

= 100 - 30? + 3t 2 
(10 - 0(50 - 5t + t 2 ) ' 

which by symmetry is also equal to - j log 5^(0, f). Therefore 



dt 

I log $T (t) = -i_ * -J_ f 200 ~ 60? + 6t* \ 



>• \ - ji t r - j 



Example 10.5.3 



This example builds on Examples 9.2.3 and 9.3.2. The independent random var- 
iables T x {x) and T z (x) have a joint p.d.f. given by 

/r„r 2 (s, 0 - [0.02(10 - s)][0.02(10 - ?)] 0 < s < 10 

" 0 < t < 10. 

Show that 

- j log s r (?) = - 4 log s Ti T ,(f, 0) - 4 log s T . T .f0. a 

Solution: 

ThIre e f 0 S re rViVal ^ T = min[ri(flr) ' Tl{x)] is dis P la y ed * Example 9.3.2. 

d 4 
~ ^ lo g s T (t) = — : o < t < 10. 

t*i. LV — I 



and by symmetry 



d , 2 

^ lo g Sr„r 2 (t0) = — - 0 < t < 10, 



d i 2 
~ ^ lo g s TliT2 (0, t) = ^—- t o < t < 10. 



As a result, 

~ | log s T (t) = - | log Sti7 ,(?, 0) - I log StiT2 ( 0 , t). 



An interesting but distressing aspect of Examples 10.5.2 and 10.5.3 is that two 
dependent hme-until-decrement random variables and two independent time-until- 
decrement random variables yield the same distribution of T = min^x) T 2 (x)] 
Values of T can be observed, but without additional information it is impossible 




to select between the two models that may be generating the data. This, as in 
Section 9.3, is an example of nonidentifiability. Henceforth , in this chapter when 
con structi ng multiple decrement distributions from associated single decrement 
distentions,, we assume that the component random variables- are -independents- 
Remark: 

The correspondence between the theory for the joint life model and the theory 
for the multiple decrement model can provide insights, but it is not complete. The 
difference between the two models centers on two facts that were identified in the 
discussion of (10.5.2) and Example 10.5.2. Realizations of both T(x) and T(y) can, 
at least in theory, be observed, while only the minimum of T x (x) and T 2 (x) and 
which one is the minimum can be observed. The corresponding problem in esti- 
mating joint life models was mentioned in Section 9.3. In addition, lim^ t p x = 
lim^* tP y = 0, whereas there is no assurance that 

lim_ p'P = 0 j = 1, 2. 



10.6 Construction of a Multiple Decrement Table 

In building a multiple decrement model it is best if data, including that on age 
and cause of decrement for the population under study, can be used to estimate 
directly the probabilities cfj\ Large, well-established employee benefit plans may 

\*\ x id cnrVi rla-fra Th/tt fit or* nlanc ci i r-Vt r\ a f o aro fro/rt i ar\ r r\ -airmail ^jl-^lo An a 1 for_ 

native is to construct the model from associated single decrement rates assumed 
appropriate for the population under study. The adequacy of the model should 
then be tested by reviewing data as they become available. 

Once satisfactory associated single decrement tables are selected, the results of 
Section 10.5 can be used to complete the construction of the multiple decrement 
table. The availability of a set of p' x {i) , for / = 1, 2, . . . , m and all values of x, will 
permit the computation of p^ ] by (10.5.2) and of q^ by q ( p — 1 - p^\ The remaining 
step is to break q ( ^ into its components q]p for ; = 1, 2, . . . , m. If either the constant 
force or the uniform distribution of decrement assumption is adopted in the model, 
(10.5.9) can be used for the calculation of the q x '\ 



Example 10.6.1 



Use (10.5.2) and (10.5.9) to obtain the multiple decrement table corresponding to 
absolute rates of decrement given below. Presumably the actuary has examined the 
characteristics of the participant group and has decided that associated single dec- 
rement tables yielding these rates are appropriate for the group under study. It is 

alert acctimoil fka+ cai 

is mandatory at 70. 
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X 




Hx 


1x 


£C 
DO 


0.020 


0.02 


0.04 


66 


0.025 


0.02 


0.06 


67 


0.030 


0.02 


0.08 


68 


0.035 


0.02 


0.10 


69 


0.040 


0.02 


0.12 



Solution: 



The table below contains the results of the calculation of the probabilities of 
decrement. Formula (10.5.2) can be rewritten as 



3 



<t? = i - n (i - «. 



/=1 



In this equation the assumed independence among the three causes of decrement 
is apparent. Formula (10.5.9), and the mandatory retirement condition, yield the 
multiple decrement probabilities. The multiple decrement table is constructed as in 
example 10.3.1. 



65 
66 
67 
68 
69 
70 



0.07802 
0.10183 
0.12545 
0.14887 
0.17210 
1.00000 



0.01940 
0.02401 
0.02851 
0.03290 
0.03720 
0.00000 



1? 
0.01940 
0.01916 
0.01891 
0.01866 
0.01841 
0.00000 



,<3) 



0.05867 
0.07803 
0.09731 
0.11649 
1.00000 



921.99 
qoq no 

724.20 
616.39 
510.31 



iy.4u 

22.14 

/"\ 

23.83 
22.93 
0.00 



rf< 2 > 



19.40 
17.67 
15.66 
13.51 
11.35 
0.00 



39.21 
54.09 
64.62 
70.47 
71.80 
510.31 



It has been noted that (10.5.9) and (10.5.10) will not be used if p'U* or p« = 0- 
some alternative devirp will Vio na 

. , . ~ — — auui meuioQ, wmcn handles this 

indeterminacy and lends itself to special adjustments, is based on assumed distri- 
butions of decrement in the associated single decrement tables rather than on as- 
sumptions about multiple decrement probabilities as in Section 10 5 We first ex- 
amine an assumption of uniform distribution of decrement (in each year of aee) in 
the associated single decrement tables. We restrict our attention to situations with 
three decrements, but the method and formulas easily extend for m > 3 Under the 
stated assumption, 

= l~t j = 1, 2, 3; 0 < f < 1 (10 . 6 .1) 

and 



.«'(;') ,,0>m 

trx r~x \- J 



dt 



(10.6.2) 
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It follows that 



= f .nW 1 1 



dt 



Jo 

^) P (1 - f ^ 2) )(l - t q'M) dt 
Jo 

i - \ (<?; (2) + <?; (3) ) + \ w 



Similar formulas hold for qfl cf^\ and it can be verified that 

tf } + ^ + = c ] + <?; (2 > + <?f > 

- (« 2) + « p) + « (3) ) 
+ 

= i - (i - ^>xi - ^ 2 >xi - ^ = 



(10.6.3) 



(10.6.4) 



Example 10.6.2 



Obtain the probabilities of decrement for ages 65-69 from the data in Example 
10.6.1, under the assumption of a uniform distribution of decrement in each year 
of age in each of the associated single decrement tables. 



Solution: 

This is an application of (10.6.3). 



X 








€' 


(fx 


<\x 


65 


0.020 


0.02 


0.04 


0.01941 


0.01941 


0.03921 


66 


0.025 


0.02 


0.06 


0.02401 


0.01916 


0.05866 


67 


0.030 


0.02 


0.08 


0.02852 


0.01892 


0.07802 


68 


0.035 


0.02 


0.10 


0.03292 


0.01867 


0.09727 


69 


0.040 


0.02 


0.12 


0.03723 


0.01843 


0.11643 



These probabilities are close to those obtained by (10.5.9), displayed in Example 
10.6.1. ▼ 

We conclude this section with another example illustrating the use of a special 
distribution for one of the decrements. Special distributions are sometimes required 
by the facts of the situation being modeled. 



Example 10.6.3 



Consider a situation with three causes of decrement: mortality, disability, and 
withdrawal. Assume mortality and disability are uniformly distributed in each year 
of age in the associated single decrement tables with absolute rates of q' x m and 
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i 



^respectively. Also assume that withdrawals occur only at the end of Ap 
with an absolute rate of q'^. Y d of the ^ ea r 

a. Give formulas for the probabilities of decrement in the vear nf flM v . 
ror tne three causes. J ° v ' " l ^ 

b. Reformulate the probabilities unHpr th* acc « 

(i) In he associated single decrement model withdrawals occur only at the 

age s midyear or year end, and Y 
(ii) Equal proportions namely (1 / 2), q M of those beginning the year withdraw 
at the midyear and at the year end. araw 

Remark: 

Until now our multiple decrement models have been fully continuous except 
possibly to recograze a mandatory retirement age. Moreover, our meorTbesan S 
a mulhple decrement model and after defining the forces u<%>7^ 2 
proceeded to the associated single decrement fables, in «a mpte ~"we start with 
the single decrement tables, and in one of these tables the decreLnTtakt rl! 
discretely a, the ends of stated intervals. We do no, JZ£Z£L^Z£Z 
stTT *' S "j"* ^ bUl pr ° Ceed ^ dire « to buTd from the 

Solution: 

a- Figure 10.6.1 displays survival factors for the given single decrement tables and 
for a multiple decrement table where ecrement tables and 

V? = t p' x (1) V'™ j,™ 
cons" 8 " 1 ' * °" At t = h ^ ^ are discont ™ 



ous, so we 



lim f p« = j 



f— i 



and 



We also require that, for our multiple decrement table, 



We set 



= / 0 * 

= f o (1 - tq' x <*>) dt ■ 

\ - / 

Seczvon 70.6 Construction of a Multiple Decrement Table 



Survival Factors. n'</> ; 



1 ~i O I 

• t j, emu t p^' 



tpx 




,(2r 



t i— 



iP* 




(r) 



a™ >p* {2) (i) 



Similarly, we set 

* , = * PI (i- 1 »;»). 

Then 

^ = £ T) - + ^») 

and, since 
Note that 

Hm - am ^ = p>(y x V) q >P) = . 

that is, the discontinuity at t = 1 equals </< 3 > 
b. Here f /^> and t p'W are as in Figure 10.6.1, but and „w „« w l, ^ 
tinuities at i - 1 10 * i i ^ ^ now have discon- 

inuines at t - 1 / 2 and f = 1, as shown in Figure 10.6.2. 
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Survival Factors, t p'& and t p { ; 



,0) 

tPx , V J T) 



1 ,0) 
2* 

- r 



0 1/2 1 



,(D ,(2) 



1 ,(3) 

■ -j ^ 

,H) ,(2) 



,p; (i-^; (3) ) 
f 



0 1/2 1 



Proceeding as in (a), but taking account of the intervals [0, 1/2) and [1 / 2, 1) 
set ' 



we 



+ 



1/2 



(1 ~ f ^ 2 >) df 



Similarly, we set 



Then, 



= <?; (2) (i - ^ 



(1) _ ± ^(3) + 



16 



(IV (3) 



which reduces to 



10.7 Notes and References 

The history of multiple decrement theory was reviewed by Seal (1977). Chiang 
(1968) developed the theory using the language of compering risks. The foundation 
for the actuarial theory of multiple decrement models was built by Makeham 
(1874). Menge (1932) and Nesbitt and Van Eenam (1948) provided insight into the 
deterministic interpretation of forces of decrement and of increment. Bicknell and 
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Nesbitt (1956) developed a very general theory for individual insurances using a 
deterministic multiple decrement model. Hickman (1964) redeveloped this theory 
iisinff the laneuaee of the stochastic model, and this redevelopment is the basis for 
much of this chapter. The analysis of life tables by cause of death is the subject of 
papers Dy orevme (i^to) anu rresion, jveyniz,, anu oenuen (iy/o). 

The perplexing estimation issues that arise when the times-until-decrement are 
not independent are discussed by E land t- Johnson and Johnson (1980). Promislow 
(1991b) makes the excellent point that in practice multiple decrement models 
should be select in the sense of Chapter 3. He developed a theory and associated 
notation for select multiple decrement models. Exercises 10.3 and 10.24 are built 
on a discussion by Robinson (1984). 

Carriere (1994) applied copulas, discussed in Section 9.6.2, to create multiple 
decrement distributions that incorporate dependent component random variables. 
Carriere also discusses the problem of identifiability and reviews the condi- 
tions under which it is possible to identify a unique joint survival function 

S Ti{i) T 2 (x)(t' 0- 



Exercises 

Section 10.2 

10.1. Let ^(f) = ^(0), ;' = 1, 2, . . . , m, f > 0. Obtain expressions for 
a- h,faj) b. /;(;) c. f T (t). 

The functions called for in (a) and (c) are p.d.f/s, and the function in (b) is 
a p.f. Show that T and / are independent random variables. 

10.2. A multiple decrement model with two causes of decrement has forces of 
decrement given by 

1 



100 - (x + t) 
and 

"AO = 100 -I + 0 t<10 °-*- 

If x = 50, obtain expressions for 

a- hfaj) b. f T (t) c. /;(/•) d. f J{T (j\t). 

10.3. Given the joint p.d.f. 

fz](t> ;) = P u i e- {ui+vi)t + (1 - p)u 2 e - (U2+V2)t 0 < t, j = 1 
= pv x e~ {ui+vi)t + (1 - p)v 2 e - {U2+V2)t 0 < f, = 2 
where 0 < p < 1 and 0 < u lf u 2 , v lr v 2 , 
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find 

a. The marginal p.d.f.s f T (t) and ffi) 

b. The survival function sM). 



Section 10.3 



10.4. Using the multiple decrement probabilities given in Example 10.3.1, evaluate 
the following: 

apg b. 3fl g> c. 3^. 

10.5. The following multiple decrement probabilities apply to students entering a 
4-year college. b 



Curtate 
Duration, 
at Beginning 
of Academic 
Year 



0 
1 
2 

3 



Academic 
Failure, 

i = i 



0.15 
0.10 
0.05 
0.00 



Probability of 



Withdrawal for 

All Other 
Reasons, / = 2 

0.25 
0.20 
0.15 
0.10 



Survival 
through the 
Academic 
Year 



0.60 
0.70 
0.80 
0.90 



An entering class has 1.000 

a. What is the expectation of the number of graduates? What is the variance? 

b. What is the expected number of those who will fail sometime during the 
4-year program? What is the variance of the number of students who will 
fail? 

10.6. Construct a multiple decrement table on the basis of the data in Exercise 

ID ^ an A ,.ca it J-„ UJT-Ji 

^.v^.^ uilu uot ll LU CA1UU11 

a. The marginal distribution of the random variable / (mode of exit), which 
takes on values for academic failure, withdrawal, and graduation 

b. The conditional distribution of the mode of termination, given that a stu- 
dent has terminated in the third year. 

Section 10.4 

10.7. Given that ^(x) = 1 / (a - x), 0 < x < a, and ^\x) = 1, derive expressions 

a- b. dW c. dP). 

Assume - a. 

10.8. Given ^>(x) = 2x1 {a- x 2 ), 0 < x < Va, and ^>(x) = c, c> 0, and W = 
1,000, derive an expression for Z[ T) . 

10.9. Derive expressions for the following derivatives: 



Tx^ 



A 

dx ' 



b. 



dt 



?(/) 
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Exercises 



Section 10.5 

10.10. Using the data in Exercise 10.5, and assuming a uniform distribution of 
all decrements in the multiple decrement model, calculate a table of q$\ 

i = 1. 2. fc = 0. 1. 2. 3 (where k is the curtate duration). 

j 

10.11. If ii£\t) is a constant c for 0 s t < 1, derive expressions in terms of c and 
( p ( ;> for 

a.' b. mfl c. 

10.12. Show that under appropriate assumptions of a uniform distribution of 

j i.„ 

U.Cl_lCJ.llClL.LO 

fl (T) a <j) o'O) 

a ffl W = 2s b m® = c m'<» = - 7^ 

a - m ^ 1 - (1 / 2) * 1 - (1 / 2) * 1 - (1 / 2) q'W 

and, conversely, 

m W m W m'O) 

a " q ' 1 + (1/2) m< T > ^ 1 + (1/2) m< T > " ^ 1 + (1/2) m^ - 

10.13. Order the following in terms of magnitude and state your reasons: 

mi a /-* . _ j L1 _ j A j._i_i„ j.u~j. -,'(1) — n no -.,-,.-1 „>(2) — n n/i 

_LU.lt. OlVCIl, IUr ct UUUUIC ueULeJUiciii idLac, uiai £J 4 o — u.u^. anu £j 4 q — \j.wrr, 

calculate q$ to four decimal places. 

10.15. For a double decrement table you are given that m$ = 0.2 and q'^ = 0.1. 
Calculate qffi to four decimal places assuming 

a. Uniform distribution of decrements in the multiple decrement model 

b. Uniform distribution of decrements in the associated single decrement 
tables. 

10.16. Using the data in Exercise 10.5 and assuming a uniform distribution of dec- 
rements in the multiple decrement model, construct a table of mf, j = 1, 2, 
k = 0, 1, 2, 3 (where k is the curtate duration). Calculate each result to five 
decimal places. 

10.17. Given that decrement may be due to death, 1, disability, 2, or retirement, 3, 
use (10.5.9) to construct a multiple decrement table based on the following 
absolute rates. 



Age x 






1'™ 


62 


0.020 


0.030 


0.200 


63 


0.022 


0.034 


0.100 


64 


0.028 


0.040 


0.120 



10.18. Recalculate the multiple decrement table from the absolute rates of decre- 
ment in Exercise 10.17 by means of the central rate bridge. [Hint: To use the 
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i 

central rate bridge, first calculate m'® by the formula 

n'(j) 

m'Jj) s i — 1 n i 

1 - (1/2)^0 y 

which holds if there is a uniform distribution of decrement in the associated 
single decrement tables. Next, assume mf = m'^\ j = 1, 2, 3, and proceed 
to qf by 

,(/) = 42 = 4? = rnf 

" x fi? I? - (1 / 2) d w + (1 / 2) 1 + (1 / 2) m« ' 

This second relation holds if there is a uniform distribution of total decre- 
ment in the multiple decrement table. But then 

= i - f#> * tP ;<i> ^) p>v> 

= (1 - f^>)(l - ^P))(l - ^0)) 

under the condition of a uniform distribution in the associated single dec- 
rement tables. Thus there is an inconsistency in the stated conditions, but 
the calculations may be accurate enough for this purpose.] 



10.19. Indicate arguments for the following relations: 
a. m'® = mf 

b 2* s Hx 

1 /I / 0\ „'(;"! -I /-i / r,\ _m • 



Show that these lead to 
c. «#> = 



t ^ qP [1 ~ (1/2) ^'1 



(1/2KW 



d. fl'W = 2*- 

IX -, 



Compare (c) and (d) to (10.5.9) and (10.5.10). 

10.20. Use the values of qf, qp> from Example 10.5.1 to calculate values of mf, 
w'x®' j = 1/ 2, x = 65, ... , 69, under appropriate assumptions of uniform 
distribution of decrements (see Exercise 10.12). 

10.21. Which of the following statements would you accept? Revise where 
necessary. 

a. # w = 

* x 1 + (1 / 2) mf 

b. l<& t dt = ^ 

Jo 1 + (1/2) <> 

c - = - (1 / 2)q'W] in a double decrement table where there is a 
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uniform distribution of decrement for the year of age x to x + 1 in each 
of the associated single decrement tables. 

10.22. a. For a certain age x, particular cause of decrement /, and constant Kj, show 

iU„ £„11 1 „ liU „_„ — t.. 

UldL U1C 1VJIHJ W Ii lg lAJlLUlUUllO cu c equivalent. 

(i) $ = K, & 0 < t < 1 

(ii) ^>(f) = k ; . ^(t) o < f < i 

(iii) 1 - = (1 - 0 < * < 1. 

[Hint: Show (i) => (ii) (iii) => (ii) =*> (i).] 

b. Verify that, in a multiple decrement table, where either 

j4>(f) = jiffO) 0 < f < 1, j = 1, 2, . . . , m 
(the constant force assumption for each cause of decrement) or 

t qf = tqf 0 < t < 1, / = 1, 2, . . . , m 
(the uniform distribution for each cause of decrement), then 

rf? = % rf? 0 < f < 1, 7 = 1, 2 m. 

c. Assume that in part (a), condition (ii), 0 ^ f ^ 1, is given by 

(i) kt n k>0,n>0 (Weibull) 

(ii) Bd B > 0, c> 1 (Gompertz) 

and for each example find the corresponding expressions for $f and 

1 - .a'M). 

10.23. a. Prove that 

H.<p(i) = K 7 - ^ T >(f) 0 <f, / = 1, 2 

where 

= ft ( p<7> p^f) df ; = 1, 2, 

if and only if the random variables T and / are independent, 
b. If T-^x) and T z (x) are independent and / and T are independent, show 
that 

iVT = i^ ] ) K> i = i, 2. 

[Remark: Note that Kj = /;(/)■] 

10.24. This exercise is a continuation of Exercise 10.3 and uses the notation of Sec- 
tion 10.5.5. The joint survival function is given by 

s Tl ,T 2 (tv k) = pe" uih ~ nt2 + (1 - p) e - u ^- v ^ 

0 < t v t 2 , u v u 2 , v v v 2 
0 < p < 1. 

Confirm that 

s Tl/T2 (£, f) * S Tl , T2 (f, 0) S Tl , r2 (0, f) 

and 
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dt 



h = t2=t 



d lo g s ThT2 (t, 0) 
dt 



Section 10.6 

10.25. Redo Exercise 10.10 by use of the formula for q'Ji> in Exercise 10.19. 

10.26. Show that i4\l/2) = mf, under the assumption of a uniform distribution 
of each decrement in each year of age in a multiple decrement context. 

10.27. How would you proceed to construct the multiple d^mf 
given rates were those given below? 

b. 9 ;a> q?r ? p) 

10.28. In Example 10.6.2 suppose that decrement 3 at age 69 is not uniformly dis- 
tributed but follows the pattern 



It 3 ) 



1 - 0.12f 0 < t < 1 



In words, the cause 3 absolute rate is 0.12 during the year. Then, just before 
age 70, all remaining survivors terminate due to cause 3. This is consistent 
with an assumption that a'£ ] = 1. What then is th.p vaW of n&y? 



1(>9 ■ 



10.29. In a double decrement table where cause 1 is death and cause 2 is with- 
drawal, it is assumed that 

• Deaths in the year from age h to h + 1 are uniformly distributed, 

• Withdrawals in the year from age h to age h + 1 occur immediately after 
the attainment of age h. 

FrOTTI this tahlp it- ic nn^ ^4- ~ „„ cn -i /-i/-n-> /">-, „ _ . 

0.06 Determine g^ 1 '. 
Mzsce/Zaneous 

10.30. On the basis of a triple decrement table, display an expression for the prob- 
ability that (20) will not terminate before age 65 for cause 2. 

10.31. a. You are given q'™, mf, mf. How would you proceed to construct a 

multiple decrement table where active service of an employee group is 
subject to decrement from death, 1, withdrawal, 2, disability, 3, and re- 
tirement, 4? 

b. On the basis of the table in (a), give an expression for the probability that, 
_ — „ vv . iiltxllt/CA a g C y wm xlol re nre out will terminate 
from service for some other cause. 

10.32. Prove and interpret the relation 

# = <7.; w - 2 P ^\t) x - t q' x % dt. 

k*j J 0 
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10.33. Let 



7/7 Mm 




V dt 



and 




0 < t < 1. 



Assume that ; and at least one other cause have positive forces of decrement 
on the interval 0 s f < 1. 
a. Show that 

(i) w (T) (0) > w®(0) 

(ii) u>< T >(l) < to 

(iii) There exists a unique number r, 0 < r < 1, such that w (T \r) = w w (r). 



c. Assume that \y.f(t) is an increasing function on the interval 0 < t < 1. 
Use the mean value theorem for integrals to establish the following 
inequalities: 



b. Let 




Show that 







0<t 0 <r<t l <l 
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10.34. The joint distribution of T and / is specified by 



am-l „-3f 

V i- 

it 

(i - e^- 1 e~v 

j s"- 1 eT* ds ^ 



0 < 9 < 1 
™ -a. n 

$ > 0 
t > 0. 



a. Obtain expressions for/ r / (f, /),/;(/), and/ r (£). 

b. Express E[T] and Var(T) in terms of a and pi. 

c. Confirm that j and T are independent. 
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APPLICATIONS OF MULTIPLE 



11.1 Introduction 

The multiple decrement model developed in Chapter 10 provides a framework 



for studyi ng manyjlmancial s ec urity s ystems! For example, life insurance policies 



frequently provide for speciaT*benents if death occurs by accidental means or if the 
insured becomes disabled. The single decrement model, the subject of Chapters 3 

til r ni i <y\> O H npc n <~»f r^r^T.'i tA o a m :* f o m -1 f i ^ ^ 1 m^/'lol 4vav T-i/-*li/--ic»o ta t\ fl-i cii/->Vi mulfinlo 

benefits. Jp. ad dition, there may be nonforfeiture benefits that are paid when the 
insured withdraws from Jhe set of premium-r^yjng policyholders The determi- 
nation of the amount of these nonforfeiture benefits, and related public policy is- 
sues, are discussed in Chapter 16. The basic models associated with these multiple 
benefits are developed in this chapter. 

Anothetjnia]Qr_applicMipn of 
this chapter jve_co_rjsider basic methods, used in calculating the actuarial present 
values of benefits and contributions for a participant in a pension plan. The par- 
ticipants of a plan may be a group of employees of a single employer, or they may 
be the employees of a group of employers engaged in similar activities. A plan, 
upon a participant's retirement, typically provides pensions for age and service or 
for disability. In case of withdrawal from employment, there can be a return of 
accumulated participant contributions or a deferred pension. For death occurring 
before the other contingencies, there can be a lump sum or income payable to a 
beneficiary. Payments to meet the costs of the benefits are referred to as contribu- 
tions, not premiums as for insurance, and are payable in various proportions by 
the participants and the plan sponsor. 

A pension plan can be regarded as a system for purchasing deferred life annuities 
(payable during retirement) and certair^JirTailaiy; jbenefits with a temporary annuity 
of contributions during active service. Thlfbalancing of the actuarial present values 
of benefits and contributions may be on an individual basis, but frequently it is on 
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some aggregate basis for the whole group of participants. Met hods to accomplish 
this balance, comprise the theor y of p ension junding. Her ej ve ar e concerned with 
only the separate valuation of the pension plan's actuarial present value of benefits 
and contributions with respect to a typical participant. Aggregate values can then 
be obtained by summation over all the participants. The basic tools for valuing the 
benefits of, and the contributions to, a pension plan are presented here, but their 
application to the possible funding methods for a plan is deferred to Chapter 20. 

In Section 11.6 we study disability benefits commonly found in conjunction with 
individual life insurance. JThe_ benefits . include those for waiver of premiu m and 
for disability income. There is a discussion of a widely used single decr_ement_apr 
proximation tor calculating benefit premiums and benefit reserves for these-disa- 
bility coverages. 



11.2 Actuarial Present Values and Their 
Numerical Evaluation 

Actuarial applications of multiple decrement models arise when the amount of 
benefit payment depends on the mode of exit from the group of active lives. We 
let B { Jl t denote the value of a benefit at age x + t incurred by a decrement at that 
age by cause ;'. Then the actuarial present value of the benefits, denoted in general 
by A, will be given by 

A = 2 I Bi'U v* tP w ,4/>(0 dt. (11.2.1) 

;=1 ■ / ° 

If m = 1 and B$l t = 1, A reduces to A x , the actuarial present value for a unit of 
whole life insurance with immediate payment of claims. 

More appropriate for this chapter is the example of a double indemnity provision, 
which provides for the death benefit to be doubled when death is caused by ac- 
cidental means. Let / = 1 for death by accidental means and / = 2 for death by 
other means, and take = 2 and Bfl t = 1. The actuarial present value for an 
n-year term insurance is given by 

A = 2 j o v* t p(M\t) dt + ^ v> ^\t) dt. (11.2.2) 

For numerical evaluation, the first step is to break the expression into a set of 
integrals, one for each of the years involved. For the first integral, 

2 \ n v' (P w ^\t) dt = 2 X v* k p? [ V s sP ? +k tf) {k + s) ds . 

If now we assume, as for (10.5.11), that each decrement in the multiple decrement 
context has a uniform distribution in each year of age, we have 
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2 f" v t t pW m4«(0 dt = 2 § y fc+1 kV f <&l k f (1 + f) l -» ds 

JO fc=n J0 



fc=0 
n-I 



j, .Z; " kVx Hx+k 



Applying a similar argument for the second integral and combining, we get 



fc=0 
n-l 



= 7 2 + 

o fc=o 

= A1!> + A^, (11.2.3) 

where is the actuarial present value of term insurance benefits of 1 covering 
death from accidental means and A\.^ is the actuarial present value for term insur- 
ance benefits of 1 covering death from all causes. Here k p^ ] could be taken as the 
survival function from a mortality table. If values of $l k are available, it would be 
unnecessary to develop the full double decrement table in order to calculate (11.2.3) 
under the assumption that each decrement has a uniform distribution in each year 
of age. 

This example is simple because the benefit amount does not change as a function 

uj. age ai ucLitiiitin, aiiu, ui ^uj. >.«- ^w>-.j ^.^a.^— r.*..*.^.. — _/ ■ — ~ — — o — " ~~ 

a contrasting example, we take B££ ( = t and Bf\ t = 0 for t > 0. In this case, 
A = f y f t p< T) m^W dt - 2 u* ,p< T > (fc + s)i> s s p£> fc vg\k + s) ds. 

Jo ' k=0 Jo 

We again make the assumption that each decrement in the multiple decrement 
context has a uniform distribution in each year of age, and we obtain 

A = 2 v M t pM q?l k (k + s)(l + 0 1 - ds 

k=o J0 

In practice, Bf +t is often a complicated function, possibly requiring some degree of 
approximation. For such a case, if we apply the uniform distribution assumption 
to the ;'-th integral in (11.2.1), we obtain 

£ v k+i kV? e* f *Ji*. (i + o 1 " ^ 

k=0 J ° 

Then, use of the midpoint integration rule yields 

oo 

2 kV f q% ( 1L2 - 5 ) 

fc=0 

as a practical formula for the evaluation of the integral. 
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As in example, we return to (11.2.4) where the quantity 



can be viewed as an effective mean benefit amount f™ ™„ , , , , 
rammar z/8 term can bp view-A ^ a, . * y ^ aL * ^ L > ana the 

payment of ^J^Z^^^^ * P-rde immediate 

aiue given by (11.2.4) is closely approximated by 

|/*''V?>^ + i), (1 , 2 . 6) 

wmch makes use of the midpoint rule for approximate integrate to evaluate 

{ (k + s)(i + ;)'-' A. 

m^^tion ZIstotZropriateT T * ^ ° f d — 

the actuarial prese^Ce s^uThf' 7 Zt S " UaH ° nS ' Spedal "*«*«nis to 

withdrawals occur at midvear an H *k e ",; ement W one-half the expected 

present value for ^"C^enty ^ " ^ ^ ^ *™ 

+ \ q'M v B% +1 (l - qm){1 _ q n m 

^^^^^^ * d ~ » *e context of the a, 
possible approxima"^ A 

the withdrawal benefit; suchl " ' a «**"*c average value of 



Thus, 



«& = \ (bS, +1 , 2 + Ba<1 | 

CO r- 

+ | £3 (i - ? ;?|)(i - 9 ;g, 

00 
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Remark: 

In this section we have not used the format emoloved ir CW„ < .„ ..... 
premium determination problems. This was done to achieve bre^e^Z 

proDiems or this section conlr) h 

" j • i • t , w a FF iuauicu rormuiatme a loss function 

and invoking the equivalence principle or some other premium prLiple 

Assume, for example, an insurance to (x) paying 

a. IB upon death due to an accident before age r 

b. B upon death due to all other causes before age r, and 

c. B upon death after age r. 

Twn rancoc r\( An^,„ — t . _ 

u .ucu lclll a re recognized, y = 1, the accidental cause, and 1 = 2 
the nonaccidental cause. The loss function is ' 

2Bu T - w /=1 0<r<r-* 
Bv T - tt j = 2 0 < I < r - x 
Bu T - tt 7=1, 2 T> r - x. 
The equivalence principle requires that E[L] = 0, or 



TT = B 



A measure of the dispersion Hn<> +^ A a ,„„ a , 

■ it, A w ncuures or nme and cause of death 

is provided by Var(L) = E[L 2 ]. One can verify that, for this case, 



Var(L) = B 2 



•/ 0 



- TT 2 . 



In the general case, with actuarial present value given by (11.2.1), we have 

m roo 

Var(L) = E[L 2 ] = g ^ (B & - A) 2 ,pM ^(f) 



which can be reduced to 



m fx 

Var W = X J 0 (B& ( tf> df - (A) 2 



(11.2.7) 




We examine, in this section, a method of paying for benefits included in a life 

"intfe^ " 3 d6Crement Setting " ° ften th6Se «*» *"2ts ' 

included m life insurance contracts orLa^giir^uider^s; that is, a specified extra 

tne case of double indemnity it is common to pay the extra amount onl V for death 
from accidenta nxeans before a specific age, such as 65, and thus the specified ext a 
premiums would be payable only until that age. P 

j^ghencrf^cmig ^r the doub le indemnity benefit as such a benefit The 
model is not complete because the Dossibil 

— — - — - ^ . . tij., vvjui a v.uixesponcung 
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withdrawal benefit, is not included. We consider' withdrawal benefits in Section 
11.4, but most of this subject is discussed in Chapters 15 and 16. 

Consider the fully discrete model for a whole life policy to a person age 30 with 

a double indemnity rider. Thp 

v^^^^in il3 jlwj. injiiai_i_iueiiLai ueain, aec- 

rement / = 1, and is two for death by accidental means, decrement / = 2. The 

principle of equivalence is now applied twice, once for the premium payable for 

life for the policy without the rider and once for the premium payable to age 65 

for the extra benefit payable on accidental death before age 65. 

For the policy without the rider the benefit level is one under either decrement 
1 or 2 and the premium is payable for life. Thus 

CO 

2 v k+1 kPio lio+k 

d(t) _ k=0 

*3o = . (11.3.1) 

2 » k kP% 



k=0 



The benefit premium for the rider reflects that the premium is payable through age 
64, and its benefit amount, payable under decrement 2 only, is unity. It is given by 

34 

2 kP30 ?30+fc 

n(2) k— 0 

35* 30 - 34 • (11.3.2) 

y v k ,.v^ 

k=0 

We now display the benefit reserve for the policy with the rider for years prior to 
attaining age 65: 

00 34— k 

kV = 2 » h+l nptlk tilk +h + S A 



1 J^ — K 



T) 

, - . - .. — — ,., JO+k 
h=0 h=0 



This reserve is the sum of a reserve on the base policy plus a reserve on a policy 
that pays only on failure through decrement 2. The reserve on the base policy Ts a 
Chapter 7 benefit reserve for a fully discrete whole life insurance with a = fl W = 

11.4 Withdrawal Benefit Patterns That Can Be Ignored in 
Evaluating Premiums and Reserves 

A single decrement model for an individual life insurance benefit with annual 
premiums and reserves was built in Chapters 6 through 8. In that model the timing 
and, perhaps, the amount of benefit payments are determined by the time of death 
of the insured, and premiums are paid until death or the end of the premium 
period as specified in the policy. In practice, there is no way to prevent the cessation 
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of premium payments by the policyholder before death or the end of the premium 
period. In this situation an issue arises about how to reconcile the interests of the 
^^^co f/-. fka Ti/ili™ fnr wVnrh a mnHpl rlprivpd from rrmltinle decrement theorv is 

pai ^ 1 1 — ^w"^) j-w*. ■ ■ ~ ■ — - - - ~ ■ 1 j 

appropriate. Public policy considerations that should guide the reconciliation of the 
interests of the insurance system and the terminating insured have been subject to 
discussion since the early days of insurance. 

Before premiums and reserves can be determined, a guiding principle must be 
adopted. A guiding principle is required as well in the determination of nonfor- 
feiture benefits, those benefits that will not be lost because of the premature ces- 
sation of premium payments. In this section we adopt a simple operational prin- 
ciple, one that is, in effect, close to that adopted in U.S. insurance regulation. The^ 
principle is th^t the jwithdra wing insured receives a value such that the benefit, 
premium, and reserve structure, built using the single decrement model, remains 
appropriate in the multiple decrement context. 

This principle is motivated by a particular concept of equity/about the treatment 
of the two classes of policyholders, those who terminate before the basic insurance 
contract is fulfilled and those who continue. Clearly several concepts of what con- 
stitutes equity are possible, ranging from the view that terminating policyholders 
have not fulfilled the contract, and are therefore not entitled to nonforfeiture ben- 
efits, to the view that a terminating policyholder should be returned to his original 
rjosition bv the return of the accumulated value of all premiums, perhaps less an 
insurance charge. The concept of equi ty, which i s the f ound ation of th e jprmcipje 
adopted in the Uni te d" States, i s an intermediate one; that is, withch^ing Jjfe _ 
insurance_jp^cyhojders are entitled to nonforfeiture benefits, but these bene- 
fits should not force ja change in the .price-benefit structure for continuing 
policyholders. 

1U J.JUU.5UCUC aumc ui mc mi^m.auum ui ^±±*jS,.\^L*-'~.i—iy-±' — o * K ~ - - 

for a whole life policy on a fully continuous payment basis with death and with: 
diawaUbenefits. The force of withdrawal is denoted by p4 2 >(t) with |4 T >(f) = \i$\t) 
+ |xi 2) (0- For multiple decrement models, it is required that 



At- = oo 

so that 

Urn t pW = 0, 

but it is not necessary for i4 2) (f) and the derived ,p' x {2) to have these properties. 

We assume tha t_Jhe_iniTod.uction of withdrawals int p_jiie_moiiel_olQ^s_not 
^change the force^oi-rnQrtalitY^ which is labeled for this development \ig\t) in both 
the single and double decrement models. In other words, time-until-death and 
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time-until-withdrawal will be assumed to be independent, but this assumption may 
not be realized in practice. This issue was discussed in Chapter 10. 

We start our model by specializing (8.6.4) to the case of a whole life insurance 
and single decrement premiums and reserves: 

| t V(A x ) = P(A X ) + 5 t V(A x ) - tf\t) [1 ~ t V(A x )]. (11.4.1) 
Recalling from Section 10.2 that 

we can express the following derivative as 

| [v* fP w t V(A x )] = v t tV ?{P{A x ) + 5 t V(A x ) - j^)(f)[i - t V(A x )]} 
- v* (P w t V(A x )[b + ^\t) + rf\t)] 

= v t t p?[P(A x ) - ^(t) - rfXt) t V(A x )]. (ll. 4 i) 

The progress of the reserves for a whole life insurance that includes withdrawal 
benefit t V{A x ) using premiums and reserves derived from a double decrement 
model is analogous to Ql.4.1^ 

yj - \ , — ~» . . i ul uug tAplcOOlWll, (LILC 

superscript I denotes premiums and reserves based on the double decrement 

\ 

| [ t V(A x ft = P(A x )i + 5 t V{A x f 

- p£>(t)[l - t V{A x ft - ^\t)[ t V{A x ) - t V(A x n (11.4.3) 

The last term in (11.4.3) is the net cost of withdrawal when the reserve t V{A x f is 
treated as a saviners fund availahlp tn nffcot lipnofito rcoo ra a kw tu,,. 

^^.nv^w | .j^-^, y_j . j. . y j . iuu3, 

- ^U t V(A x ) - t V{A x n 

- v> tP w t V(A x f- [5 + ^)(f) + tf\t)] 

= v t tV ^[P{A x f - v$\t) ~ ^(t) t V(A x )]. (11.4.4) 
Combining (11.4.2) and (11.4.4), we obtain 

| W tV ?[ t V(A x ¥ - t V(A x )]} = u> lV ?[P{A x f- - F(A X )]. (11.43) 

We now integrate (11.4.5) from t = 0 to t = °° to obtain 

0 - a<7>[P(AJ? - P(A x )] r (H.4.6) 
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which implies that 

P(A£ = P(A,). 

Thus (11.4.5) reduces to 

j t [v< t tf\V{A£ - t V(A x )]} = 0, 

which, with the initial condition that 

0 V(A x f- = 0 V(A X ), 

implies that 

t V{A x f = t V{A x ) for all t > 0. (11.4.7) 

Therefore, if the withdrawal benefit in a double decrement model whole life in- 
surance, fully continuous payment basis, is equal to the reserve under the single 
decrement model, the premium and reserves under the double decrement model 
are equal to the premium and reserves under the single decrement model. This 
result is not directly applied to the practical problem of defining nonforfeiture 
benefits. However, it does suggest the basic idea of how to minimize the impact 
of withdrawal or nonforfeiture benefits on premiums and reserves (determined 
under a single decrement model). These ideas are developed further in Chapter 16. 

The ideas of this section are closely related to Example 6.6.2, where it was dem- 

life annuity isjhe accumulated valuToTthe^prerniums, thenthTprenu umd^ 
depend on the mortaHty^s^umption during the deferral period. This idea is elab- 
orated in Example 11.4.1. 



Example 11.4.1 



A continuously paid life annuity issued on (x) provides an income benefit com- 
mencing at age x + n at an annual rate of 1. The benefit for death (decrement 
/ = 1) or withdrawal (decrement / = 2) during the n-year deferral period, paid at 
the moment of death, will be the accumulated benefit premiums with interest at 
the rate used in the premium calculation. Premiums are paid continuously from 
age x to x + n or to the age of decrement, if less than x + n. 

a. Formulate a loss variable. 

b. Determine the annual benefit premium rate tt using the principle of equivalence. 

c. Determine the benefit reserve at time t, Q < t < n. 



Solution: 

a r _ | tt y r - tt 5^ 0 ^ T < n, / = 1, 2 

" ~ [u" - tt T > n, j = 1. 

b. Applying the principle of equivalence, we obtain 



E[L] = [ {V aj^ - it 5,,) f pM ji^f) dt. 

J n 
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This yields 



U nVx a x+n - ^ a m nPx an Q ™ ~ ~ ~ ■ 

C. The rpsprvp at rimp t. t < n. vipwprl nrncnprtivplv ic criiran Kir 

. _ ... , _ r ^ — r ^^„.». v , ^ ^ 

pi-t 

J o (IT 17 s Sj^i ~ IT fl^) s /;l t ^(t + S) ds 

+ J (u"- f - it a^) sV % ^(t + s) ds 

= IT Sj|(l - „_ t p< T J f ) + n -M x+t ~ TT flr^ „-(P£l t 
- TT SJ|. 

The simplification of the last term comes from the definition of -rr in part (b). 
The benefit premium and reserve during the deferred period can be viewed as 
derived from a zero decrement model. y 



11.5 Valuation of Pension Plans 

Two sets of assumptions are needed to determine the actuarial present values of 
pension plan benefits and of contributions to support these benefits. TJtpsp sets ran 
be identified a g^ demog raphic (the service table and survival functions for retired 
lives, dj ^bkdjiye^ and perhaps lives who have withdrawn) and economic (in- 
vestment return and salary scale) assum ption s. 



11.5.1 Demographic Assumptions 

A starting point for the valuation of pension plan benefits is a multiple decrement 
(service) table constructed to represent a survivorship group of participants subject, 
in the various years of active service, to given probabilities of 

• Withdrawal from service 

• Death in service 

• Retirement for disability, and 

• Retirement for age-service. 

The notations for these probabilities for the year of age x to x + 1 are q { ™\ qf, 
and q ( *\ respectively. These are consistent with the notations developed in Chapter 
10. Also, we use the survivorship function from Chapter 10, which satisfies 

= JW[1 - + + $ + #>)] = zw P i;\ 

This function can be used to evaluate such expression as ,.o!. T) . thus. 
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One can also proceed by direct recursion, namely, 

kPx k-lPx Px+k-1- 

The forces of decrement related to a service table will be continuous at most ages. 

rrl U~ A^^l^A T-.-.T ,.(u>)f+\ ,,(d)f4-\ ,,(i)(4-\ 3rir4 n( r Vf\ At ontno ao-oo rliorrmH- 

1 1 icy will L/C umvi^u. tjy fji/ x n-j. v 1 -// fx V- )' |*i W 1 " w^v.^, — — * ■ — 

nuities may occur. This occurs most frequently at age a, the first eligible age for 
retirement. VVj^enenilly_aj^^ 

In the early years of service, withdrawal rates tend to be high, and the benefit 
for withdrawal may be only the participant's contributions, if any, possibly accu- 
mulated with interest. After a period of time, for example, 5 years, withdrawal 
rates will be somewhat lower, and the withdrawing participant may be eligible for 
a deferred pension. If these conditions hold, it may be necessary to use select rates 
of withdrawal for an appropriate number of years. Conditions for disability retire- 
ment may also indicate a need for a select basis. The mathematical modifications 
to a select basis are relatively easy to make, and the theory is more adaptahle if 
select functions are used. In this chapter we denote the age of entry by x, but we 
do not otherwise indicate whether an aggregate table, select table, or select-and- 
ultimate table is intended. 



the Illustrative Service Table in Appendix 2B illustrates a service table fur entiy 
age 30, earliest age for retirement a = 60, and with no probability of active service 
beyond age 71. Here #1 = 0. 

As noted earlier, the principal benefits under a pension plan are annuities to 
eligible beneficiaries. For the valuation of such annuity benefits, it is necessary to 
adopt appropriate mortality tables that will differ if retirement is for disability, for 
age-service, or perhaps withdrawal. The corresponding annuity values will be in- 
Hiratpd bv r>ost-fixed suoerscriots. The continuous annuity value is used as a con- 

j j- 1 X s 

venient means of approximating the actual form of pension payment that usually 
is monthly, but may have particular conditions as to initial and final payments. 



11.5.2 Projecting Benefit Payment and Contribution Rates 

A common form of p ension plan is one that def ines the rate of retirement income 
by formula. These plans are ca\led^^ned\en efit pl ans. Somgj?ensi on plans define 
benefit income rates as a function of the level of compensation at or near retirement. 
In these cases, it is necessary to estimate future salaries to value the benefits. Spon- 
sor contributions are also often expressed as a percentage of salary, so Jierejx^o 
estimation of future salari es is important. To accomplish these estimations, we de- 
fine the following salary functions: 

(AS) x+h is the actual annual salary rate at age x + h, for a participant who entered 

at age x and is now at attained age x + h, 
(E$) x+h+t is the projected (estimated) annual salary rate at age x + h + t. 

Further, we assume that we have a salary scale function S y to use for these projec- 
tions, such that 
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(ES) x+h+t = (AS) x+h (11.5.1) 

^x+h 

The salary functions S y may reflect merit and seniority increases in salary as well 
as those caused by inflation. For example, in the Illustrative Service Table. S = 

* y 

(1.06) y " 30 s y/ where the s y factor represents the progression of salary due to individ- 
ual merit and experience increases, and the 6% accumulation factor is to allow for 
long-term effects of inflation and of increases in productivity of all members of the 
plan. As was the case of the function, one of the values of S y can be chosen 
arbitrarily. For instance, in the Illustrative Service Table, S 30 is taken as unity. The 
S y function is usually assumed to be a step function, with constant level throughout 

-"V fc>""* J • 

We now move to the problem of estimating the benefit level for a pension plan. 
For this purpose, we introduce the functionJ^J^Jo^enote the pr^rted^innuaL 
jncorneJbengfjt jale_to_c ommen ce_at ag e x + h + t for a participant,, who e ntere d 
h years ago at age x. Both * and h are assumed to be integers. We assume that the 
income benefit rate remains level during payout so .that when we come to express- 
ing .the actuarial present value of the benefit at time of retirement it will simply 
be R(x, h, t)a r x+h+t . As stated in the previous section, the post-fixed superscript r 
indicates that a mortality table appropriate for retired lives should be used. 

We now consider several common types of income benefit rate functions 
R(x, h, i). The estimation procedure fails into two groups. First, there are functions 
that do not depend on salary levels. For other types of benefit formulas, which 
depend on future salaries, the projected annual income rate must be estimated. 
There are those that depend on either the final salary rate or on an average salary 
rate over the last several years prior to retirement. There are also formulas that 
depend on the average salary over the career with the plan sponsor. The following 
are examples of the more common types of benefit formula together with their 
estimation. 

a. Consider an income benefit rate that is a fraction d of the final salary rate. Thus 
R(x, h, t) = d(ES) x+h+t . Here we estimate the final salary from the current salary 

at age x + h by (ES) x+h+t = (AS) x+h (S x+h+t / S x+h ) so that R(x, h, t) = 
d(AS) x+h (S 

x+h+t 

b. A final m-year average salary benefit rate is a fraction d of the average salary 
rate over the last m years prior to retirement. We illustrate this in the common 
case where m = 5. In this case, if t > 5, an estimate of the average salary over 
the last 5 years is given as 

/ a c\ 0-5 S x+h+k _ 5 + S x+h+k ^ i + S x+h+k _ 3 + S x+h+k _2 "t" S x +h+k-i ^ 0-5 S x+h+k 

3 ^x+h 

where k is the greatest integer in t. 

The thinking behind this expression is that if retirement occurs at midyear, 
the current year's salary is earned only for the last half year of service. A no- 
tation in common usage for the above average is 5 Z x+h+k / S x+h . If the participant 



352 



Section 1 1.5 Valuation of Pension Plans 



is within 5 years of possible retirement, account could be taken of actual rather 
than projected salaries. 

The above formulas do not reflect the amount of service of the participant at 
retirement. We now look at three formulas where the benefits are proportional 
to the number of years of service at retirement. 

c. Consider an income benefit that is d times the total number of years of service, 
including any fraction in the final year of employment. In this case R(x, h, t) = 
d(h + t). If only whole years of service are to be counted, then R(x, h, t) = 
d(h + k), where k is the greatest integer in f. 

d. Consider an income benefit rate that is the product of a fraction d of the final 
5-year average salary and the number of years of service at retirement. A typical 
formula would be, where d is a designated fraction, 

= d{h + t)(AS) x+h ^h±k. 

^x+h 

Again, if the participant is within 5 years of possible retirement, account could 
be taken of actual rather than projected salaries. 

e. Consider an income benefit rate that is d times the number of years of service 
times the average salary over the entire career. Such a benefit formula is called 
a career average benefit This formula is equivalent to a benefit rate of a fraction 
d of the entire career earnings of the retiree. 

The analysis of career average retirement benefits breaks naturally into two 
parts, one for past service for which the salary information is known and one 
for future service where salaries must be estimated. Here past salaries enter into 
the valuation of benefits for all participants and not just for those participants 
very near to retirement age. If the total of past salaries for a participant at age 
x + h is denoted by (TPS) x+h , the benefit rate attributed to past service is 
J(TPS-\ . Thp retirement income benefit rate based on future service is given 

„ v - - - /x-trr 

by 

d(AS) x+h — ~ 

J x+lt 

where k is the greatest integer in * and retirements are assumed to occur at 
midyear. 

Finally, we display one benefit formula where the service component for par- 
ticipants with a large number of years of service at retirement is modified. 

f. Consider an income benefit rate that is the product of the 3-year final average 
salary and 0.02 times the number of years of service at retirement for the first 
30 vears of service with an additional 0.01 per year of service above 30 years. 
Following (d), 

= 0.02 (h + t) (AS) x+h h + t < 30 

= [0.30 + 0.01 (h + f)] (AS) x+h h + t > 30. 
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11.5.3 Defined-Benef it Plans 



We now seek to develop formulas for actuarial present values of such benefits 
and of the contributions expected to be used to fund the promised benefits. We do 
so first for a general case of a defined-benefit plan and then examine a specific 
example that includes a typical pattern of defined benefits. 

Let us first look at the evaluation of, and approximation to, the actuarial present 
value for an age-retirement benefit. Assume that the benefit rate function has been 
found as R(x, h r t) and that the benefit involves life annuities with no certain period. 
We can then write an integral expression for the actuarial present value* of the 
retirement benefit as 

APV = j , u f trflk ^ r) (h + t) R(x, h, t) W x+fl+t dt. (11.5.2) 

As in Section 11.2, we approximate the integral for practical calculation of the ac- 
tuarial present value. To do so, we write 

ri 

APV = 2 v k kV ? +h v s sV % +k tf\h + k + s) R( X/ h,k + s) W x+h+k+s ds. 

k=u-x-h J 0 

By assuming a uniform distribution of retirements in each year of age, we can 
rewrite this as 

APV = f kP&k P v s R{x, h,k + s) a r x+h+k+s ds. 

k=a—x—h JO 

Using the midpoint approximation for the remaining integrals gives 

OS 

APV = ^ 2 v k+m trflk <£V* R{x, h, k + 1 / 2) r x+h+k+1J2 . (11.5.3) 

Formula (11.5.3) is the general means by which we calculate the actuarial present 
value of retirement and, by extension, other benefits of a pension plan. 

We now present an example that shows the types of calculations that might be 
used for the valuation of the several benefits of a hypothetical defined-benefit pen- 
sion plan. 



Example 11.5.1 



Find the actuarial present values of the following benefits for a participant who 
was hired 3 years ago at age 30 and who currently has a salary of $45,000. 
a. Retirement income for any participant of at least age 65 or whenever the sum 
of the attained age and the number of years of service exceeds a total of 90. The 
benefit is in the form of a 10-year certain and life annuity, payable monthly, at 
an annual rate of 0.02 times the final 5-year average salary times the total number 
of years of service, including any final fraction. 
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b. Retirement income for any participant with at least 5 years of service upon 
withdrawal. The benefit and income benefit rate formula is as for age retirement. 
However, the initial payment of the annuity is deferred until the earliest possible 
date of age retirement had the participant continued in the active status. 

-r-, .• i : .„ c — j-u^o,-. A\ c ~.u\c*A rtartiri-nantQ tnn vniin? for aere retirement. 

C. Retirement un_umc muot ^^w^j-. j 0 — 0 

The income benefit rate is the larger of 50% or the percentage based on years of 
service, uses the average salary over the preceding 5 years, and is for a 10-year 
certain and life annuity, 
d. Lump sum benefit for those participants who die while still in active status. The 
benefit amount is two times the salary rate at the time of death. 

Solution: 

The participant was hired at age 30 and so is eligible for retirement at age 60 
[60 + (60 - 30) = 90]. Assuming midyear retirements, the income benefit rate is 
given by 

= 0.02 (h + t) (AS) x+h 

= 0.02 (3 + k + 0.5) (45,000) §^±3±i 

^30+3 

. -,_„ L j li c~n^,LTi-r,rr 11 4- I- TKo ■> <-+! i a r i a 1 nrpspnt value 

tor retirements starting ui me ycai luiiuwiiLg « & v, ^ . .v. — r 

of age-retirement benefits is approximated by 

CO 

APV = 900 2 u* +1/2 t p« +3 <$ +3+t 

fc=27 

X (3.5 + k) a^Um- 

^30+3 



Benefits are paid for those withdrawing from active status between ages jj anu 
60. After attaining age 60, the withdrawals are classified as retirements. The income 
benefit rate is again given by 

= 0.02 (h + t) (AS) x+h 



5^30+3+>: 



= 0.02 (3 + k + 0.5) (45,000) & 

For withdrawals at ages 35 through 37, adjustments using actual wage data rather 
than the Z function could be made. The actuarial present value of the withdrawal 
benefits is approximated by 

26 

APV = 900 X v k+V1 As *&3 +t 

k=2 

X (3.5 + k) — 27-Jt-l/2| fl 33+fc+l/2:10|- 

^30+3 
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For the disability benefit the income benefit rate function makes a distinction 
between disabilities starting before and after the participant has worked for 25 
years. Thus the income benefit rate is 

= 0.5 (AS)\. , sZ * +h+k = n 5 (As nnn\ ^mi+i * nt . n ^ u ^ -vt 

V /ATfl Q \ — / - - — y 1V1 \J /V — Am X 

D x+h ^30+3 

= 0.02 (h + t) (AS) x+h &±h±h = 0.02 (3 + Jt + 0.5) (45,000) 

x+h ^30+3 ■ 

for 22 < k < 26. 

Thus, the actuarial present value of the disability benefits is approximated by 



21 



APV = 22 500 y V k+U2 n {T) a {V> 5^30 +3 +<: -■ 

k ~° ^30+3 
26 

7UU y tP30+3 %)+3+* ^ W-J + *) «33+fc+l/2T0l- 

' f - 22 ^30+3 



For the death benefit, the projected lump sum benefit amount is 

= 2 (AS) x+h 



c 

J x+h+k 



= 2 (45,000) -j* 



30+3+fc 



30+3 



Thus, the actuarial present value of the death benefits is approximated by 

APV = 90,000 2 tP « 3 $ +3+t %±a±s. 

fc=0 ^30+3 T 

There are many funding or budgeting methods available to assure that contri- 
butions are made to the plan in an orderly and appropriate manner. An overview 
of these methods is presented in Chapter 20. 

11.5.4 Defined-Contribution Plans 

Th^jindpaljjeneiit ^ the d eferred annuityfor, 

age-servicejretirement. In define d-contribution plans, the actuarial present value is 
simply the accumulation under interest of contributions made by or for the partic- 
ipant, and the benefit is an annuity that can be purchased by such accumulation. 
The accumulated amount is typically available upon death and, under certain con- 
ditions, upon withdrawal before retirement. We examine the interplay between the 
rate of contribution and the rate of income provided to the participant in the fol- 
lowing example. The defined-contribution rate can be determined with a retirement 
income goal. The risk that the goal will not be achieved is held by the participant 
of the plan, not the sponsor. Budget constraints on the sponsor may, of course, 
restrict the amount of the contributions. 
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Example 11.5.2 



Find the contribution level for the sponsor to provide for age-retirement at age 
65 that has as its objective a 10-year certain, and life annuity with an initial benefit 
rate of 50% of the average salary over the 5 years between ages 60 and 65. The 
contribution rate, which is to be applied as a proportion of salary, is calculated for 
a new participant at age 30. Assume that there are no withdrawal benefits for the 
first 5 years but after that the accumulated contributions are vested, that is, become 
the property of the withdrawing participant, and will be applied toward an annuity 
to start no earlier than age 60. (An active participant who becomes disabled is 
treated as a withdrawal and is covered by a separate disability income coverage 
for the period between the date of disability and age 65 at which time a regular 
age retirement commences.) Upon death after the end of the 5-year vesting period 
but before retirement income has commenced, the accumulated contributions are 
paid out. 



Solution: 

During the first 5 years our model contains both mortality and withdrawal dec- 
rements. The scheme of benefits in this plan after the 5-year vesting period are 
similar to those discussed in Example 11.4.1. Thus for the period after time 5 until 
the participant attains age 65, we use a zero decrement model. 

Let us start by calculating the actuarial present value of a contribution rate of c 



APV = c 



.fc=0 ^30 \ 1 



34 c 



+ 4® 2 ^e±* 

k=5 $30 



(11,5.4) 



In (11.5.4) contributions are assumed to occur at midyear, and the projected salary 
rate at age 30 + k is (S 30+k I S 30 ) times 1, the initial salary at age 30. For k = 0 to 4, 
we need survivorship to time k + (1/2). Since the model has no decrements after 
time 5, survivorship to time 5 is all that is needed for k = 5 to 34. 

We now estimate the desired benefit payment rate at age 65 as the first step in 
estimating the actuarial present value of the target benefits. The average salary 
projected to be earned between the ages of 60 and 65 is (S 60 + S 61 + S 62 + S 63 + 
S 64 ) / (5 S 30 ). The desired benefit rate is one-half of this, and the actuarial present 
value of the target benefit is given by 

APV = #® (0.5) Sfi0 + S » V" +Sfi3 + 564 S^Sf. (H.5.5) 

In this expression, survivorship is required only to duration 5, but we must dis- 
count for interest for the full 35 years. 
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We now equate the two actuarial present values to solve for c, the sponsor's 
contribution rate, which will be applied to all future salary payment in accordance 
with the plan to achieve the stated retirement income s?oal. ▼ 

Some plans of this type have both sponsor and participant contributions. It is 
common here for some kind of matching between the size of the sponsor contri- 
bution and the size of the participant contribution. 



11.6 Disability Benefits with individual Life Insurance 

In Section 11.5.3 we discuss disability benefits included in pension plans. We 
now turn to disability benefits commonly found with individual life insurance. 
Provision can be made for the waiver of life insurance premiums during periods 
of disability. Alternatively, policies can contain a provision for a monthly income, 
sometimes related to the face amount, if disability occurs. The multiple decrement 
model is appropriate for studying these provisions. 

The usual disability clause provides a benefit for total disability. Total disability 
can require a disability severe enough to prevent engaging in any gainful occu- 
pation, or it can require only the inability to engage in one's own occupation. Total 
disability that has been continuous for a period of time specified in the policy, 
called the waiting or elimination period, qualifies the policyholder to receive ben- 
efit payments. The waiting period can be 1, 3, 6, or 12 months. In policies with 
waiver of premium, it is common to make the benefits retroactive, that is, to refund 
any premiums paid by the insured during the waiting periods. Coverage is only 
for disabilities that occur prior to a disability benefit expiry age, typically 60 or 65. 
However, benefits in the form of an annuity, either as disability income or as waiver 
or premiums, will often continue to a higher age, typically the maturity date or 

paid-up date of the life insurance nolirv 

- x j . 



11.6.1 Disability Income Benefits 

Let us start by expressing the actuarial present value of a disability income ben- 
efit of 1,000 per month issued to (x) under coverage expiring at age y and with 
income running to age u. We assume that the waiting period is m months. Using 
notation from Chapter 10 and earlier sections of Chapter 11, we can express the 
actuarial present value as a definite integral as 

A = £ V' t p« ^\t) V'"^ mn2 p[ x + t] (12,000 a^ V-r-t-m/m ) dt. (11.6.1) 

The i superscript on m/12 p[ x+t] indicates a survival probability for a disabled life. We 
now break up the integral into separate integrals for each year. Upon making the 
assumption of uniform distribution for the disability decrement within each year 
of age and replacing t by k + s, we obtain an expression for the actuarial present 
value much like (11.2.5): 
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A = 12,000 " 2 v k kV? v mm 

fc=0 



X J v s mn7 p[ x+k+s] a\l% +s]+mn 2: u-x-k-s- m /v\ ds - (11.6.2) 



A simplification of this formula occurs when the decrement i (disability) is de- 
fined to occur only if the person who is disabled survives to the end of the waiting 
period of m months. If death occurs during the waiting period, the decrement is 
regarded as death. This means that the disabled life survivorship factor, 
miU p\ x+k+sV is unnecessary as it has been taken into account in the definition of 
(jJ') t .'We note that it also means that the attained age at entry into the disabled life 
state is reached at the completion of the waiting period and is so indicated in the 
select age of the disabled life annuity function. 

By the midpoint method the integrals in (11.6.2) are evaluated as 

j V S af*+ k+ s+mll2y.u-x-k- s -m/lX = ^[i+fc+l/2+m/12]:«-i-fc-l/2-m/12| • (H-6.3) 

With these two changes (11.6.2) can be written as 

A = 12,000 1 u fc+1/2 fr ^i'l^ ? " /12 g^ ) Li/2 +m /i2i: U -,- fc -i/2-./i2l • (H-6-4) 

fc=0 



11.6.2 Waiver-of-Premium Benefits 



Let us go through the same process for a waiver of premium benefit. We assume 
that the premium, P, to be waived is payable g times per year for life. The primary 
difference between this and the disability income benefit is that the waiver benefit 
is a g-thly payment annuity starting at the first premium due date after the end of 
the waiting period. 

We start with a special case with its actuarial present value written with the 
definite integrals already broken down to individual years of time of disablement. 
The case chosen is the waiver of semiannual premiums, payable for life, in the 
event of a disability occurring prior to age y and continuing through a 4-month 
waiting period. We further assume that the benefits are retroactive by which we 
mean that for a premium paid to the insurer on a due date during the waiting 
period, reimbursement with interest at the valuation rate will be made. This will 
increase the number of integrals within each year of age because disabilities that 
start within the first 2 months of each half year do not have premiums due during 
the waiting period: 
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1 



A = P " 2 v" k P? 

k=0 



1/6 



v s s p ( ;l k \^(k + s) 1/2 _ s |flg!l t+s] 



+ [[I V s sP % ^(k + S) (^U+sl + 4/12/W*! V in ~ 5 \) d S 
-1/6 x — / 

+ [ ' v s stfU \4\k + s) i- s |«& +S ] ds 

Jl/2 

+ | 2/3 V s s p£l k ^(k + s) ^/ 2 - s !«[^] + 4/uPU*^i vl ~ S ds 



. (11.6.5) 



If we incorporate the assumption of a uniform distribution of disability within each 
year of age and include only those disabilities that survive the waiting period as 
disabilities, (11.6.5) becomes 



1/-.T-1 



A = P X v k k p?c$ 



+k 



fc=0 

n/2 



1/6 



a™ da 

l/2-s-4/12|"[.Y + Jfc+s+4/12] ut > 



ri/2 i 

4- „s+4/12 a( 2 )< + ,,1/2 ± Ac 

+ J V l- s -4/12|"[i+it+s+4/12] ^ U 2 

T2/3 

i „s+4/12 Ac 

+ v l-s-4/12|"[.v+fc+s+4/12] M * 

Jl/2 

_i_ I ,,s+4/12 A-(2)' + ,, £ ,f<; 

+ U 3/2-s-4/12| fl [.v+t+s+4/12] T U 9 Ub 

^2/3 ^ 



(11.6.6) 



We now use the midpoint approximate integration method for each of the several 
integrals within each year of age to obtain 

1 



V-.Y-1 

A = P X v k k p? <$ +k 

jfc=0 



,,5/12 -A ( 2 )' 

v 1/12|" [x+k+5/ 12] 



+ 



l i /3 |^ + 2/ 3] + V™ \) + 1 I,"'" m2| «t^ +11/ 



12] 



1 



^ I U l/3|"[i-+fc+7/6] U 2 



(11.6.7) 



11.6.3 Benefit Premiums and Reserves 

Equivalence principle benefit premiums for disability income and waiver of pre- 
mium benefits are found by equating the actuarial present value of benefits to the 
actuarial present value of premiums. For the waiver benefit discussed in Section 
11.6.2, the annual benefit premium, y _ r II t , equals A of (11.6.7) divided by aj^. 

Active life benefit reserves, that is, the reserve when premiums are not being 
waived, are most conveniently expressed by a premium difference formula: 

k v = ( y „. x . k n x+k - ;/ _ T n v ) (n.6.8) 

The terminal reserve for a disabled life is the actuarial present value of future 
disability benefits, calculated on the assumption that the insured has incurred a 
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i 

disability. The amount of premium waived, or disability income rate, is multiplied 
by the actuarial present value of an appropriate disabled life annuity. This value 
takes into account the age at disablement, the duration since disablement, and the 
terminal age for benefits. 



11.7 Notes and References 



We have not defined insurer's losses and studied their variances in this chapter. 
Formula (11.2.7) gave a means of doing so if we consider the total benefits for all 
causes of decrements. If we consider only a single benefit, such as the retirement 

i at. j.U„ ;„ — „ tt.~~. . ~c j„£:„4 i — „„„ tl» i „ j. tU»i 

uciiciii., Liicic 13 muic Li tem uilc way ui ucmiu ig n_/33C3. live U3uai v_uii«_cpi ia uidi 

premiums and reserves, for a benefit in regard to a particular cause of decrement, 
apply only to that decrement. Thus, if decrement due to a second cause occurs, 
then, with respect to the first cause, there is zero benefit and a gain emerges. An 
insurer's loss based on this concept would lead, for example, to (11.4.3). However, 
losses defined in this way may have nonzero covariances, so that the loss variance 
for all benefits is not the sum of the loss variances for the individual benefits. 



Alternatively, one may consider that when a particular cause of decrement oc- 
curs, the reserves accumulated for the benefits in regard to all the other causes are 

variables defined for the benefits for the several causes of decrement have zero- 
valued covariances, and the loss variance for ail benefits is the sum of the loss 
variances for the individual benefits. However, the premiums and reserves for the 
individual benefits are more difficult to compute on this second basis and individ- 
ually differ significantly from those on the usual basis. For insights into these mat- 
ters, see Hickman (1964). 

The result stated in Section 11.4 concerning the neutral impact on premiums and 
reserves when a withdrawal benefit equals the reserve on the death benefit does 
not hold for fully discrete insurances. This was pointed out by Nesbitt (1964), who 
reported on work by Schuette. The problem results from the fact that, in the discrete 
model, the probability of withdrawal 



^ = [ exp 



t 

\iP(k + s) ds 



o 



l4 w '(Jfc + t) dt 



depends on the force of mortality. 



While there are many papers and a number of books dealing with pension fund 
mathematics, it seems useful for the purposes of this introductory treatment to refer 
only to other actuarial texts with similar chapters; see, for example. Hooker and 
Longley-Cooke (1957), Jordan (1967), and Neill (1977). These authors stress the 
formulation of actuarial present values in terms of pension commutation functions 
and the use of tables of such functions to carry out computations. 

In contrast, a major portion of our presentation has been in terms of integrals 
and approximating sums, with the integrands or summands expressed in terms of 
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basic functions. These approximating sums can be computed by various processes 
that may or may not make use of commutation functions. For pension benefits 
determined by complex eligibility or income conditions, it can be more flexible 
and efficient to calculate by processes not requiring extensive formulation by 
commutation functions. A 

~ r j — "O - " /■ f/vvvti K-V-ULLUlLllcUllJIl 

functions for expressing actuarial present values and controlling their computation, 
is given by Chamberlain (1982). 

There is an alternative foundation for constructing a model for disability insur- 
ance. In Section 11.6 we used a multiple decrement model that did not explicitly 
provide for recovery from disability. Models with several states of disability, with 
provision for transition from state to state, have been developed. These models are 
frequently the foundation of long-term care insurance. Hoem (1988) provides an 
introduction with valuable references to these ideas. 

The multiple decrement model developed in Chapter 10 and applied in this chap- 
ter can be viewed as being made up of m + 1 states; m are called absorbing states 
in that it is impossible to return from them to the active state. These m states are 
associated with the m causes of decrement, and the remaining state is associated 
with continuing survival. If some of the m decrements are not absorbing, but are 
such that transition to the active state or one of the other nonabsorbing states is 
« ""jj-c v_(jih^ica uui pussiuiy mure realistic moaei results. Estimation or 
the probabilities of transition among the states can be difficult because the proba- 
bilities can depend on the path followed to the current state. 

Exercises 

Section 11.2 

11.1. Emolovees enter a benefit nlan at acrp 3fl Tf an e>mn] 

i j - - - j- (-, — . — ..V-^X^X^ ^_ iV .l*-._ 

until retirement, the employee receives an annual pension of 300 times years 
of service. If the employee dies in service before retirement, the beneficiary 
is paid 20,000 immediately. If the employee withdraws before age 70 for any 
reason except death, the member receives a deferred (to age 70) life annuity 
of 300 times years of service. Give an expression, in terms of integrals and 
continuous annuities, for the actuarial present value of these benefits at 
age 30. 

11.2. Let / = 1 represent death by accidental means and / = 2 represent death by 
other means. You are given that 

(i) 8 = 0.05 

fii\ ..(Dm — nnnc c — i n ...t .a\\il\ l\- - c _ <• j . <■ r .i 

v*v Vx V) ~ u.wj iui i — v wucic fi x {i) is uie rurce or uecrement ror aeatn 

by accidental means. 

(iii) i4 2) (r) = 0.020 for t > 0. 

A 20-year term insurance policy, payable at the moment of death, is issued 
to a life age (x) providing a benefit of 2 if death is by accidental means and 
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providing a benefit of 1 for other deaths. Find the expectation and variance 
of the present value of benefits random variable. 

Section 11.4 

11.3. A double decrement model is defined by \jJ? ] {t) = m4 2) W = 1 / ( a ~ 0/ 0 — 
t < a. 

a. In the single decrement model with decrement (1) only, the prospective 
loss variable at duration t is given by 

fL l = v T[x)-t 0 < t < J( x ) f / = 1. 

Confirm that 

_ 1 ~ g - 5 <^ _ i 

b. In the double decrement model, the prospective loss variable at duration t 
is given by 

t ll = v nx)-t o < t < T(x), / = 1 

= f rw ~ f T M V l - 0 < £ < T(x), / = 2. 
Confirm that E[ ( L?|T > f] = f Vi. 

Section 11.5 

11.4. A pension plan valuation assumes a linear salary scale function satisfying 
S 20 = 1. If (ES) 45 = 2(AS) 25 , find S x for x > 20. 

11.5. A new pension plan with two participants, (35) and (40), provides annual 
income at retirement equal to 2% of salary at the final rate times the number 
of years of service, including any fraction of a year. If 

(i) Salary increases occur continuously, 
(iij For (40), (AS)^ = 50,000 and S 40+t '= 1 + 0.06f, and 
(hi) For (35), (AS) 35 = 35,000 and S 35+f = 1 + 0.10*, 
calculate the maximum value of [R(40, 0, t) - R(35, 0, f)] for t > 0. 

11.6. It is assumed that, for a new participant entering at age 30, there will be 
annual increases in salary at the rate of 5% per year to take care of the effects 
of inflation and increases in productivity. In addition, it is assumed that 
promotion raises of 10% of the existing salary will occur at ages 40, 50, and 
60. 

a. Construct a salary scale function, S 30+k , to express these assumptions. 

b. Write an expression for the actuarial present value of contributions of 
10% of future salary for a new entrant with annual salary 24,000 and with 
increases in salary according to the scale constructed in (a). 

11.7. Every year, a plan sponsor contributes 10% of that portion of each partici- 
pant's salary in excess of a certain amount. That amount is 15,000 this year 
and will increase by 5% annually. Express the actuarial present value of the 
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sponsor's contribution for a participant entering now at age 35 with a salary 
of 40,000. y 

11.8. A plan provides for an income benefit rate, payable from retirement to age 

65. nf ">°L rtf tllO final ^r^~ 1 £ 1_ r . . y 

-_, „^ «vtiagc aaidiy iur eacn year oi service. After 

age 65 the income benefit rate is 1-1/3% of the final 3-year average salary 
for each year of service. 

a. For a participant age 50, who entered service at age 30 and currently has 
a salary of 48,000, express the actuarial present value of the participant's 
benefit if the earliest retirement age is 55 and there is no mandatory re- 
tirement age. 

b. If the maximum number of years to be credited in the plan is 35, express 
the actuarial present value of the benefit for the above participant. 

c. Give an expression for the actuarial present value of the income benefit 
associated with past service for the above participant. 

11.9. A career average plan provides a retirement income of 2% of aggregate sal- 
ary during a participant's years of service. The earliest age of retirement is 
58, and all retirements are completed by age 68. For a participant age 50 
who entered service at age 30 and has 450,000 total of past salaries with a 
current salary of 42,000, write expressions for 

a. The participant's total income benefit rate in case of retirement at exact 
age 65 

b. The participant's midyear total income benefit rate in case of retirement 
between ages 65 and 66 

c. The actuarial present value of this participant's retirement benefit for past 
service 

d. The actuarial present value of this participant's retirement benefit for fu- 
ture service. 



11.10. A new participant in a pension plan, age 45, has a choice of two benefit 
options: 

(1) A defined-contribution plan with contributions of 20% of salary each 
year. Contributions are made at the beginning of each year and earn 5% 
per year. Accumulated contributions are used to purchase a monthly life 
annuity-due. 

(2) A defined-benefit plan with an annual benefit, payable monthly, of 40% 
of the final 2-year average salary. 

You are given that (a) a% 2) = 10 and (b) S i5+k = (1.05)* for k > 0 where S y is 
a step function, constant over each year of age. Assuming that retirement 
occurs at exact age 65 and that the participant survives to retirement, cal- 

culate thp ratio nf tlio ovnortorl m^+UU, — t j _ j _ i 

~- w^^v.i.^.v* uiunuuj j^aymcin unutu cut: aennea-contri- 

bution plan to that under the defined-benefit plan. 

11.11. Display definite integrals for the actuarial present values of the following 
possible benefits of an employee benefit package. Assume that the employee 
is currently age 40 and earning 40,000 annually. This employee was hired at 
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age 25 and has received a total of 320,000 in salary since hire. Retirement 
benefits are available only after age 55, and withdrawal benefits are onlv 
available before age 55 in the form of an annuity with payments deferred 
until the employee reaches ace 55 

a. A retirement benefit at the annual benefit rate of 50% of the final salary 

b. A retirement benefit at the rate of 0.015 times the product of the final 
salary rate multiplied by the exact number of years (including fractions) 
of service at the moment of retirement. 

c. A withdrawal benefit using the benefit income formula in (b) 

d. A retirement benefit at the rate of 0.025 times the total salary paid over 

trip wVinlo ^3i-oqi- <-,-> <-U« 

v_^i c<_> ti.it cmpjAjyet:. 

e. A withdrawal benefit using the benefit income formula in (d). 

11.12. A retirement benefit consisting of a continuous annuity, payable for life, is 
part of an employer's benefit package. The annual benefit income rate is 60% 
of the salary rate applicable at the moment of retirement for retirements 
between ages 60 and 70. For retirements after attaining age 70, the benefit 
rate is 60% of the salary rate applicable between ages 69 and 70. Give an 
approximating sum for the actuarial present value of this benefit for a person 
age 30 who has just been hired at a salary of 35,000. 

Section 11.6 

11.13. a. Give an expression for the annual benefit premium, payable to age 60, 

for a disability income insurance issued to (35) of 2,000 per month payable 
to age 65 in case (35) becomes disabled before age 60 and survives a 
waiting period of 6 months. 

b. Give an expression for the active life benefit reserve at the end of 10 years 
for the insurance in (a). 

Miscellaneous 

11.14. The Hattendorf theorem for the fully continuous model as stated in Exercise 
8.24 can be restated in the definitions and notation of this chapter for the 
fully continuous multiple decrement model: 

Var( 0 L^) = 2 J 0 W (B& - t V^)f tp (j) ^ {t) dt 

Confirm that this result holds for the fully continuous whole life insurance 
discussed in Section 11.4. 

Outline of solution: 

a. Confirm that the loss random variable for this insurance is 

qL 2 = W-HKfa^ 0<T,/= 1 

K r 7(AJ-P(A^ 0=sT,/ = 2. 
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b. Use (11.4.6) and (11.4.7) to rewrite the differential equation (11.4.3) and 
then employ the integrating factor e~ ht to obtain the solution 



v' t V{A x ) = P(A X ) an - )' ^)( S ) [1 - S V(A X )] 

J 0 



ds. 



c. Use the result of part (b) to modify both lines of the definition of 0 L? in 
part (a) and then show that 



Var( 0 L?) = £° L<[1 - t V(A x )] 



I 2 

trr\ n \ , . V 



V V 

I ,.s ..(1V.\ r-i t>/ 7 \i j I 



+ l I l " S ^ 1)(S) [1 " ^{A x )] dsX f pW ,|P)(t) A. 



d. Perform the indicated squaring operation on the factor in the integrand 
of the first integral in part (c) and combine the two integrals that include 
(Jo vS V>x\s) [1 ~ s V(Ax)\ ds } 2 as a component of the integrand. Then use 
integration by parts to obtain 

Var( 0 L?) = j o K [1 - t V{A x W ^ v$\t) dt. 

This result provides a reduction of variance argument for establishing the 
withdrawal benefit as t V(A x ). 
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COLLECTIVE RISK MODELS 



12.1 introduction 

In Chapters 3 through 11 we considered models for long-term insurances. The 
inclusion of interest in these models was essential. In this chapter we return to a 
topic introduced in Chapter 2, namely, short-term insurance policies. Consequently 
interest will be ignored/The purpose of this chapter is to present an alternative to 

LILC 11LU.1V1VJ.U.CU p\J±l\.y lliuuti uiav-ujj^u — ii— j~ — - — 

The individual risk model of Chapter 2 considers individual policies and the 
claims produced by each policy. Then aggregate claims are obtained by summing 
over all the policies in the portfolio. 

For the collective risk model we assume a random process that generates claims 
for a portfolio of policies. This process is characterized in terms of the portfolio as 
a whole rather than in terms of the individual policies comprising the portfolio. 
The mathematical formulation is as follows: Let N denote the number of claims 
produced by a portfolio of policies in a given time period. Let X x denote the amount 
of the first claim, X 2 the amount of the second claim, and so on. Then, 

S = X a + X 2 + • • • + X N (12.1.1) 

represents the aggregate claims generated by the portfolio for the period under 
study. The number of claims, N, is a random variable and is associated with the 
frequency of claim. The individual claim amounts X v X 2 , ... are also random 
variables and are said to measure the severity of claims. 

In order to make the model tractable, we usually make two fundamental 
assumptions: 

1. X v X 2 , ... are identically distributed random variables. 

2. The random variables N, X lt X 2 , . . . are mutually independent. 
Expression (12.1.1) will be called a random sum, and unless stated otherwise, as- 
sumptions (1) and (2) will be made concerning its components. 
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A principal tool for developing the theory of this chapter is the moment gener- 
ating function (m.g.f.)- These functions provide a simple but powerful means for 
the reader to gain a working knowledge of the collective theory of risk. A reader 
who has not worked with them recently would do well to review the m.g.f.'s, 

tuiv^ ruiium-cj «-a lv_ vv Ly-L^iy UJtvl pi ULnVlUL J UlOlllU Ulll/l ID 3U1JLUJL LCULlZiCU ill 

Appendix 5. 



12.2 The Distribution of Aggregate Claims 

In this section we see how the distribution of aggregate claims in a fixed time 
period can be obtained from the distribution of the number of claims and the 
distribution of individual claim amounts. 

Let P(x) denote the common d.f. of the independent and identically distributed 
X/s. Let X be a random variable with this d.f. Then let 

Pk = E[X*] (12.2.1) 

denote the k-th moment about the origin, and 

M x (t) = E[e tx ] (12.2.2) 

denote the m.e.f. of X. In addition, let 

\J - r - 

M N (t) = E[e tN ] (12.2.3) 

denote the m.g.f. of the number of claims, and let 

M s (t) = E[e ts ] (12.2.4) 

denote the m.g.f. of aggregate claims. The d.f. of aggregate claims will be denoted 
by F s (s). 

Using (2.2.10) and (2.2.11), in conjunction with assumptions (1) and (2) of Section 
12.1, we obtain 

E[S] = E[E[S\N]] = E[ Pl N] = Pl E[N] (12.2.5) 

and 

Var(S) = E[Var(S|N)] + Var(E[S|N]) 
= E[N Var(X)] + Var(p x N) 

= E[N] Var(X) + V \ Var(N) (12.2.6) 

where Var(X) = p 2 — p\. 



*.^-u\*~m.\. ui J, uiu c nit CApttlcu V CllLit Ul ClgglCgaLC l_J.CU.il. LS ID 11 LC 

product of the expected individual claim amount and the expected number of 
claims, is not surprising. Expression (12.2.6) for the variance of aggregate claims 
also has a natural interpretation. The variance of aggregate claims is the sum of 
two components where the first is attributed to the variability of individual claim 
amounts and the second to the variability of the number of claims. 
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In a similar fashion we derive an expression for the m.g.f. of S: 

M s (t) = E[e ts ] = E[E[e' s |N]] 

= E[M x (ff] = B[e m ^ Mx{t) ] 

= MJlog M x (f)]. (12.2.7) 



Example 12.2.1 



Assume that N has a geometric distribution; that is, the pi. of N is given by 

Pr(N = n) = pq" n = 0, 1, 2, . . . (12.2.8) 
where 0 < q < 1 and p = 1 - q. Determine M s (£) in terms of M x (t). 

Solution: 

Since 

M N (t) = E[e tN ] = 2 p(qer = rr^—, , 
n=0 J- </ e 

(12.2.7) tells us that 

M,(0 = , . (12.2.9) 



To derive the d.f. of S, we distinguish according to how many claims occur and 
use the law of total probability, 

CO 

F s (x) = Pr(S < x) = 2 Pr ( s ^ *I N = n ) Pr ( N = n ) 

n=0 

OS 

= E Pr(X t + X 2 + • • • + X„ s x) Pr(N = »). (12.2.10) 

In terms of the convolution defined in Section 2.3, we can write 
Pr(X a + X 2 + • • • + X n < x) = P*P*P* • • • *P(x) 

= P*"(x), (12.2.11) 
which is the n-th convolution of P defined in Chapter 2. Recall that 

1 x > 0 



Thus (12.2.10) becomes 

fs(*) = 2 P *"M Pr ( N = «)■ (12.2.12) 

«=o 

If the individual claim amount distribution is discrete with pi. p{x) = Pr(X = x), 
the distribution of aggregate claims is also discrete. By analogy with the above 
derivation, the pi. of S can be obtained directly as 
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i 

fs(x) = X P*"M Pr(N = n) (12.2.13) 

where 

p* n (x) = pp • • ■ * p(x) = Pr(X a + X 2 + • • • + X„ = x) (12.2.11A) 
j *o/ n JO x ^ 0 

and ^ = (i * = o. 

Here the inequality sign in the probability symbol in (12.2.11) has been replaced 
by the equal sign. 



Example 12.2.2 



Consider an insurance portfolio that will produce zero, one, two, or three claims 
in a fixed time period with probabilities 0.1, 0.3, 0.4, and 0.2, respectively. An 
individual claim will be of amount 1, 2, or 3 with probabilities 0.5, 0.4, and 0.1, 
respectively. Calculate the p.f. and d.f. of the aggregate claims. 

Solution: 

The calculations are summarized below. Only nonzero entries are exhibited. 



(1) 


(2) 

y vw 


(3) 

„*i^„\ _ 

y \ai — y\Af 


(4) 
y w 


(5) 
y w 


(6) 

ysw 


(7) 

r /..\ 


0 


1.0 








0.1000 


0.1000 


1 




0.5 






0.1500 


0.2500 


2 




0.4 


0.25 




0.2200 


0.4700 


3 




0.1 


0.40 


0.125 


0.2150 


0.6850 


4 






0.26 


0.300 


0.1640 


0.8490 


5 






0.08 


0.315 


0.0950 


0.9440 


6 






0.01 


0.184 


0.0408 


0.9848 


7 








0.063 


0.0126 


0.9974 


8 








0.012 


0.0024 


0.9998 


9 








0.001 


0.0002 


1.0000 


n 


0 


1 


2 


3 






Pr(N = n) 


0.1 


0.3 


0.4 


0.2 







Since there are at most three claims and each produces a claim amount of at most 
3, we can limit the calculations to x = 0, 1, 2, . . . , 9. 

Column (2) lists the p.f. of a degenerate distribution with all the probability mass 
at 0. Column (3) lists the p.f. of the individual claim amount random variable. 
Columns (4) and (5) are obtained recursively by applying 

f^\x) = Pr(X, + X 2 + • • • + X, i+1 = x) 

= 2 Pr(X n+1 = V) Pr(X t + X 2 + • • • + X„ = x - y) 

y 

= 2 p{y) p*"(x - y). (12.2.14) 

y 
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Since only three different claim amounts are possible, the evaluation of (12.2.14) 
will involve a sum of three or fewer terms. Next, (12.2.13) is used to compute the 
- c j:„^^r a A in mlirnin (&\ For t\\\<t ctpn it is rnnvpnient to record the D.f. of N 
in the last row of the results. Finally, the elements of column (7) are obtained as 
partial sums of column (6). An alternative approach, not illustrated here, would be 
to perform the convolutions in terms of the d.f.'s, obtain F s (x) from (12.2.12), and 
calculate f s (x) = F s (x) - F s {x - 1). T 

If the claim amount distribution is continuous, it cannot be concluded that the 
distribution of S is continuous. If Pr(N = 0) > 0, the distribution of S will be of 
iq it will Via vp a maftfi of nrnbabilitv at 0 and be continuous 

LA It J^— , »- . ~ — J J 

elsewhere. This idea is illustrated in the following example. 



Example 12.2.3 



In Example 12.2.1, add the assumption that 

P(x) = 1 - e~ x x > 0; 

that is, the individual claim amount distribution is exponential with mean 1. Then 
show that . 



/i n »■» i r\ 



M s (t) = p + q j~ ii^.io) 



and interpret the formula. 

Solution: 

First, we rewrite (12.2.9) as follows: 



M s (f) = p + q 



pM x (t) 
1 - qM x (t) 



Then we substitute 



M x (t) = | e tx e~ x dx = (1 - f) 



-i 



to obtain (12.2.15). 

Si nce 1 is the m.g.f. of the consjantJLancLg >JJjj -J) is the m.g.f . of the exponential^ 
Histribiirinn w\foJ^lj Z jZ<^^jy (l 2 - 2 - 1 ^ c - a n be interpret ed^, a weighted 
average (with weights p and q, respectively). It follows th at the d.f. ofJLisjhe, 
corresjwnding_wei 

F s (x) = + q(l - e~n = 1 - qe~^. (12.2.16) 

Tl-:- 4,-, ~£ ^-.i^^A t-tmn T»-c? A ( io cVi/TMrr» in lnio-nrp 19 9 1 ▼ 

±1115 U.lt>U.lDUUUll lO Ul tllC 1111ACU ijlpt. IJL.i. J.-3 Jinjvr-.i •"■ 't)"'^ ^ ~- » 



Chapter 12 Collective Risk Models for a Single Period 



371 



Graph of F s (x) 



1 



v 




12.3 Selection of Basic Distributions 

In this section we discuss some issues in selecting the distribution of the number 
of claims N and the common distribution of the X,'s. As different considerations 
apply to these two selections, a separate subsection will be devoted to each. 

12.3.1 The Distribution of N 

One choice for the distribution of M is the Poisson with p.f. given by 

Pr(N = n) = n = 0,1,2,... (12.3.1) 

n! 

where X > 0. For the Poisson distribution, E[N] = Var(N) = A.. With this choice for 
the distribution of N, the distribution of S is called a compound Poisson distribu- 
tion. Using (12.2.5) and (12.2.6), we have that 

E[S] = \p 1 (12.3.2) 

and 

Var(S) = \p 2 . (12.3.3) 

Substituting the m.g.f. of the Poisson distribution 

M N (f) - oV-V (12.3.4) 

into (12.2.7), we obtain the m.g.f. of the compound Poisson distribution, 

M s (t) = e MMx(f)-i] . (12.3.5) 

The compound Poisson distribution has many attractive features, some of which 
are discussed in Section 12.4. 

When the variance of the number of claims exceeds its mean, the Poisson distri- 
bution is not appropriate. In this situation, use of the negative binomial distribution 
has been suggested. The negative binomial distribution has a p.f. given by 
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Pr(N - n) = [ r + " 1 )p r q n n = 0, 1, 2, . . 



(12.3.6) 



This distribution Has two parameters: v > 0 and 0<jt?<l;^ = l — p. For this 



distribution, we have 



M N (t) = 



E[N] = 



1 - qe> 
rq 



(12.3.7) 
(12.3.8) 



and 



Var(N) = ^ 
p 



(12.3.9) 



When a negative binomial distribution is chosen for N, the distribution of S is called 
a compound negative binomial distribution. Substituting from (12.3.8) and (12.3.9) 
into (12.2.5) and (12.2.6), we have 



and 



E[S] = T j Pl 



Var(S) = r jp 2 + ^ pi 



Substituting from (12.3.7) into (12.2.7), we obtain 



M s (t) = 



(12.3.10) 



(12.3.11) 



(12.3.12) 



1 - qM x {t)\ 

We observe that the family of geometric distributions used in Examples 12.2.1 and 
12.2.3 is contained as a special case (r = 1) of the two-parameter family of negative 



Dinomiai custriDunons. 



A family of distributions for the number of claims can be generated by assuming 
that the Poisson parameter A is a random variable with p.d.f. u(k), X > 0, and that 
the conditional distribution of N, given A = \, is Poisson with parameter X. There 
are several situations in which this might be a useful way to consider the distri- 
bution of N. For example, consider a population of insureds where various classes 
of insureds within the population generate numbers of claims according to Poisson 
distributions with different values of X for the various classes. If the relative fre- 
quency of the values of X is denoted by u(X), we can use the law of total probability 
to obtain 

Pr(N = n) = I Pr(N = n A - X) u(\)d\ 
Jo 

— — u(X)dX. (12.3.13) 

Jo n\ 
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Furthermore, using (2.2.10) and (2.2.11), we have 

E[N] = E[E[N|A]] = E[A] 



(12.3.14) 



and 



var(iv) = E[ var(i\j^\.)j -r v ar(n|ivj/\.jj 



Also, 

The equality, 



= E[A] + Var(A). (12.3.15) 
M N (t) = B[e tN ] = E[E[e' N |A]] = E[e A(ef-1) ] = M A (e' - 1). (12.3.16) 



E[e tN \A] = e^'-V- 



follows from the hypothesis that the conditional distribution of N, given A, is Pois- 
son with parameter A. 

A comparison of (12.3.14) and (12.3.15) shows that, as in the case of the negative 
binomial distribution, E[N] < Var(N). In fact, the negative binomial distribution 
can be derived in this fashion, which will be shown in the following example. 



Example 12.3.1 



Assume that w(X) is the gamma p.d.f. with parameters a and (3, 

pa 



u(X) 



T(a) 



X"- 1 e -P x X > 0 



(12.3.17) 



where 



f(a) = J o y a_1 e~ v dy. 



.i . .i 



.1 



a. bnow tnat tne marginal uistriDUuoii of N is negative binomial with parameters 



r = a, p = 



1 + (3 



(12.3.18) 



b. By substituting E[A] = a/p and Var(A) = a/p 2 into (12.3.14) and (12.3.15), 
verify (12.3.8) and (12.3.9). 

Solution: 



a. Substituting 

into (12.3.16), we have 

M N (t) = M A (e' - 1) = 



(12.3.19) 



(E - {e l - 1)_ 

= f 3/Q + i) 1" 
1 1 - n - r / m + 1 \u I ' 



(12.3.20) 
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Comparison of (12.3 20) with (12.3.7) confirms that this distribution for N is 
negative binomial with parameters r = a, 



B 

V = — : / (iz.-3.zi) 

V 1 + (J 

1 



q = l- p = 



1 + S 

b. The suggested substitutions into (12.3.14) and (12.3.15) yield 



as in (12.3.8) and 

Var(N) = , , _ , 

P p 2 p \ p/ p 

as in (12.3.9). 



The following is another example of a distribution for N that is obtained by 
mixing Poisson distributions. 



Example 12.3.2 



Assume that u(\) is the inverse Gaussian p.d.f. with parameters a and p. Exhibit 

_ j. j_: £ j.; \T T7r\n „„J \7~~/\T\ 

LUC IlLUULCIU gCllCIrtllllg lUlLt-UAJll UJL JV, «*11U. vaxyz*;. 

Solution: 

Example 2.3.5 contains the basic facts about the inverse Gaussian distribution. 



Applying (12.3.16) yields 

A A /Jl\ 

and from (12.3.14) and (12.3.15) we obtain 



\A / x\ — 7* A I 1 \ — „all-fl-2(e<-l)/31 1 '' 2 ) 



E[N] = E[A] = ^ 

and Var(N) = E[A] + Var(A) 

_ a a _ a(P + 1) 

= p + W ~ p 2 ■ 

This distribution is called the Poisson inverse Gaussian distribution. T 

Table 12.3.1 summarizes pertinent information on the compound distributions 
resulting from the selections for N discussed here. 
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12.3.2 The Individual Claim Amount Distribution 

On the basis of (12.2.12) we see that convolutions of the individual claim amount 

it is convenient to select that 

UlSiriUUUVjii may i^t ittjuiii-u. iiiv*^, n.*..^* ^^^^ — — , — — 

distribution from a family of distributions for which convolutions can be calculated 
easily either by formula or numerically. For example, if the claim amount has the 
normal distribution with mean |x and variance a 2 , then its n-th convolution is the 
normal distribution with mean njuu and variance no 2 . For many types of insurance, 
the claim amount random variable is only positive, and its distribution is skewed 
to the right. For these insurances we might choose a gamma distribution that also 
has these properties. The n-th convolution of a gamma distribution with parameters 
a and p is also a gamma distribution but with parameters not and p. This can be 
confirmed by noting from (12.3.19) that M x (t) = [P / (P ~ t)] a , and hence the m.g.f. 
associated with P*"(x) is 

M x (tr - {^f * < p- d 2 - 3 - 22 ) 

If the claim amounts have an exponential distribution with parameter 1, the p.d.f. 
is given by 

p(x) = <T T x > 0. 

This is a gamma distribution with a = p = 1. Then, by using (12.3.19), we conclude 
that the n-th convolution is a gamma distribution with parameters a = n, p = 1; 
that is, 



x"~ l e~ x 



p*"(x) = — x>0. (12.3.23) 

r (n - 1)' 

To obtain an expression for P*"(x), we perform integration by parts n times as 
follows: 



(n - 1)! 



r y"~ 2 e~ l -> , 



x 



.n-i 



(» - 1)! 

- 1 X'' 



e-y + [1 - P* { "- l) (x)] 



= e -^-. (12.3.24) 



Then, using (12.2.12), we have 



n-1 ... 
X 



1- F s (x) = S Pr(N = nje-f E ^ * > °- ( 12 - 3 - 25 ) 



This exponential distribution case shows that even with simple assumed distribu- 
tions, the distribution of aggregate claims may not have a simple form. Therefore, 
it may be more practical to select a discrete claim amount distribution and calculate 
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the required convolutions numerically. For compound Poisson distributions it has 
been established that the convolution method can be shortened or, alternatively, 
that it can be bypassed by use of a recursive formula for directly calculating the 
distribution function of S. These computational shortcuts are discussed in the fol- 
lowing section. 



12.4 Properties of Certain Compound Distributions 

In this section we discuss some mathematical properties of certain compound 
distributions. Two theorems concerning the compound Poisson are presented. 

The first shows that the sum of independent random variables, each having a 
compound Poisson distribution, also has a compound Poisson distribution. 



Theorem 12.4.1 



lf-S 1# S 2 , . . . , S m are mutually independent random variables such that S- 
has a compound Poisson distribution with parameter A. jnd dt ol rl,um 
amount P(r). i - T 2 .m. then 5 = s - S_ I- ■ • • -r S_ has. a compound 
Poisson distribution wilh 



Proof: 

We let M t \t) denote the m.g.t. ot F,(x). According to (12.3.5), the m.g.f. of S,- is 

M Si (t) = exp{X,.[M,.(f) - 1]}. 
By the assumed independence of S u , S m , the m.g.f. of their sum is 

m Cm ~\ 

M s (t) = n M Sl (t) = exp 2 HMi(t) - 1] . 



Finally, we rewrite the exponent to obtain 



M s (t) = exp^ X 



2 f M t (t) - 1 

i=l A. 



(12.4.3) 



Since this is the m.g.f. of the compound Poisson distribution, specified by (12.4.1) 
and (12.4.2), the theorem follows. ■ 



This result has two important consequences for building insurance models. First, 
if we combine m insurance portfolios, where the aggregate claims of each of the 
portfolios have compound Poisson distributions and are mutually independent, 
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then the aggregate claims for the combined portfolio will also have a compound 
Poisson distribution. Second, we can consider a single insurance portfolio for a 
period of m years. Here we assume independence among the annual aggregate 
claims for the m years and that the aggregate claims for each year have a compound 
Poisson distribution. It is not necessary that the annual aggregate claims distribu- 
tions be identical. Then it follows from Theorem 12.4.1 that the total claims for the 
m-year period will have a compound Poisson distribution. 



Example 12.4.1 



Let x x , x 2 , . . ., x m be m different numbers and suppose that N x , N 2 , . . . , N m are 
mutually independent random variables. Further, suppose that N, (z = 1, 2, . . . , m) 
has a Poisson distribution with parameter X,, What is the distribution of 

x.N, + x 2 N 2 + ■ • • + x m NJ (12.4.4) 



Solution: 

By interpreting x,-N t - to have a compound Poisson distribution with Poisson pa- 
rameter \ and a degenerate claim amount distribution at x„ we can apply Theorem 
12.4.1 to establish that the sum in (12.4.4) has a compound Poisson distribution 
with 



i=l 



and pi. of claim amount p(x) where 



p(x) 



-r x = x i; i= 1, 2, 
\ 

0 elsewhere. 



/ rn 



(12.4.5) 
T 



We show in Theorem 12.4.2 that the construction in Example 12.4.1 is reversible: 
that is, every compound Poisson distribution with a discrete claim amount distri- 
bution can be represented as a sum of the form (12.4.4). We let x lr x 2 , ... ,x m denote 
the discrete values for individual claim amounts and let 

it,. = p(jc f ) i = 1, 2 m (12.4.6) 

denote their respective probabilities. Let N, be the number of terms in (12.1.1) that 
are equal to x,. Then, by collecting terms, we see that 

S = x 1 N 1 + x 2 N 2 + • • • + x m N m . (12.4.7) 

In general, the N,'s of (12.4.7) are dependent random variables. However, in the 
special case of a compound Poisson distribution for S, they are independent, as is 
shown in Theorem 12.4.2. 

Before stating Theorem 12.4.2, we cite some properties of the multinomial dis- 
tribution that are used in the proof. For the multinomial, each of n independent 
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trials result in one of m different outcomes. The probability that a trial ends in 
outcome z is denoted by it,, We denote the random variable that counts the number 
of outcomes i in n trials by N t . Then 



i - V 



1=1 



1 = 1 



and the joint pi. of N lt N 2 , ... , N m is given by 



?x(N t = n lt N 2 = n 2 , N m = n m ) = 



n ! 



1T„ 



By using (12.4.8) we obtain 



exp 



(ttj e h + ir 2 e t2 + ■ ■ ■ + TT m e tm ) n . 



(12.4.8) 



(12.4.9) 



The multivariate discrete distribution with p.f. given by (12.4.8) and m.g.f. given 
by (12.4.9) is called a multinomial distribution with parameters n, tt u . . . , Tr m . 



Theorem 12.4.2 



If 5\ as given in iJ2 4 7), has a compound Poison distribution with param- 
eter \ and p t of claim amounts given b\ the discrete p.t. exhibited, in (I2 4.fi), 

a, N lr N v . . . , N m are mutually independent. 5 '\:fx . \ V ■ '■'•{'* - , " 

b. AT, has a Poisson distribution with parameter A, - A. tt„ ; = i. 2, . . , in. ' 



Proof: 

We start by defining the m.g.f. of the joint distribution of N v N 2 , . . . , N m by use 
of (2.2.10) for conditional expectations. Note that for a fixed number of independent 
claims (trials) where each claim results in one of m claim amounts, the numbers of 
claims of each amount have a multinomial distribution with parameters n, ttj, Tr 2 , 
. . . , Tr m . Hence, given 



N = 2 N,. = n. 



the conditional distribution of N lf N 2 , . . . , N m is this multinomial distribution. For 
this case, we use (12.4.9) to obtain 



exp 2 t t N t 



n=0 



exp 



2 x t 



N = n 



Pr(N = n) 



2 K e fl + • • • + Tr m e tm y 



n=0 



(12.4.10) 



We now perform the required summation by recognizing (12.4.10) as a Taylor series 
expansion of an exponential function. We obtain 
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exp ^Jj f f N,^ - exp(-X) exp (V |j tt, e'^J 

= fl expIXir,^" - 1)]. (12.4.11) 

1=1 

Since this is the product of m functions each of a single variable t u (12.4.11) shows 
the mutual independence of the N/s. Furthermore, if we set t i = t, and £ ; = 0 for 
* i in (12.4.11), we obtain 

E[exp(fN,)] = exp[Xir,(e' - 1)] , (12.4.12) 

which is the m.g.f. of the Poisson distribution with parameter \ir ; . This proves 
statement (b). ■ 

Formula (12.4.7) and Theorem 12.4.2 provide an alternative method for tabulating 
a compound Poisson distribution with a discrete claim amount distribution. First, 
we compute the p.f.'s of x x N 1 , x 2 N 2 , . . . , x m N m . Since the nonzero entries for the 
p.f. of x { N, are at multiples of x { and are Poisson probabilities, this is an easy task. 
Then the convolution of these m distributions is calculated to obtain the p.f. of S. 
This method is particularly convenient if m, the number of different claim amounts, 
is small. Even if a continuous distribution has been selected for the individual claim 
amounts, a discrete approximation can sometimes be used with this alternative 
method to produce a satisfactory approximation to the distribution of S. The basic 
and the alternative methods for tabulating the distribution of S are compared in 
the following example. 



Example 12.4.2 



Suppose that S has a compound Poisson distribution with X = 0.8 and individual 
claim amounts that are 1, 2, or 3 with probabilities 0.25, 0.375, and 0.375, respec- 
tively. Compute f s (x) = Pr(S = x) for x = 0, 1, . . . , 6. 

Solution: 

For the basic method, the calculations parallel those in Example 12.2.2 and are 
summarized below. 



Basic Method Calculations 

(I) (2) (3) (I) (5) (6) (7) (8) (iT 

x p*°(x) p(x) p* 2 {x) p* 3 (x) p*Hx) p* 5 (x) p*Hx) f s (x) 

0 1 — 

1 — 0.250000 

2 — 0.375000 

3 — 0.375000 

4 — — 

5 — — 

6 — — 

n 0123456 

, (0.8)" 0.449329 0.359463 0.143785 0.038343 0.007669 0.001227 0.000164 
nl 



0.062500 
0.187500 
0.328125 
0.281250 
0.140625 



0.015625 
0.070313 
0.175781 
0.263672 



0.003906 
0.023438 
0.076172 



0.000977 
0.007324 



0.000244 



0.449329 
0.089866 
0.143785 
0.162358 
0.049905 
0.047360 
0.030923 



Chapter 12 Collective Risk Models for a Single Period 



381 



t 



For the alternative method outlined in this section, the calculations are displayed 
below. 



Alternative Method eaiculations 



ix) 


PrCUS^ = x) 


Pr(22V 2 = x) 


(4) 

Pr(3N 3 = x) 


(5) 

PriN + 2N~> = x) 
= (2)*(3) 


(6) 

Pr(Nj + 2N 2 + 3AT 3 = x) 
= (4)*(5) = f s {x) 


0 


0.818731 


0.740818 


0.740818 


0.606531 


0.449329 


1 


0.163746 


— 


— 


0.121306 


0.089866 


2 


0.016375 


0.222245 




0.194090 


0.143785 


3 


0.001092 




0.222245 


0.037201 


0.162358 


4 


0.000055 


0.033337 




0.030973 


0.049905 


5 


0.000002 






0.005703 


0.047360 


6 


0.000000 


0.003334 


0.033337 


0.003287 


0.030923 


i 


1 


2 


3 






\ 


0.2 


0.3 


0.3 








e" 0 - 2 (0.2)* 


e~ 03 (0.3)* ; 2 


e" 03 (0.3)* ' 3 








x\ 


(xll)\ 


(x/3)! 







For the application of the formulas of this section, we note that m = 3, x x = 1, 
x 2 = 2, x 3 = 3, X x = X p(l) = 0.2, X 2 = X p(2) = 0.3, and X 3 = X p(3) = 0.3. First, 
we compute columns (2), (3), and (4). The nonzero entries are Poisson probabilities. 
Then we obtain the convolution of the p.f.'s in columns (2) and (3) and record the 
result in column (5). Finally, we convolute the p.f.'s displayed in columns (4) and 
(5) and record the result in column (6). 



Remember that the complete pi. is not displayed in either set of calculations. 
The example required probabilities for only x = 0, 1, . . . , 6. However, Pr(S < 6) 
= / s (0) + /s(l) + • • • + /s(6) = 0.973526. T 

Formula (12.4.7) and Theorem 12.4.2 have another implication. Instead of defin- 
ing a compound Poisson distribution of S by specifying the parameter X and the 
d.f. P(x) of the discrete individual claim amounts, we can define the distribution 
in terms of the possible individual claim amounts x x , x 2 , . . . , x m and the parameters 
k l , X 2 , . . . , X m of the associated Poisson distributions described in part (b) of The- 
orem 12.4.2. Thus for x { there is an associated Poisson distribution of N { with .pa- 
rameter X ( . In terms of this new definition of the distribution of S, we have from 
E[N,] = Var(N,-) = X ; and the independence of the N,'s that 



E[S] = E 



2 



= 2 *«\- 



(12.4.13) 



and 



Var(S) = Var 2 x : N,) = £ xj\. 



(12.4.14) 



i=i 



Formula (12.4.13) could be obtained by starting from (12.3.2) and noting that 
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i=i 



Similarly we can obtain (12.4.14) from (12.3.3). 

In some cases it is useful, as in Example 12.4.1, to regard S as a sum of mutually 
independent random variables x,N„ i = 1, 2, . . . , m, where x^N, has a compound 
Poisson distribution with parameter \ and degenerate claim amount distribution 
at x,. This interpretation follows from Theorem 12.4.2 and underlies the alternative 
method illustrated in Example 12.4.2. 

TV, 

distributions for which the only possible claim amounts are positive integers. It is 
based on the recursive formula of the following theorem. 



Theorem 12.4.3 





lifilli 

l^tnerr^octt-ofetr^ mearon>. 




Proof of the Lemma: 

For n = 1, both (i) and (ii) reduce to p*\x) = p(x) X p* (0) (0). For n > 1 we establish 
(i) by using the Law of Total Probability to evaluate Pr(X a +X 2 + • • * + X„ = x) by 
conditioning on the value taken by X 1 as 

!> 

2 Pr(X x = z) Pr(X 2 +X 3 + • • • +X„ = x - i). 

i=l 
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We then note that Pr(X 2 +X 3 + • • • +X n = x - i) and Pr(X 1 +X 2 + • • • +X„ = x) can 
be evaluated by using (n - l)-fold and n-fold convolutions, respectively, of p(z); 

V 

■n t ».t^ ^-.oj-^l-.i;oV. (H\ V>tt rnnei^orino- tVio mnHiHnnal pvnprtations 

JTUJ. ll i, vvc cotciL/xiijiL vu<i>"«""'t) ~~ * — r 

E[X fc |X 1 +X 2 +X 3 + • • • +X„ = x] for k = 1, 2, 3, . . . , n. From reasons of symmetry, 
these quantities are the same for all such k. Since their sum is x, each is equal to 
xln. The conditional expectation E[X 1 |X 1 +X 2 +X 3 + ■ ■ ■ +X n = x] is evaluated as 



2 i Pr(X a = 0 Pr(X 2 +X 3 + ■ • • +X„ = z - /)/Pr(X x + X 2 + X 3 + 

i = l 



+ X„ = x). 



We then note that Fr(X 2 +X 3 + • • • +A„ = x - i) ana mat r^tAjt ■ • • ta„ - a; 
can be evaluated by using (n - l)-fold and n-fold convolutions, respectively, of 
p(i). Solving for p* n (x) completes the proof. ■ 

Proof of the Theorem: 

First, 

CO 

fsfr) = S = *) P*"( x )- 
«=1 

With Pr(N = n) = [a + (&/ n)] Pr(N = n - 1), we have 

= a f. Pr(N = k - 1) v* n (x) + S - Pr(N = n - 1) p*"(x), 
— x - ' ■ ' „-! n 

and by the two parts of the lemma 

f s (x) = a 2 Pr(N = n - 1) £ p(i) p*"" 1 ^ ~ 0 

n=l i=l 

+ 2 - Pr(N = n - 1) - S i p(i) p*"" 1 ^ - 0- . 



n=l i=l 
n=l " 

Interchanging the order of summation, we get 



f 5 (x) = a 2 pi}) 2 Pr(N = n ~ 1) p*- 1 '^ - i) 



i=l n=l 

b 



+ - E t>(») 2 Pr(N = n - 1) p* 1 "" 1 ^ - i) 

X n=l 

= « t P(0/s(* - 0 + ; S » P(i)fs(x - i) 

i=l X i=l 



2 (« + t) p(0/ s (* - 0- 



;=i \ * / 



We now examine the only three distributions that satisfy the required relation- 
ship between successive values of Pr(N = n). 

a. Poisson: [Pr(N = n)/Pr(N = n - 1)] = k/n. The recursion formula for the 
compound Poisson is 
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/s(*) = -i*P(0 /s(*-0 with fs(0) = e~\ (12.4.16) 

X ;=i 

b. Negative binomial: [Pr(N = n)/Pr(N = n - 1)] = (1 - p)[(n + r - l)/n] so 
that £i = (1 - p) and b = (1 - p)(r - 1). The recursion formula for the compound 



negative binomial is 



fs(x) = a - V) 2 



1=1 



(r-l)- + l 



p(0/s(* - 0 



(12.4.17) 



with / s (0) = p r . 
c. Binomial with parameters m and p: 

Pr(N = n) 



m + 1 - ft p 



Pr(N = n - 1) n 1 - p 

so that a = -[p I (1 - p)] and b = (m + l)[p / (1 - p)]. The recursion formula in 
this case is 



/s(*) 



2 



s l - pj ;=i 

with / s (0) = (1 - p) m 



(m + 1) 



P<i)fs(x ~ i) 



(12.4.18) 



Example 12.4.2 



For the compound Poisson distribution of this example, compute f s (x) = 
Pr(S = x) by the recursive method. 

Solution: 

Substituting the values used for the alternative method of calculation into 
(12.4.16) yields 



rr\ r\ r / _ 



......... -i \ i t\ s £ j — ^\ i a n r /». n\i 

X 



1 o 
J-/ 



Recalling that/ s (x) = 0, x < 0, and/ s (0) = e~ K = 0.449329, we readily reproduce 
the values of f s (x) given in the basic method calculations. ▼ 



12.5 Approximations to the Distribution of 
Aggregate Claims 

In Section 2.4 the normal distribution was employed as an approximation to the 
distribution of aggregate claims in the individual model. The normal approxima- 
tion is the first developed here for use with the collective model. 

For the compound Poisson distribution, the two parameters of the normal ap- 
proximation are given by (12.3.2) and (12.3.3). For the compound negative binomial 
distribution the parameters are given by (12.3.10) and (12.3.11). In each of the two 
cases the approximation is better when the expected number of claims is large, or, 
in other words, when X is large for the compound Poisson case and when r is large 
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for the negative binomial. These two results are contained in Theorem 12.5.1, which 
may be interpreted as a version of the central limit theorem. 



Theorem 12.5.1 



^^fij^l^ bv A and l'[x), then the 



fl2 5.1') 




Proof: 

We shall prove statement (a) by showing that 

limM z (0 = e f2/2 . 

Statement (b) can be proved using a similar strategy, but the proof involves addi- 
tional steps. 

From (12.5.1), it follows that 

M z (t) = M s (^J=J exp 

Now we use (12.3.5) to obtain 



M z (t) = exp |\ 
and then substitute the expansion 



- 1 



with f / V\p 2 i n place of £, into (12.5.3) to obtain 



f J + 



(12.5.3) 



(12.5.4) 



(12.5.5) 



Then as X. — ► °°, A4 Z (£) approaches e t2/1 , the m.g.f. of the standard normal 
distribution. ■ 

A normal distribution may not be the best approximation to the aggregate claim 
distribution because the normal distribution is symmetric and the distribution of 
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aggregate claims is often skewed. This skewness is evident in Table 12.5.1, which 
shows that the third central moment of S under each of the compound Poisson and 
compound negative binomial distributions is not 0. For positive claim amount dis- 
tributions, P(0) = 0, and the third central moment of S is positive in each case. 



Calculation of Third Central Moment of S 



Step 



Distribution of S 



Compound 
Poisson 



Compound Negative Binomial 



\A /A 


r A/T m _ in 
, -' k fi"-t-" JL xv. t y -mi 




r 






[l - qM x (t)\ 





log M s (f) 

d 3 
dt 



3 log M s (f) 



E[(S - E[S]) 3 
d 3 ' 



dt 



3 logM s (0 



k[M x (t) - 1] 



r log p - r log[l - (?M x (f)] 

r ? M%(Q ( 3rg 2 M' x (t)M x (t) | 2r ? 3 M^(f) 3 
1 - qM x (t) [1 - ? M x (f)] 2 [1 - qM x (t)f 



rqps 3rq 2 VxVl lrq z f x 

2 S 



*For ksiA.^p log M(f) 



is not the /c-th central moment. 



In completing Table 12.5.1 we use properties of the logarithm of a m.g.f., for 
example, 



dt 



log M x (t) 



f=0 



M x (0) 
M x (0) 



and 



— log M x (0| (=0 = 



M x (0)M x (0) - M x (0f 
M x (0) 2 



= cr 2 . 



In Exercise 12.23(a), the reader is asked to confirm the relation used in the last row 
of Table 12.5.1. 



Because of this skewness we seek a more general approximation to the distri- 
bution of aggregate claims, one that accommodates skewness. For this second ap- 
proximation, we begin with a gamma distribution. This choice is motivated by the 
fact that the gamma distribution has a positive third central moment as do the 
compound Poisson and compound negative binomial distributions with positive 
claim amounts. We let G(x:a, 3) denote the d.f. of the gamma distribution with 
parameters a and (3; that is, 

G(x:a, 3) = \ X ^~ r" 1 e-v dt. (12.5.6) 
Jo 1 (a) 

Then for any x 0 we define a new d.f., denoted by H(x:a, p, x Q ), as 
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H(x:a, p, x 0 ) = G(x - x 0 :a r p). (12.5.7) 

This amounts to a translation of the distribution G(x:a, P) by x 0 . Figure 12.5.1 il- 
lustrates this for the case x n > 0 where o(r\. r > f) snH k/V^ v =»■ a„ — 

spectively, the p.d.f.'s associated with G(x:a, p) and H(x:a, p, x Q ). 



Translated Gamma Distribution 
A 




We approximate the distribution of aggregate claims S by a translated gamma 
distribution where the parameters a, p, and x 0 are selected by equating the first 
moment and second and third central moments of S with the corresponding char- 
acteristics of the translated gamma distribution. Since central moments of the trans- 
lated gamma are the same as for the basic gamma distribution, this procedure 
imposes the requirements 



From these we obtain 



a 



E[S] = x 0 + -, 



a 



E[(S - E[S]) 3 ] 



3l _ 



2a 



i3 ' 



p = 2 



Var(S) 



a = 4 



x 0 = E[S] - 2 



E[(S-E[S]) 3 ]' 

[Var(S)] 3 
E[(S - E[S]) 3 ] 2 ' 

[Var(S)] 2 



E[(S - E[S]) 3 ] 



(12.5.8) 
(12.5.9) 
(12.5.10) 

(12.5.11) 
(12.5.12) 
(12.5.13) 
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For a compound Poisson distribution this procedure leads to 



a = 4\4 (12.5.14) 
0 = 2&, (12.5.15) 
x 0 = \ Pl -2\£. (12.5.16) 



Remark: 

We can show that if a — <• °°. B — ► <*>, and x Q — ► -°° such that 

Xr, + - = (x (constant), 

B (12.5.17) 

cx 

— = cr 2 (constant), 
B 2 

the distribution H(x:ct, B, x 0 ) converges to the W(|A, a 2 ) distribution. Therefore, the 
family of normal distributions is contained, as limiting distributions, within this 
family of three-parameter gamma distributions. In this sense, this approximation 
is a generalization of the normal approximation. 



Example 12.5.1 



Consider the Poisson distribution with parameter X. = 16. This is the same as the 
compound Poisson distribution with X = 16 and a degenerate claim amount dis- 
tribution at 1. Compare this distribution with approximations by 

a. A translated gamma distribution 

b. A normal distribution. 



Solution: 

a. Here p k = 1, k = 1, 2, 3, and from (12.5.14)-(12.5.16), we have a = 64, S = 2, 
x 0 = -16. Note that, unlike the case in Figure 12.5.1, x 0 is negative. 

b. For the normal approximation, we use jjl = 16 and a = 4. 

The results given below compare the three distributions. In the approximations, 
the half-integer discontinuity correction was used to approximate F s (x) for x = 5, 
10, ... , 40. 



X 


Exact 


Approximations 




^ e- 16 (16)" 


G(X+16.5:64, 2) 


•( 


'x + 0.5 - 16^ 


5 


0.001384 


0.001636 




0.004332 


10 


0.077396 


0.077739 




0.084566 


15 


0.466745 


0.466560 




0.450262 


20 


0.868168 


0.868093 




0.869705 


25 


0.986881 


0.986604 




0.991226 


30 


0.999433 


0.999378 




0.999856 


35 


0.999988 


0.999985 




0.999999 


40 


1.000000 


1.000000 




1.000000 



T 
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In the case of the compound negative binomial distribution there is an additional 
argument that supports the use of a gamma approximation. The argument is out- 
lined in the Appendix to this chapter. 



12.6 Notes and References 



Chapter 2 of Seal (1969) contains an extensive survey of the literature on collec- 
tive risk models, including the pioneering work of Lundberg on the compound 
Poisson distribution. Several authors, for example, Dropkin (1959) and Simon 
(1960), have used the negative binomial distribution to model the number of au- 

f-r»mnl-n1p ar-rirlonfc Vn, a nn\\nr+ir»n :„ ~ c: i j 

— — - — n..-. *sy " v-uii>_i_iiuu ui p \jix\.y i iwivici o m a iiacia penuu. 

In Example 12.3.1 we derived the negative binomial distribution by assuming 
that the unknown Poisson parameter has a gamma distribution. This idea goes back 
at least as far as Greenwood and Yule's work on accident proneness (1920). An 
alternative derivation in terms of a contagion model is due to Polya and Eggen- 
berger and may be found in Chapter 2 of Buhlmann (1970). In the special case 
where r is an integer, the negative binomial can be obtained as the distribution of 
the number of Bernoulli trials that end in failure prior to the r-th success. This 
development may be found in most probability texts, but has little relevance to the 
subiect of this chanter. 

Theorem 12.4.2 has been known for some time and can be studied in Section 2, 
Chapter 2 of Feller (1968). The alternative method for computing probabilities for 
a compound Poisson distribution, which is based on Theorem 12.4.2, was suggested 
by Pesonen (1967) and implemented by Halmstad (1976) in the calculation of stop- 
loss premiums. Theorem 12.4.2 has a converse, which was not stated in Section 
12.4. Renyi (1962) shows that the mutual independence of N u N 2 , . . . , N m implies 
that N has a Poisson distribution. Hence the alternative method of computing will 
work only for the compound Poisson distribution. 

The alternative method of computation may also be adopted to build a simula- 
tion model for aggregate claims. Instead of determining the individual claim 
amounts, one simulates N u N 2 ,...,N m and obtains a realization of S directly from 
(12.4.7). For one determination of S, the expected number of random numbers re- 
quired is 1 + X under the basic method. If the alternative method is used, exactly 
m random numbers are required for each determination of a value of S. 

There are several more elaborate methods of approximating the distribution of 
aggregate claims. The normal power and Esscher approximations are described in 
Beard, Pesonen, and Pentikainen (1984). Several of the approximation methods 
have been compared by Bohman and Esscher (1963, 1964). Seal (1978a) presents the 
case for the translated gamma approximation and illustrates its excellent perform- 
ance. Bowers (1966) approximated the distribution of aggregate claims by a sum 
of orthogonal functions, the first term of which is the gamma distribution. The 
result, stated in the Appendix to this chapter, that the gamma distribution can be 
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obtained as a limit from the compound negative binomial is due to Lundberg 
(1940). 

Sometimes the distribution of aggregate claims can be obtained from a numerical 
inversion of its m.g.f.; this is developed in Chapter 3 of Seal (1978). 

A monograph by Panjer and Willmot (1992) develops more completely the ideas 
of this chapter with particular emphasis on recursive calculation and discrete 
approximations. 

Annendix 



Theorem 12.A.1 




Proof: 

Using (12.3.12), we find the m.g.f. of SJE[S k ] to be 

p(k) 



|_1 -#)M x (f/E[S fc ]). 



We also have 



M x I = 1 + r^rr t + 



,E[S fc ]/ ' ■ E[SJ ' ' 2E[S t ] 2 
If (12.A.2) is substituted into (12.A.1), we obtain 

m 



1 - #) - [#) Pl /E[S,]]f - [q(k)p 2 /2E[S k ] 2 ]f - 



Now, since 



p(fc) ' V 



(12.A.2) 



(12.A.3) 



we see that the m.g.f. of S k JB[S k ] is 
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VVJ.LtJ.t Hit itllitUlLUtl i\.y/V/ ID SUUL LlLCLl llliL l\^A.y — VJ. 111C1C1VJ1C, 

t— CO 



lim E 

J:— .oo 



exp I t Sk 



E[SJ 

which is the m.g.f. of a G(x:r, r) distribution. 



(12.A.4) 



It follows from (12.A.4) that the m.g.f. of S k itself is approximately 

I r \ = f r Y = f p(k)/[q(k) Pl ] } r 

- E[S k ]t) \r - [r#) / p(k)] Pl tf \p(k) I [q(k) Pl ] - t\ ' 

which is the m.g.f. of G{x:r, [p(k) I q{k)p^\\. Thus, when k is large, which under the 
hypothesis of Theorem 12. A. 1 implies that the expected number of claims, rq(k)l 
p(k) = rk(q I p), is large, the distribution of aggregate claims is approximately a 
gamma distribution. 

Theorem 12. A. 1 is presented to provide an argument supporting the use of 
gamma distributions to approximate the distribution of aggregate claims. Compar- 
ison of the main ideas in Theorem 12.5.1(b) and Theorem 12.A.1 leads to insights. 
Theorem 12.5.1(b) follows closel ,r the "attem of the central limit theorem.. If in 
(12.5.2) one writes 

S/r - (q/ p) Pl 



Z = 



V(q/p)p 2 + {q 2 lp z )p\lVr' 



the correspondence is clear, with the parameter r playing the role of n in the central 
limit theorem. 

In Theorem 12.A.1 the parameter r of the negative binomial distribution remains 
fixed. The expected number of claims changes in proportion to a size parameter k, 
by compensating changes in q(k) and p(k) = 1 - q(k). Under the hypothesis of 
Theorem 12.A.1, 



_ rkq k 2 q 2 

2 



Var ( s *) ~ ~T Vi + r ~~t Pi 



and 



E[S k ]J rkqpi 



As the size parameter k — * «=, 



/ 

Var 



vE[S fc ], 

as indicated by Theorem 12. A. 1. Thus the gamma approximation may be consid- 
ered in the negative binomial case when the expected number of claims is large 
and the claim amount distribution has relatively small dispersion. 



392 



Appendix 



i 



Exercises 



Section li.i 



LiCL lJ UC1LULC LAIC lLU.llLL'^X pCV^At \„lvaain^ t* twaA i. uuli >. i^' > > ' 

a given hour. How would you model S as a random sum? 



12.2. Let S denote the total amount of rain that falls at a weather station in a given 
month. How would you model S as a random sum? 

Section 12.2 

12.3. Suppose N has a binomial distribution with parameters n and p. Express 
each of the following in terms of n, p, p v p 2 , and M x (t): 

a. E[S] b. Var(S) c. M s (t). 

12.4. For the distribution specified in Example 12.2.2, calculate 
a. E[N] b. Var(N) c. E[X] 

d. Var(X) e. E[S] f. Var(S). 

Section 12.3 

12.5. Suppose that the claim amount distribution is the same as in Example 12.2.2, 
but that N has a Poisson distribution with E[N] = 1.7. Calculate 

a. cp] d. var(jj. 

12.6. Suppose that S has a compound Poisson distribution with X = 2 and p(x) = 
O.lx, x = 1,2, 3, 4. Calculate probabilities that aggregate claims equal 0, 1, 
2, 3, and 4. 

12.7. Consider the family of negative binomial distributions with parameters r and 
p. Let r — oo and p — ► 1 such that r(l - p) = X remains constant. Show that 
the limit obtained is the Poisson distribution with parameter X. [Hint: Note 
that p r = [1 - (X / r)] r -* e' k as r — ► °°, and consider the convergence of the 
m.g.f.] 

12.8. Suppose that S has a compound Poisson distribution with Poisson parameter 
X and claim amount p.f. 

p(x) = [-log(l - c)]- 1 | x = 1, 2, 3, ... , 0 < c < 1. 

Consider the m.g.f. of S and show that S has a negative binomial distribution 
with parameters p and r. Express p and r in terms of c and X. 



12.9. Let 



and 



-3.r 



3 18 x 17 



17! 
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e~ 3x 

h(x) = 3 6 X s — x > 0 
5! 

be two p.d.f.'s. Write the convolution of these two distributions, that is, ex- 
hibit g*h(x). [Hint: Proceed directly from the definition of convolution in 
Section 2.3, or make use of (12.3.19).] 

12.10. Suppose that the number of accidents incurred by an insured driver in a 
single year has a Poisson distribution with parameter A.. If an accident hap- 
pens, the probability is p that the damage amount will exceed a deductible 
amount. On the assumption that the number of accidents is independent of 
the severity of the accidents, derive the distribution of the number of acci- 
dents that result in a claim payment. 

12.11. The m.g.f. of the Poisson inverse Gaussian distribution is given in the so- 
lution to Example 12.3.2. Replace the a parameter by XfJ so that the mean is 
now X and the variance is X + Xp. Show that 

lim M N (t) = e^'- 1 '. 
p— °° 

This confirms that the Poisson inverse Gaussian distribution approaches the 
Poisson distribution as £ — ► °° and the mean remains constant. 

Section 12.4 

12.12. Suppose that S 1 has a compound Poisson distribution with Poisson param- 
eter X = 2 and claim amounts that are 1, 2, or 3 with probabilities 0.2, 0.6, 
and 0.2, respectively. In addition, S 2 has a compound Poisson distribution 
with Poisson parameter X = 6 and claim amounts that are either 3 or 4 with 
probability 0.5 for each. If S x and S 2 are independent, what is the distribution 
of S 1 + S 2 ? 

12.13. Suppose that N lr N 2 , N 3 are mutually independent and that N f has a Poisson 
distribution with E[NJ = z 2 , i = 1, 2, 3. What is the distribution of S = -2N t 
+ N 2 + 3N 3 ? 

12.14. If N has a Poisson distribution with parameter X, express Pr(N — n + 1) in 
terms of Pr(N = n). 

Note that this recursive formula may be useful in calculations such as 
those for successive entries in columns (2), (3), and (4) of the alternate 
method calculations of Example 12.6. 

12.15. Suppose that S has a compound Poisson distribution with parameter X and 
discrete p.f. p(x), x > 0. Let 0 < a < 1. 

Consider S with a distribution that is compound Poisson with Poisson 
parameter X = X / a and claim amount p.f. p(x) where 
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^"il-a , = 0. 

This means we are allowing for claim amounts of 0 (as could happen if there 
: — A„Anr^Wa\ anrl aw mnrlifvino- tVip distributions accordinelv. Show that 

lO CI »_4-^^*-^>^li>^ y — ~J O W y 

S and S have the same distribution by 

a. Comparing the m.g.f.'s of S and S 

b. Comparing the definition of the distribution of S and S in terms of pos- 
sible claim amounts and the Poisson parameters of the distributions of 
their frequencies. 

12.16. In Example 12.2.2, let N t be the random number of claims of amount 1 and 
N 2 the random number of claims of amount 2. Compute 

a. Pr(N x = 1) b. Pr(N 2 = 1) c. Pr(N t = 1, N 2 = 1). 

Are N x and N 2 independent? 

12.17. Compute f s (x) for x = 0, 1, 2, . . . , 5 for the following three compound 
distributions, each with claim amount distribution given by p(l) = 0.7 and 
p(2) = 0.3: 

a. Poisson with \ — 4.5 

b. Negative binomial with r = 4.5 and p = 0.5 

c. Binomial with m — 9 and p = 0.5 

d. For each of the distributions of (a), (b), and (c) calculate the mean and 
variance of the number of claims. 

12.18. Let S, as given in (12.4.7), have a compound negative binomial distribution 
with parameters r and p and p.f. of claim amounts given by the discrete pi. 
exhibited in (12.4.6). 

a. Show that N, has a negative binomial distribution with parameters r and 
pi {y + aTT,). 

b. Show that, in general, N t and N 2 are not independent. 

[Hint: Use the joint m.g.f. of N v N 2 , . . . , N m as in the proof of Theorem 
12.4.2.] 

12.19. Show that the compound distribution of Example 12.2.2 does not satisfy the 
hypotheses of Theorem 12.4.3. 

Section 12.5 

12.20. Show that if N has a Poisson distribution with parameter X, the distribution 
of 

^ N — X 

approaches a N(0, 1) distribution as X — ► 00 . 

12.21. Use log M s (f) as given in Table 12.5.1 to verify (12.3.3) and (12.3.11). 
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12.22. Suppose that the d.f. of S is G(x:a, (3). Use the m.g.f. [see (12.3.19)] to show 
that 

E[S"] = ' ±A " " ^ - - v— ' fc = 1, 2, 3 

12.23. a. Verify that 

I 3 

b. Use (a) to show that if S has a G(x:a, (3) distribution, then 

2a 



■73 log M x (0 



= E[(X - E[X]) 3 

(=0 



E[(S - E[S]) : 



31 



P 3 



12.24. a. For a given a, determine 3 and x 0 so that H(x:a, (3, x Q ) has mean 0 and 

variance 1. 

b. What is the limit of H(x:a, Vol, -Va) as a - « ? 

12.25. Suppose that S has a compound Poisson distribution with X - 12 and claim 
amounts that are uniformly distributed between 0 and 1. Approximate 
Pr(S < 10) using 

a. The normal approximation 

b. The translated gamma approximation. 

Miscellaneous 

12.26. The loss ratio for a collection of insurance policies over a single premium 
period is defined as R = S I G where S is aggregate claims and G is aggregate 
premiums. Assume that G = PjE[N](1 + 0), 9 > 0. 

a. Show that 

E[R] = (1 + 0)- 1 

and that 

E[N] Var(X) + V \ Var(N) 
[ Pl E[N](1 + 6)] 2 



Var(R) = r ^ crxn/1 ^ 2 



b. Develop an expression for Var(R) if 

(i) N has a Poisson distribution 

(ii) N has a negative binomial distribution. 

12.27. Suppose that the distribution of S : is compound Poisson, given by X and 
P^x), and that the distribution of S 2 is compound negative binomial, given 
hv r n with a = 1 — o. and P-^x). Show that S n and have the same 

~ j ■ > r / - i ■ '-- ■ 

distribution provided that X = -r log p and 



2 (q k /k)P* 2 k (x) 



P a (x) 



-log? 
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[Hint: Show equality of the m.g.f.'s.] 

Note that, in the sense of this exercise, every compound negative binomial 
distribution can be considered as compound Poisson. 

tribution with parameters a and f3 and pi. of claim amounts given by the 
discrete p.f. exhibited in (12.4.6). 

a. Show that N, has a Poisson inverse Gaussian distribution and determine 
its parameter values. 

b. Show that, in general, Nj and N 2 are not independent. 

12.29. Follow the steps displayed in Table 12.5.1 to show that the third central 
moment of S, when it has a compound Poisson inverse Gaussian distribu- 
tion, can be expressed in the parameters of its distribution as 



a 3a 3a 

£ P* + P2 Pi* + P3 



12.30. a. Verify that the extension of (2.2.10) for the mean and (2.2.11) for the var- 
iance to the third central moment, ^(W) = E[{W - E[W]} 3 ], is E[|x 3 (W|V)] 
+ 3 Cov(Var(W|V), E[W|V]) + jjl 3 (E[W|V]). 
[Hint: Write E[W - E[W]] = E[(W - E[W|V]) + (E[W|V] - E[W])], expand 
the third power, and take expectations termwise.] 

1- A 1— j.1 Ij. „r /_\ j-~ C 1 1^ l-„ J-U;-J ^-nt^ol mnma-ryt- 

U. -rt.pp.iy Hie ICSUll Ul \^cl) LU O Ul {±£..±.1.) LU caljicob ud uuiu i-dnxm muuiuii 

in terms of the parameters of its distribution. [Hint: Refer to (12.2.5) and 
(12.2.6).] 

c. Apply the formula of (b) to the compound distributions of Table 12.5.1 to 
confirm the third central moments shown there. 

d. Apply the formula of (b) to the compound Poisson inverse Gaussian- dis- 
tribution to confirm the formula of the previous exercise. 
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Appendix 1 
NORMAL DISTRIBUTION TABLE 




The table on page 674 gives the value of 



<D(x) = 




for certain values of x. The integer of x is given in the top row, and the first decimal 
place of x is given in the left column. Since the density function of x is symmetric, 
the value of the cumulative distribution function for negative x can be obtained by 
subtracting from unity the value of the cumulative distribution function tor x. 
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X 


o 


1 


2 


A 


0.0 


0.5000 


0.8413 


0.9772 


0.9987 


0.1 


0.5398 


0.8643 


0.9821 


0.9990 


0.2 


0.5793 


0.8849 


0.9861 


0.9993 


0.3 


0.6179 


0.9032 


0.9893 


0.9995 


0.4 


0.6554 


0.9192 


0.9918 


0.9997 


0.5 


0.6915 


0.9332 


0.9938 


0.9998 


0.6 


0.7257 


0.9452 


0.9953 


n nnno 


0.7 


0.7580 


0.9554 


0.9965 


0.9999 


0.8 


0.7881 


0.9641 


0 9974 


n QQQQ 


0.9 


0.8159 


0.9713 


0.9981 


1.0000 


Selected Points of the Normal Distribution 








X 








0.800 


0.842 








0.850 


1.036 








0.900 


1.282 








0.950 


1.645 








0.975 


1.960 








0.990 


2.326 








0.995 


2.576 
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Appendix 2A 
ILLUSTRATIVE LIFE TABLE 



Illustrative Life Table: Basic Functions 



Age 


r 

'* 


A 
"x 


i nnn a 


0 


100 000.00 


2 042.1700 


20.4217 


1 


97 957.83 


131.5672 


1.3431 


2 


97 826.26 


119.7100 


1.2237 


3 


97 706.55 


109.8124 


1.1239 


4 


97 596.74 


101.7056 


1.0421 


5 


97 495.03 


95.2526 


0.9770 


6 


97 399.78 


90.2799 


0.9269 


7 


97 309.50 


86.6444 


0.8904 


8 


nr-r nnn or 


oa men 


Q g££Q 


9 


97 138.66 


82.7816 


0.8522 


10 


97 055.88 


82.2549 


0.8475 


11 


96 973.63 


82.4664 


0.8504 


12 


96 891.16 


83.2842 


0.8594 


13 


96 807.88 


84.5180 


0.8730 


14 


96 723.36 


86.0611 


0.8898 


15 


96 637.30 


87.7559 


0.9081 


16 


C\S C AC\ C A 




0.9282 


17 


96 459.92 


91.6592 


0.9502 


18 


96 368.27 


93.9005 


0.9744 


19 


96 274.36 


96.3596 


1.0009 


20 


96 178.01 


99.0569 


1.0299 


21 


96 078.95 


102.0149 


1.0618 


22 


95 976.93 


105.2582 


1.0967 


23 


95 871.68 


108.8135 


1.1350 


24 


95 762.86 


112.7102 


1.1770 


25 


95 650.15 


116.9802 


1.2330 


26 


95 533.17 


121.6585 


1.2735 


27 


95 411.51 


126.7830 


1.3288 


28 


95 284.73 


132.3953 


1.3895 


29 


95 152.33 


138.5406 


1.4560 
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Illustrative Life Table: Basic Functions 



Aee 


z 


X 


1 nnn 
i,uuu q x 


30 


95 1)13.79 . 


140.ZDOZ 


1 5?o.a 


31 


94 868.53 


152.631/ 


1.6089 


32 


94 715.89 


i /■ r\ /on/ 

160.6896 


1.6965 


33 


94 555.20 


169.5052 


1.7927 


34 


94 385.70 


179.1475 


1.8980 




94 ?0A 55 


i an AQiA 

107.U71T: 


2.0136 


36 


94 016.86 


201.2179 


2 14fY> 


37 


93 815.64 


213.8149 


2 2791 


38 


93 601.83 


227.5775 


2 4313 

i«J u 


39 


93 374.25 


242.6085 


2.5982 


40 


93 131.64 


259.0186 


2.7812 


41 


92 872.62 


276.9271 


2.9818 


42 


92 595.70 


296.4623 


3.2017 


43 


92 299.23 


317.7619 


3.4427 


44 


91 981.47 


340.9730 


3.7070 








0.9966 


46 


91 274.25 


393.7687 


4.3141 


47 


90 880.48 


423.6978 


4.6621 


48 


90 456.78 


456.2274 


5.0436 


49 


90 000.55 


491.5543 


5.4617 


50 


89 509.00 


529.8844 


5.9199 


51 


88 979.11 


571.4316 


6.4221 


52 


88 407.68 


616.4165 


6.9724 


53 


87 791.26 


665.0646 


7.5755 


54 


87 126.20 


71 7. 604 1 


8.2364 




Oil /i no nr\ 
uu tuo.uu 


J / I.^U^U 


q ninr 

U.7UUJ 


56 


85 634.33 


835.2636 


9.7538 


57 


84 799.07 


900.8215 


10.6230 


58 


83 898.25 


971.1358 


11.5752 


59 


82 927.11 


1 046.3843 


12.6181 


60 


81 880.73 


1 126.7146 


13.7604 


61 


80 754.01 


1 212.2343 


15.0114 


62 


79 541.78 


1 302.9994 


16.3813 


UJ 


"70 TOO 7C 




]7 KK]v 


64 


76 839.78 


1 500.1504 


19.5231 


65 


75 339.63 .. 


1 606.2618 


21.3203 


66 


73 733.37 


1 717.0334 


23.2871 


67 


72 016.33 


1 832.0273 


25.4391 


68 


70 184.31 


1 950.6476 


27.7932 


69 


68 233.66 


2 072.1177 


30.3680 
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Illustrative Life Table: Basic Functions 



Age 




A 

"x 


i nnn a 


70 


66 161.54 


2 195.4578 


33.1833 


71 


63 966.08 


2 319.4639 


36.2608 


72 


61 646.62 


2 442.6884 


39.6240 


73 


59 203.93 


2 563.4258 


43.2982 


74 


56 640.51 


2 679.7050 


47.3108 


7£ 




Z. / 07.Z7UJ 


JI.U7 1 i 


76 


51 171.51 


2 889.6965 


56.4708 


77 


48 281.81 


2 978.2164 


61.6840 


78 


45 303.60 


3 051.9717 


67.3671 


79 


42 251.62 


3 107.9833 


73.5589 


80 


39 143.64 


3 143.2679 


80.3009 


81 


36 000.37 


3 154.9603 


87.6369 


82 


32 845.41 


3 140.4624 


95.6134 


83 


29 704.95 


3 097.6146 


104.2794 


84 


26 607.34 


3 024.8830 


113.6860 


85 


L5 doAAd 




1 RRA7 


86 


20 660.90 


2 787.9129 


134.9367 


87 


17 872.99 


2 625.4088 


146.8926 


88 


15 247.58 


2 436.7474 


159.8121 


89 


12 810.83 


2 225.9244 


173.7533 


90 


10 584.91 


1 998.1533 


188.7738 


91 


8 586.75 


1 759.6818 


204.9298 


92 


6 827.07 


1 517.4869 


222.2749 


93 


5 309.58 


1 278.8606 


240.8589 


94 


4 030.72 


1 050.9136 


260.7257 


95 


z. y/y.oi 




noi n-no 


96 


2 139.77 


651.4422 


304.4456 


97 


1 488.32 


488.6776 


328.3410 


98 


999.65 


353.4741 


353.5993 


99 


646.17 


245.6772 


380.2041 


100 


400.49 


163.4494 


408.1188 


101 


237.05 


103.6560 


437.2837 


102 


133.39 


62.3746 


467.6133 


103 


1 1.U1 


^ rr a n CO 




104 


35.58 


18.9023 


531.2793 


105 


16.68 


9.4105 


564.2937 


106 


7.27 


4.3438 


597.8266 


107 


2.92 


1.8458 


631.6360 


108 


1.08 


0.7163 


665.4495 


109 


0.36 


0.2517 


698.9685 


110 


0.11 


0.0793 


731.8742 



Appendix 2A 



677 



Illustrative L ife Table: Single Life Actuarial Functions, t = 0.06 

Age «* __ 



1,000 A x 



0 
1 
2 
3 
4 
5 
6 
7 



10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 



16.80096 
17.09819 
17.08703 
17.07314 
17.05670 
17.03786 
17.01675 
16.99351 
16.96823 
16.94100 

16.91187 
16.88089 
16.84807 
16.81340 
16.77685 
16.73836 
16.69782 
16.65515 
16.61024 
16.56299 

16.51330 
16.46105 
16.40614 
16.34843 
16.28783 
16.22419 
16.15740 
16.08733 
16.01385 
15.93683 

15.85612 

15.77161 

15.68313 
1 1- ■ — i \ / \ * ~ 

15.49378 
15.39262 
15.28696 
15.17666 
15.06159 
14.94161 



49.0025 
32.1781 
32.8097 
33.5957 
34.5264 
35.5930 
36.7875 
38.1031 
39.5341 
41.0757 

42.7245 
44.4782 
46.3359 
48.2981 
50.3669 
52.5459 
54.8404 
57.2558 
59.7977 
62.4720 

65.2848 
68.2423 
71.3508 

nA £1 7ft 
/t.Ul/ \J~- 

78.0476 . 

81.6496', 

85.4300 

89.3962 

93.5555 

97.9154 

102.4835 
' 107.2676 
112.2754 
117.5148 
122.9935 
128.7194_ 
134.7002 
140.9437 
147.4572 
154.2484 



J^OOOeA^ 

2I9210 

8.8845 
8.6512 
8.5072 
8.4443 
8.4547 
8.5310 . 
8.6666 
8.8553 
9.0917 

9.3712 
9.6902 
10.0460 
10.4373 
10.8638 
11.3268 
11.8295 
12.3749 
12.9665 
13.6080 

14.3034 
15.0569 
15.8730 
16.7566 
17.7128 
18.7472 
19.8657 
21.0744 
22.3802 
23.7900 

25.3113 

26.9520 

28.7206 

30.6259 

32.6772 

34.8843 j 

37.2574 

39.8074 

42.5455 

45.4833 
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Illustrative Life Table: Single Life Actuarial Functions, i = 0.06 



Aee 

o 


a 


1 nno a 


1,UUU i J\ x ) 


A A 

40 


14.81661 


161.3242 


48.6332 


41 


14.68645 


168.6916 


52.0077 


42 


14.55102 


176.3572 


55.6199 


. 43 


14.41022 


184.3271 


59.4833 


44 


14.26394 


192.6071 


63.6117 


45 


14 11 7D9 




£Q r»i no 


46 


13.95459 


210.1176 


72.7205 


47 


13.79136 


219.3569 


77.7299 


48 


13.62235 


228.9234 


83 0624 


49 


13.44752 


238.8198 


88.7329 


50 


13.26683 


249.0475 


94.7561 


51 


13.08027 


259.6073 


101.1469 


52 


12.88785 


270.4988 


107.9196 


53 


12.68960 


281.7206 


115.0885 


54 


12.48556 


293.2700 


122.6672 


55 


1 7 77S81 




130.6687 


56 


12.06042 


317.3346 


139.1053 


57 


11.83953 


329.8381 


147.9883 


58 


11.61327 


342.6452 


157.3280 


59 


11.38181 


355.7466 


167 1332 


ou 


11.14535 


369.1310 


177 '.4113 


61 


10.90412 


382.7858 


188.1682 


62 


10.65836 


396.6965 


199.4077 


63 


10.40837 


410.8471 


211.1318 


64 


10.15444 


425.2202 


223.3401 






439.7965 


236.0299 


66 


9.63619 


454.5553 


249.1958 


67 


9.37262 


469.4742 


262.8299 


68 


9.10664 


484.5296 


276.9212 


69 


8.83870 


499.6963 


291 4559 


70 


8.56925 


514.9481 


306.4172 


71 


8.29879 


530.2574 


321.7850 


72 


8.02781 


545.5957 


337.5361 




/ ./JUOJ 




353.6443 


74 


7.48639 


576.2419 


370.0803 


75 


7.21702 


591.4895 


386.8119 


76 


6.94925 


606.6460 


403.8038 


77 


6.68364 


621.6808 


421.0184 


78 


6.42071 


636.5634 


438.4155 


79 


6.16101 


651.2639 


455.9527 
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Illustrative Life Table: Single Life Actuarial Functions, i — 0.06 



Age 


«* 


1,000 A x 


1,000 ( 2 A \ 


80 


5.90503 


665.7528 


473.5861 


81 


5.65330 


680.0019 


Ar\t 


82 


5.40629 


693.9837 


508.9574 


83 


5.16446 


707.6723 




84 


4.92824 


721.0431 


544.1537 


85 


4.69803 


734.0736 


561.5675 


86 


4.47421 


746.7428 


578.7956 


07 

o/ 


4.ZD/1U 


tco noon 


595.7923 


88 


4.04700 


PIP |A 4 /( 

770.9244 


612.5133 


on 

oy 


O OA A 1 >7 


7Qn 4nr/ 


628.9163 


90 


3.64881 


793.4636 


644.9611 


91 


3.46110 


804.0884 




92 


3.28118 


814.2726 


675.8298 


93 


3.10914 


824.0111 


690.5878 


94 


2.94502 


833.3007 


704.8565 


95 


2.78885 


842.1408 


718.6115 


96 


2.64059 


850.5325 


731.8321 


y/ 


2.50020 


OCO A r 7r* 1 


744.5010 


OQ 

yo 




Q/IC CiQCO. 

OOD.yODD 


756.6047 


on 
99 


2.24265 


8/3.U5/7 


768.1330 


100 


2.12522 


879.7043 


779.0793 


101 


2.01517 


885.9341 


789.4400 


102 


1.91229 


891.7573 


799.2147 


103 


1.81639 


897.1852 


808.4054 


104 


1.72728 


902.2295 


817.0170 


105 


1.64472 


906.9025 


825.0563 


106 


1.56850 


911.2170 


832.5324 


107 


1.49838 


915.1860 


839.4558 


108 


1.43414 


918.8224 


845.8386 


109 


1.37553 


922.1396 


851.6944 


110 


1.32234 


925.1507 


857.0377 
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Illustrative Life Table: Joint Life Actuarial Functions, / = 0.06 



Age 


«« 


1,000 A xx 


1,000 ( 2 AJ 




1,000 A X I+10 


1,000 ( 2 A„ +10 ) 


o 


1 6 1 3448 


86.7274 


50 8875 


1 6 28443 


78.2400 


34 7076 


1 


16.71842 


53 6745 

v_/ . V/ / Av_/ 


17.4565 


1 6 55328 


63 0218 


18 1 309 


2 


16 70637 


54 3565 


16.9753 


16 52270 


64.7527 


18.2195 


3 


1 6 68957 


55 3077 


1 6 6683 


1 6 4883Q 


66.6947 


18.4277 


4 


16 66839 


56 5060 


16.5191 


16 45053 


68 8378 


18.7468 


5 


16.64317 


57.9339 


16.5121 


16.40925 


71.1745 


19.1700 


6 


16.61421 


59.5733 


16.6324 


16.36464 


73.6996 


19.6923 


7 


16.58178 


61.4085 


16.8664 


16.31677 


76.4091 


20.3096 


8 


16.54614 


63.4258 


17.2017 


16.26571 


79.2997 


21.0188 


9 


16.50749 


65.6137 


17.6271 


16.21147 


82.3696 


21.8172 


10 


16 46599 


67.9626 


18 1330 


16 1 5408 


85 6181 


77 7036 


i -I 


1 O.^tZ. I/O 


i~rr\ * /■ i- 1- 

/ii ->""> 


T8 7i Id 


1 m OQ 3 S 3 


8Q 0457 


4-0.\J/ / u 


12 


16.37492 


73.1176 


19 357? 


1 6 07Q77 


Q7 6543 


74 7407 


13 


16 32547 


75.9170 


20 0661 




70.1W7 


75 8Q35 


14 


1 6 27340 


78 8643 


.OJ / J 


1 5 8Q744 




77 141 3 


15 


16.21865 


81.9632 


21.6726 


15.81866 


104.6042 


28.4891 


16 


16.16111 


85.2203 


22.5769 


15.74131 


108.9826 


29.9441 


17 


16.10065 


88.6424 


23.5556 


15.66025 


113.5710 


31.5141 


18 


16.03715 


92.2366 


24.6142 


15.57534 


118.3771 


33.2071 


19 


15.97049 


96.0099 


25.7588 


15.48645 


123.4087 


35.0317 


20 


15 90053 


99.9697 


26.9958 


15 39343 


1 28 6737 


36 9970 

^JVI- 77/U 


21 


15.82715 


104.1234 


28 3320 


15 29615 


134 1800 


39.1126 


22 


15.75021 


108.4786 


29.7746 


15.19448 




41.3884 


23 


15.66958 


113.0429 


31.3311 


15.08826 


145.9474 


43.8349 


24 


15 58511 


117.8241 


33 0098 


1 4 97738 

11.7/ / JO 


152.2240 


46 4632 


25 


15.49667 


122.8299 


34.8192 


14.86169 


158.7725 


49.2847 


26 


15.40413 


128.0682 


36.7681 


14.74106 


165.6003 


52.3114 


27 


15.30734 


133.5468 


38.8662 


14.61538 


172.7144 


55.5555 


28 


15.20617 


139.2737 


41.1234 


14.48452 


180.1217 


59.0301 


29 


15.10047 


145.2564 


43.5502 


14.34836 


187.8286 


62.7483 


30 


14.99012 


151 5028 


46.1574 


14 20681 


195.8411 


66 7738 


31 


14.87498 


158.0203 


48 9566 


1 4 05976 


2D4 1 648 


70 Q706 


32 


14.75491 


164.8162 


51.9595 


13.90712 


212.8047 


75 5028 


33 


14.62981 


171.8977 


55 1 785 


1 3 74887 


221.7652 


80 335? 


34 


14.44953 


1 79 771 6 


58 6764 


1 3 58478 


7^1 o^oi 


85 4874 


35 


14 36398 


1 86 9444 


67 31 64 


1 3 414Q7 


740 6691 


QO Q5Q3 

7U.7J7J 


36 


14.22304 


194.9221 


66.2622 


13.23933 


250.6040 


96.7805 


37 


14.07662 


203.2104 


70.4777 


13.05785 


260.8765 


102.9610 


38 


13.92461 


211.8144 


74.9770 


12.87052 


271.4799 


109.5154 


39 


13.76695 


220.7386 


79.7749 


12.67736 


282.4136 


116.4579 
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Illustrative Life Table: Joint Life Actuarial Functions, i - 0.06 



Age 



1,000 A X1 1,000 ( 2 AJ 



1,000 A r r 



1,000 ( 2 A , ) 



40 


13.60357 


229.9867 


84.8858 


12.47840 


41 


13.43441 


239.5619 


90.3247 


12.27370 


42 


13.25943 


249.4664 


96.1064 


12.06333 


43 


13.07861 


259.7015 


102.2457 


11.84740 


44 


12.89194 


270.2677 


108.7571 


11.62604 


45 


12.69943 


281.1642 


115.6552 


11.39940 


46 


12.50112 


292.3892 


1 11 0^7 


11 16767 


47 


12.29706 


303.9398 


130.66ul 




48 


12.08733 


315.8114 


138.8051 


1 A A8Q7S 
1U. 007/0 


49 


11.87202 


327.9986 


■t A ^7 TOT/ 

147.3826 


1 A AAA1 1 
1U.4441Z 


5f) 


11.65127 


340.4941 


156.4093 


10.19438 


51 


11.42522 


353.2895 


165.8951 


9.94087 


52 


11.19405 


366.3746 


175.8482 


9.68395 


53 


10.95797 


379.7377 


186.2752 


9.42400 


54 


10.71721 


393.3656 


197.1814 


9.16142 


55 


10.47203 


407.2435 


208.5696 


8.89664 


56 


10.22273 


421.3546 


ZZU.441U 


O.O.JU 1 1 


57 


9.96964 


A ">fr /01 A 

435.6810 


111 1QAC\ 


R 3673? 


58 


9.71308 


450.2029 


Z45.0ZDU 


O.U7J/ ^ 


59 


9.45345 




7^8 077^ 
ZDo.yZ/ J 


7.82491 


60 


9.19114 


479.7465 


272.6922 


7.55633 


61 


8.92659 


494.7213 


286.9070 


7.28853 


62 


8.66024 


509.7977 


301.5568 


7.02206 


63 


8.39257 


524.9491 


316.6234 


6.75745 


64 


8.12406 


540.1477 


332.0853 


6.49524 


65 


7.85522 


555.3647 


347.9183 


6.23597 


66 


, 7.58658 


, 570.5707 


o r a An a n 


c noni A 


67 


7.31867 


585.7356 


OQA CCOQ 


5.72831 


68 


7.05202 


600.8289 


1Q7 'ini'ic 




69 


/: 7071 Q 
D./o/ 18 


UlD.oZUJ 


414.3642 


5.23847 


70 


6.52467 


630.6790 


431.5803 


5.00138 


71 


6.26504 


645.3750 


448.9598 


4.77008 


72 


6.00881 


659.8785 


466.4595 


4.54495 


73 


5.75650 


674.1606 


484.0346 


4.32634 


74 


5.50858 


688.1934 


3U1.DJ7J 


A 

x njy 


75 


5.26555 


701.9503 


519.2266 


3.90989 


76 


5.02783 


715.4057 


536.7489 


3.71254 


77 


4.79586 


728.5362 


554.1588 


3.52273 


78 


4.57002 


741.3197 


571.4091 


3.34060 


79 


4.35066 


753.7364 


588.4536 


3.16625 



293.6755 
305.2625 
317.1700 
329.3924 
341.9222 
354.7507 
367.8678 
381.2615 
394.9184 
408.8233 

422.9597 
437.3092 
451.8518 
466.5661 
481.4292 
496.4168 
511.5030 
526.6612 
541.8633 
557.0805 

572.2833 
587.4417 
602.5251 
617.5030 

647.0206 
661.5006 
675.7560 
689.7590 
703.4830 

716.9030 
729.9954 
742.7386 
755.1127 
767.1002 
778.6857 
789.8559 
800.6001 
810.9096 
820.7782 



123.8024 
131.5623 
139.7502 
148.3778 
157.4559 
166.9939 
177.0001 
187.4810 
198.4414 
209.8841 

221.8099 
234.2171 
247.1016 
260.4567 
274.2728 
288.5375 
303.2353 
318.3475 
333.8526 
349.7258 

365.9390 
382.4614 
399.2593 
416.2961 
433.5327 
450.9279 
468.4383 
486.0192 
503.6243 
521.2065 

538.7185 
556.1128 
573.3422 
590.3606 
607.1233 
623.5869 
639.7107 
655.4561 
670.7874 
685.6720 
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06 



Age 


«** 


1,000 A xx 


1,000 ( 2 AJ 


a x:x+W 


1,000 A x:x+W 


1,000 ( 2 A^ +10 ) 


80 


4.13809 


765.7683 


605.2473 


2.99977 


830 2020 


700 0806 


81 


3.93260 


777.3999 


621.7467 


2.84117 


839.1791 


71 ^ QS74 


82 


3.73442 


788.6175 


637 9108 


2 69046 


847 7098 


777 ^701 


no 
OJ 


3.54375 


799.4102 


653 7007 


2 S47h0 




74.0 71 01 


84 


3.36075 


809.7690 


669 0804 


2.41251 




7^9 4Q71 


85 


3.18552 


819.6876 


684.0169 


2.28509 


870.6554 


764.2049 


86 


3.01814 


829.1617 


698.4806 


2.16521 


877.4407 


775.3401 


87 


2.85866 


838.1892 


712.4451 


2.05273 


883.8075 


785.8931 


88 


2.70706 


846.7701 


725.8879 


1.94748 


889.7655 


795.8619 


89 


2.56332 


854.9067 


738.7899 


1.84925 


895.3253 


805.2478 


90 


2.42735 


862.6027 


751 1355 


1 7 K >7£6 

1. / J/ OD 


Q00 4QS4 


o 1^1. 


91 


2.29908 




7o2. 9129 


1 hYSflQ 
l.U/ *JU" 


QHk 7GAQ 


899 98vc; 


92 


2.17836 


876 6967 


774.1136 


1 ^9471 


90Q 7^^1 


87Q 9^4 


93 


2.06505 


883.1102 


784 7323 


1.52251 


qn 81 QQ 


8^7 0680 


94 


1.95899 


889.1137 


794.7670 


1.45626 


917 S703 




95 


1.85998 


894.7179 


804.2185 


1.39571 


920.9973 


849.6744 


96 


1.76783 


899.9341 


813.0901 


1.34065 


924.1140 


855.1951 


97 


1.68232 


904.7742 


821.3876 


1.29084 


926.9335 


860.2140 


98 


1.60324 


909.2506 


829.1188 


1.24605 


929.4689 


864.7475 


99 


1.53035 


913.3762 


836.2934 


1.20604 


931.7333 


868.8126 


100 


1.46344 


917.1638 


842.9228 


1 17060 

J..J-/ UUU 


qriri jaqq 


87? 4779 


101 


1.40226 


920 6266 


849 01 97 


1 1 ^Q46 


qoc en?n 


oyn; ^.i on 
0/ D.OlZy 


102 


1.34659 


923.7777 


854 5980 


1 1 1 741 

1.11 /L^. 1 


yj/ .\jdo\j 


878 "^888 


103 


1.29620 


926.6301 


859.6727 


1.08917 


Q1Q 1AQO 


QCA r 77QC 


104 


1.25086 


929.1969 


864 2600 


1 D6Q49 


yoy.^±oo\j 


OO/..OUO0 


105 


1.21032 


931.4911 


868 3771 


1 .05308 


Q40 ^Q1 7 


884 ^00? 

OOi. J' '■ 


106 


1.17437 


933.5261 


872.0421 


1 03965 


941.1518 


885 8881 


107 


1.14277 


935.3151 


875.2746 


1.02889 


941.7609 


887.0017 


108 


1.11526 


936.8720 


878.0956 


1.02047 


942.2374 


887.8735 


109 


1.09161 


938.2110 


880.5276 


1.01406 


942.6001 


888.5376 


110 


1.07154 


939.3470 


882.5952 


1.00934 


942.8678 


889.0280 
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ILLUSTRATIVE SERVICE TABLE 



Age 

X 


I(t) 

»r 




X 




d (r) 




30 


inn nnn 


1 nn 








1.00 


31 


79 910 


80 


14 376 


z 




1.06 


32 


65 454 


72 


9 858 


— 


— 


1.13 


33 


55 524 


61 


5 702 


— 





1.20 


34 


49 761 


60 


3 971 


— 


— 


1.28 


35 


45 730 


64 


2 693 


46 





1.36 


36 


42 927 


64 


1 927 


43 





1.44 


37 


40 893 


65 


1 431 


45 





1.54 


38 


39 352 


71 


1 181 


47 




1.63 


39 


38 053 


72 


989 


49 




1.74 


40 


36 943 


78 


813 


52 




1.85 


41 


36 000 


83 


720 


54 




1.96 


42 


35 143 


91 


633 


56 




2.09 


43 


34 363 


96 


550 


58 




2.22 


44 


33 659 


104 


505 


61 




2.36 


45 


32 989 


112 


462 


66 




2.51 


46 


32 349 


123 


1 


n-\ 

1 L 






47 


31 734 


133 


413 


79 




2.84 


48 


31 109 


143 


373 


87 




3.02 


49 


30 506 


156 


336 


95 




3.21 


50 


29 919 


168 


299 


102 




3.41 


51 


29 350 


182 


293 


112 




3.63 


52 


28 763 


198 


259 


121 




3.86 


53 


28 185 


209 


251 


132 




4.10 


54 


27 593 


226 


218 


143 




4.35 


55 


27 006 


240 


213 


157 




4.62 


56 


26 396 


259 


182 


169 




4.91 


57 


25 786 


276 


178 


183 




5.21 


58 


25 149 


297 


148 


199 




5.53 


59 


24 505 


316 


120 


213 
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X 


'IT 


j id) 






d[ r) 


— — ^_ 


60 


23 856 


313 








3 552 


61 


19 991 


298 








1 587 


O.C30 


62 


18 106 


284 








2 692 




UJ 


1 C 1 OA 


1 






1 350 


7 °.1 


64 


13 509 


257 


_ 





2 006 


7 7n 

/ ./U 


65 


11 246 


204 






4 448 


O.Uo 


66 


6 594 


147 








1 302 


8.48 


67 


5 145 


119 






1 522 


8.91 


68 


3 504 


83 






1 381 


9.35 


69 


2 040 


49 






1 004 


9.82 


70 


987 


17 






970 


10.31 
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SYMBOL INDEX 



Symbol 



a 

a(x) 
«* 

K 
K 

"x+t 

d {m) 
x 

ai ■ 



x:n\ 



x:n\ 



n\ u x 

n \d r 

"1 
^1 



(IB) 



Page 

608 
72 
146 
146 
137 
625 
134 
135 
627 
143 
609 
351 
351 
143 
149 
156 
155 
638 
641 
147 
137 
144 
153 
156 
155 
139 
138 
148 
138 
145 
153 
572 
290 



Symbol 

K\y 
^x 1 x 2 x 3 

(aA)(x) 

(aA) t 

(aC), 

(aF) t 

(all), 

(aV), 

A(h) 

A 
A 
K 

AJ 

A-^\ 
A^ 
A-^\ 
A-jft 
jA 

*.A r 



x:n\ 



Al, 

2 . 



A 

m\-"-x 
A 

mln-^x 

Ay 

A^y 

A™ 

A 2 

Ay 
AtV 



Page 

281 
286 
561 
622 
615 
624 
624 
624 
622 
618 
481 
629 
111 

96 
121 
192 

95 
115 
102 
101 
638 
641 

95 
195 
101 

96 
103 
109 
281 
280 
290 
294 
293 



Appendix 3 



687 



Symbol 



A^ 

■A 



• 4 vTTT: 
,AS 

,AS 

(AS) A . +/ , 

(AA/) 

b(M) 



b,(f) 
g(3) 



c 

Ck 

c(t) 

Q 

Q 
Q 

Q 

" 

df 

d (,) 

n u x 

Pi 
k+ P 

(DA)^ 

n J x 

^i) 

ft X 

.-.It) 
Mr ' 

n J x 

e 



Page 

280 
283 
281 
565 
561 
486 
512 
351 
526 

587 
230 
94 
600 
611 
344 
549 
342 
509 

410 
486 
512 
399 
651 
651 
651 
234 
486 

316 
59 
316 
316 
557 
513 
117 
108 
59 
316 



468 
483 
69 



Symbol 



'-VV 



E 
E 

„E, 

(ES) r+/ , +( 
ELRA 



f 

/(«;*) 

Ms) 

f w 
F s (s) 



it* 



G 
G 

G(b) 
G(x:a,|3) 

H(r) 

H(x:a,$,x 0 ) 



k+l 



i(s,s + f) 

h 
h 

(JA) X 




609 
490 

34 

28 
629 

35 

34 
513 

4, 449, 467 
531 
407 
387 

453, 609 
600 
387 
548 
548 

539 
512 
656 
644 
445 
17 
638 
115 
106 
106 
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Symbol 

(l {m) A) x 
/ 

i(s, s 



Page 

106 
118 



Symbol 



K 

K(x) 
K(xy) 



l[x\+k 

1 X 

l{x,u) 

l f (x,u) 
L 

u 

L(h) 

T 

<d(t) 

a i 

m(x) 
m x 

m ( ; ] 

M 2 (t) 
M(x) 

"(") 
N 

W) 

m 

p(x) 

Pk 

P{x] + r 

p* n (x) 

tPx 



149, 308 
t, s + u) 656 

214 
55 
54 
267 
271 

58, 593 
75 
316 
587 
600 
170, 417 
416 
70 
481 

489 
467 
489 
58 
316 

68, 614 
70 
322 
321 
322 
11 
614 

608 
367 
406, 519 

641 
369 
368 

75 
370 

53 



tfxy 

fPTy 

uPxy + t 

tPx l x 2 x 3 
P(X) 

P(s,t) 

p t 

T p t 

pa 

Px 
,P, 



* xut 
P^ 



P 1 - 



1 

PJi 
n1 

l 'x-^\ 

P* n {x) 

hPx 
hPx-JH 

(Pa)(x) 

(Pa) t 

P(A^) 

PLfx) 

PLa r ) 

P(A) 

P (m \A x ) 

P M (A X ) 

P(A™) 

P(^i) 

P (m) (A^) 

p {m \*U) 

h P(A x ^) 

h P (m) {K^) 
„P |m '(A^) 

P(A^) 



Page 

310 
319 
264 
268 
575 
560 
318, 622 
656 
616 
610 
501 
180 
638 
638 

473 
183 
573 
183 
183 

i nc 
x 

369 
183 
183 
622 
619 
188 
183 
173 
170 
189 
191 
192 
173 
173 
173 
189 
189 
173 
173 
189 
189 
191 
573 
573 
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Symbol 



1x 

& 
c 
till* 

k\1x 

tHx 

tlx 

tlx 

tlx 

t\utfx 

ntfxy 

n^xy 



ntfxyz 
\ 

-0...JL 

- - Tr 

r 

r c 
r F 
r N 

(rA) t 

(rF) t 
(rV\ 
R 
R 

R(x,h,t) 

s(x) 

s(x,u) 

S 

S(t) 

s_ 

k SC 

T 
f 



Page 

195 

79 
350 
350 
350 
350 
512 
263 

54 

53 
310 
310 
319 

53 
291 
292 
267 
566 

569 



608 
526 
525 
527 
611 
629 
629 
410, 594, 601 
401 
352 

52 
194 
587 
140 
146 
27, 367 
399 
401 
351 
500 

55, 400 
401 



Symbol 

T(x) 

T 

Aw) 
A*y) 

u(w) 

U(h) 

U(t) 

U t 

U„ 

0„ 



k V X^ 



Page 

52 



i 



k v xiri\ 

T/FPT 
k v x 

f 'xip:n\ 

tVx 

k V x-^ 

k V 



Mod 



h k v\ 

kV(nfx) 
tVLfx) 

t V(A x ) 

tV(A^) 

tV(AU) 

t V(A x ) Mod 

tV(A^) 

k V {1 KA x ) 

kV(A p x R ) 

IV(AU) 

h t v{A x ) 

h ,V(A^) 

iv M (A x .j$ 

w(x) 

W,- 

W t 



7n inn r-r.^ 

263 
268 

4 
481 
399, 481 
629 
401 
405 

94 
645 
406 
629 
215 
216 
216 
216 

ni 

574 
216 
216 
222 
517 
216 
212 
206 
212 
212 
212 
518 
574 
224 
225 
221 
212 
212 
224 

608 
354, 402 
608 
503 
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(TP 


Symbol 


Page 






5 


96 


T A 7 




R 


96 




503 






k VV t 


503 






(\AJn\ 


627 


e 


41, 617 


W( A \ 


503 








503 


\(0 


625 


1-W(A,) 


503 


Mf,«) 


659 



x,„) 



y(s,s + m) 
Z 

7 

m 

a 

a(m) 
a 

P 

P(m) 
P 

p(x,u) 
T(a) 



52 
263 



(x,x 2 • 


• ' x m ) 


268 




k 




X^X^ 




556 





[k] 




X 1 X 2 




556 






27, 367 


1 X(6) 




617 


Y 




134 



657 
659 

94 
94 
352 

294, 519 
152 
520 
522 

519, 610 
152 
520 
522 
600 

374 



A 



MO 

t4 y) (0 
»4 T) (0 

fx(x,w) 

IT, 



4>(*) 

(]>(*/«) 
i]/(w) 

\\i(u,t) 

\\f(U' f W) 



373 
242 



55 

79 
351 
351 
351 
311 
311 
266 
270 
589 

230 
597 

610 

310, 608 

600 
600 

400 
401 
400 
427 
404 

63 
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A -nr\n-n^1i v A 



GENERAL RULES FOR SYMBOLS 
OF ACTUARIAL FUNCTIONS 



An actuarial function is represented by a principal symbol and a combination of 
auxiliary symbols such as letters, numerals, double dots, circles, hats, and horizon- 
tal and vertical bars. The principal symbol expresses the general definition of the 
function; choice and placement of the auxiliary symbols at the top and corners give 
precise meaning. We review the rules for selecting and placing the symbols and 
show one or more functional forms in common application areas. 

thp wotpm of International Actuarial Notation (IAN) 
that was originally adopted by the Second International Congress of Actuaries in 
London in 1898 and is modified periodically under the guidance of the Permanent 
Committee of Actuarial Notations of the International Actuarial Association. IAN 
is a basic system of principles that does not cover all areas of actuarial applications. 
In this text these principles have been followed, and sometimes extended, to con- 
struct consistent notation where needed. 

This Appendix is meant to provide the reader with an overview of basic patterns 
for expressing the symbols appearing in this book. Although it is a good introduc- 
tion to IAN, it is not exhaustive. Authoritative sources for further reference are: 

• Actuarial Society of America, "International Actuarial Notation," Transactions, 
XLVIII, 1947: 166-176. 

• Faculty of Actuaries, Transactions, XIX, 1950: 89. 

• journal of the Institute of Actuaries, LXXV, 1949: 121. 

An actuarial symbol can be viewed as illustrated below. Box I represents the 
principal symbol, the others subscripts or superscripts. The roman numerals in the 
boxes correspond to the section designations of this Appendix. 



VI 




IV 




V 



III 



II 
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Qortinn I. Center 



Principal 
Symbol 



5 
d 



V 
m 



T 



A 



Description 



i opic 




Effective rate of interest for a time period, usually Interest 
1 year, or with a superscript in Position V, a 
nominal rate. 

Present value of 1 due at the end of the effective 

^fnrncf r^rinH HSUallv 1 V6cir. 

IIUVA^^". i^^-.-.^ — / j j 

Force of interest, usually stated as an annual rate. 

Effective rate of interest-in-advance, or discount 
rate, for a time period of usually 1 year, or with a 
superscript in Position V, a nominal rate. This 
symbol never has a subscript in Position II. 



Expected number, or number, of survivors at a 
given age. 

Expected number, or number, of those dying 
within a given time period. This symbol always 
has a subscript in Position II. 

Probability of surviving for a given time period. 

Probability of dying within a given time period. 

Force of mortality, usually stated on an annual 
basis. 

Central death rate for a given time period. 

Expected number, or number, of years lived 
within a time period by the survivors at the 
beginning of the period. 

Expected total, or total, future lifetime of the 
survivors at a given age. 

(The above are survivorship group definitions of 
..i i:t„ functions denoted bv /, d, L, and T. 

LUC Lm^iv- av»*i~~ j 

For the alternative stationary population 
definitions, see Chapter 19.) 

Actuarial present value (net single premium) of 
an insurance or pure endowment of 1. 



Life Tables 



Life Insurance 
and Pure 
Endowments 
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Principal 
Symbol 



Description 



Topic 



(IA) 



(DA) 



(la) 



(Da) 



V 



W 



s 
z 



Actuarial present value (net single premium) of 
an insurance with a benefit amount of 1 at the 
end of the first year, increasing linearly at a rate 
of 1 per year. 

Actuarial present value (net single premium) of a 
term insurance with an initial benefit amount 
equal to the term and decreasing linearly at the 
rate of 1 per year. 

Actuarial present value of a pure endowment of 
1. 

Actuarial present value of an annuity of 1 per 
time period, usually 1 year. 

Actuarial accumulated value of an annuity of 1 
per time period, usually 1 year. 

Actuarial present value of an annuity payable at 
the rate of 1 Der vear at the end of the first vear 
and increasing linearly at a rate of 1 per year. 

Actuarial present value of a temporary annuity 
with an initial payment rate equal to the term and 
decreasing linearly at a rate of 1 per period. 

Level annual premium rate to cover only benefits, 
usually determined by the equivalence principle. 

Reserve to cover future benefits in excess of 
future benefit premiums. 

Face amount of a paid-up policy purchased with 
a cash value equal to the reserve. 
(Principle symbols for benefit premiums, reserves, 
and amounts of reduced paid-up insurance, P, V, 
and W, are combined with benefit symbols unless 
the benefit is a level unit insurance payable at the 
end of the year of death.) 

Salary scale function used to project salaries. 

Average of a given number of salary scale 
function values, usually at unit intervals in the 
independent variable. 



Annuities 



Premiums 



Reserves 



[Examples: 

P x ; P(A X ); 

i<y {4) (4^); 

P (12, (30|«S 2) )] 

Pensions 
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Section II. Lower Space to the Right 



4 



Auxiliary 
Symbol 



x; 10 



^1; io| 



M; [35] 
[x] + t; 
[35 - n] 
+ n 



xyz or x:y:z 
25:10] 



1 1 2 

x:10|; xyz 



Descrivtion 



A single letter or numeral is the individual's age 
at the commencement of the overall time period 
implied by the principal symbol. 

A term certain is indicated by a single letter or 
numeral under an angle. 

Alphanumeric expressions enclosed by brackets 
indicate the age at which the life was selected. A 
term, representing duration since selection, may 
be added to the bracketed expression to express 
the attained age of the life. 

Two or more alphanumeric characters indicate a 
joint status that survives until the first death or 
expiration of the indicated lives and terms certain. 

This symbol emphasizes the joint status when 
ambiguity is possible. 

Numerals can be placed above or below the 
individual statuses of a collection of alphanumeric 
characters to show the order in which the units 
are to fail for an (insurable) event to occur. 
Benefits are oavable unnn thp failnrp nf fl-io cfatnc 

1 j - — r 

with a numeral above it. 



Fv^ i- 

ahi rifj its 



a x ; a w 

5*?10 

A x ; A w 



101 



^[35]/' a '{35-n] + n 



1 ■ A 

L xyz> ^xiy.z 

fl 25:T0l/ -^25:10] 



A, 



21 _ . n 3 
12 



xyz; 65:60:101 A horizontal bar over a collection of 

alphanumeric characters defines a status that 
survives until the last survivor of the individual 
statuses fails. 



-• A — 



r _. M A single alphanumeric character, say, r, above the 

xyz' x:y:10 right end of the bar over the set of alphanumeric 
characters defines a status that survives as long as 
at least r of the individual statuses survive. If the 

. — ' ui i/iu\j\v«, mc dicilud caisls Ulliy 

while exactly r of the individual statuses survive. 



"■xyz i 1 ^xyz 
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Auxiliary 
Symbol 


Description 


Examples 


y\x; 60|55 

y^A 


A vertical bar separating the alphanumeric 
characters indicates that the income or coverage 
of the principal symbol commences upon the 
failure, as specified, of the status before the bar 
and continues until the failure of the status 
following the bar, providing the statuses tan in 
that order. 


n 3, 
"wyz\x 


Section III 


Lower Space to the Left 




Auxiliary 
Symbol 


Description 


Examples 


n; 15 


A single alphanumeric character shows the time 
for which the principal symbol is evaluated. For 
an annual premium, P, this position shows the 
maximum number of years for which the 
premiums are paid if this is less than the period 
of coverage of an insurance or the period of 
deferral for a deferred annuity. 


nVx'i 15^30 
20-^25' 20^40:30] 


n\m; n\ 


An alphanumeric pair separated by a vertical bar 
indicates a period of deferment (left of the bar) 
and a period following deferment (right of the 
bar). In some cases, when either is equal to 1 or 
infinity, it can be omitted. 


n\wf\x' n ^a x 
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Section IV. 


Top Center 




Auxiliary 
Symbol 


Description 


Examples 




The double dot (dieresis) on an annuity symbol 
indicates that the payments are at the beginning 
of the periods, that is, an annuity-due. Without 
the dieresis, the annuity is an annuity-immediate 
with payments at the ends of the periods. 


a x' S 40] 


- 


A horizontal bar indicates that the frequency of 
events is infinite. For annuities the payments are 
considered to be made continuously, and for 
insurances the benefit is paid at the moment of 
failure. 


a x ; A x 
3 V X ; P{A X ) 


0 


A circle (degree sign) means that the benefit or 
lifetime is complete, that is, credited up to the 

fimp of Hp^tn 




Section V. 


Upper Space to the Right 




Auxiliary 
Symbol 


Description 


Examples 


(m); (12) 


An alphanumeric character in parentheses shows 
the number of annuity payments in an interest 
period, usually 1 year. For an insurance it is the 
number of periods in a year at the end of which 
the death benefit can be paid. On multiple 
decrement symbols it indicates the cause of 
decrement to be used or that the total of all 
decrements is to be used. 


s 10| ' ^x 

fl (2). «(t) 

1x i tFx 


{m}; {12} 


An alphanumeric character in braces shows the 
number of apportionable annuity-due payments 
in a time period, usually 1 year. On a principal 
symbol of a premium or a reserve, it shows that 


A-I12I . n(ll 
"30:20> 1 30 


r; i 


An alphabetic character indicates the special basis 
used for the actuarial present value. 


a 65' U \x\ 
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Section VI. 


Upper Space to the Left 




Auxiliary 
Symbol 


DescrivHon 
i 


Examples 


h; 2 


Alphanumeric character indicating the number of 
years during which premiums are paid if this is 
less than the coverage period of the insurance or 
the deferral period of the deferred annuity. This is 
used only on the principal symbols V or W where 
Position III is used for the time for which the 
function is evaluated. 


h V 

5 V 30 




In this text a new use for this position is to show 
that the actuarial present value of an annuity or 
an insurance is calculated at a multiple of the 


2 A X ; 2 fif 2 0:10] 



assumed force of interest. 
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Appendix 5 

SOME MATHEMATICAL 
FORMULAS USEFUL 
IN ACTUARIAL MATHEMATICS 



The purpose here is not to recall familiar standard formulas and techniques, but 
to indicate some that may be less familiar to actuarial students. 



If 



then 



mo 

F(0 = fix, t) dx, 

Ja(t) 



at Ja(t) at at 
-/(a(0,0|a(f). 

Calculus of Finite Differences 

Operators 

a. Shift: 

E[/(x)] = f(x + 1) 

b. Difference: 

A/(x) = /(x + 1) -/(x) = (E - l)/(x) 



c. Repeated diffeicuCcs: 



A"/(x) = A[A n ~ l f{x)] 
= (E - IT f(x) 

= i G B )(-ir" fc /(« + fc ) 

lt=0 
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d. Difference of a product: 

A[ftx) g(x)] = f(x + 1) Ag(x) + g(x) A/(x) 



If 



then 



where 



A/(x) = g(x), 
A" 1 #(x) = /(x) + w(x) 
w(x) = iy(x + 1). 



Applications 

a. Representation of a polynomial (Newton's formula): Let p n (x) be a polynomial 
of degree n; then 



p„w = s ( * r ) aw*)- 



b. Summation of series: 
If 



Jc=0 



AF(x) = /(x), 



/(l) = F(2) - F(l) 
f(2) = F(3) - F(2) 



f(n) = F(n + 1) - F(n) 
S/(x) = F(n + 1) - F(l) = A- 1 /^) 
c. Summation by parts: 

ig(x)A/(x)=/(x)g(x) 



n + l 



A- 1 ^ + 1) A #(*)l 



[Proof: Sum each side of the equation for A[/(x)g(x)] from x = 1 to x = n.] 



702 



Appendix 5 



60 
C 

c 
o 



c Si 
| 5 



PS c 
o 



c 

OJ O 

IH 3 
u J) 



1 ^ 



V 



V I 

SXrH 

V II 

O te- 



rn a, 

V I 

a_ t-h o 

V II A 



A 
si 



(XI 



o 
S 

s 

> 



bO 



o 

Oi 

O 



o 



I 



O t>C 
Ci. £ 

« .S 



r-H Tc 



s 

r-l 
O 

'5 

p 



Appendix 5 



703 



60 
C 



0 01 

•■8 g 

1 « 

cs! c 
o 



o 

•H- 



o 

A 
b 



T3 



V 

X 

V 



I 



8 I 00. 



a l ca 



ca 

V 



A 
ca 
o 

A 
a 



(X 

X 
CJ 



8 
V 
X 
V 
8 

b l 



a|ix 



a I ca 



I A 

a a 



x 



joai <n 

V 



a* 

> 



A 
oa 

o 

A 

3 



o 
A 
3 
o 

A 

o 
X 



O 

A 

X 



Her 



ca 

-V ICS 

ii 
a 

Oi 

« 



X 

ca 



CJ 

a. 

V5 



cao 

<N A 



A 

X 



a 



2 ° 



O « 

U n 



o 
2 



S 
S 



§ 
c 
o 



u 



« 
V 

s 

V ° 

8 A 
I b 



b 



I 

X 

o 



b 
x 



£ 

o 

& 

o 



704 



Appendix 5 



Appendix / 
ANSWERS TO EXERCISES 



Chapter 1 
1.1. a. and b. 



IV 


u(w) 


u(w lr w 2 ) 


u(w v w 2 ,w 3 ) 


0 


-1.00 


125 X 10" 6 


-48 X 10" 10 


4 000 


-0.500 


93 x 10~ 6 


-34 x 10~ 10 


6 700 


-0.250 


78 x 10- 6 


-14 x 10- 10 


8 300 


-0.125 


74 x 10~ 6 




10 000 


0.000 







1.2. b. 2, 2 d. 2 log 2 

1.3. c. Var(X) 

1.7. a. Yes, for all u> b. (90 < w < 100) U (w > 110) 

1.11. "^log(l - 2a) 

1.12. a. G = 400 log || - 32.02 b. G = 150 log | = 60.82 

1.13. a. 30 b. 26 

1.14. Complete insurance 

1.17. a. -[1 - F(rf)] 

1.18. a. 10, 100 

1.19. a. 50, b. Jt = 0.25, d = 50 

c. Var[X - / t (X)] - 468.75, Var[X - I 2 (X)] = 260.42 

Chapter 2 

2.1. -, — 
2 4 

^ 1 77 

2.2. -, — 
2' 12 
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2.3. 



2.5. 



2.7. 



35 1,085 
4 ' 48 



7 77 
2A - 4' 48 



49 735 
4 ' 16 



« , 2i 197 
2.6. and a 2 [ 



100 \30,000 





0 


0.2268 


1 


0.2916 


2 


0.4374 


3 


0.6210 


4 


0.7434 


5 


0.8586 


6 


0.9018 


7 


0.9582 


8 


0.9762 


9 


0.9918 


10 


0.9948 


11 


0.9988 


12 


0.9996 


13 


1.0000 



1 1 1 

18 - C - i8- 6'2 

2.9. E[X] = ^ Var(X) = ^ 

2.10. E[X] = 1, Var(X) = ^; E[Y] = \, Var(Y) - | Pr(X + Y > 4) = 0.0748; 
Pr(X + Y > 4) = 0.0833 

2.11. a. b = -1, c = 1, d = a or b = 1, c = 0, d = -fl 
b. 0.0228, 0.1587, 0.5000 

2.12. a. 18, 36 b. 27.8713, 31.9607 

2.13. a. 0.0041 b. 0.0045 

2.14. 3.56; that is, 35,600 

2.15. a. 6.4, 6.144 b. 7(10 4 ), 17.072(10 8 ) c. 1.37341 

2.16. 0.0062 
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Chapter 3 
3.1 



3.3. 











COS X 


1 - cos X 


sin x 






1 - <T* 




1 


1 




1 


1 


1 + X 




(1 + xf 


1 + X 



3.2. a. exp 



c. 



log c 

/ .A -« 

+ ^ 



(C - 1) 



b. exp(-«x" + 1 ) u 



n + 1 



H(x) = /(x) = ^ «r* 3 ' 12 , F(x) = 1 - e" 



t 3 /12 



a. |x(x) dx < co b. s'(x) > 0 for some x including x = 1, 2 



1U 



3.4. 



c. Ux) dx = 2T(n) > 1 for n > 1 

Jo 

1 , x 1 , 3 

a ' ioo - x D - ioo c ioo a - 10 

8 1 1,1 128 
3 - 7 ' " 9 b " 8 C 8 d " 128 " ~Y 

3.9. 0.001994 

3.10. f x (x) = (\°)(0.77107) x (0.22893) lo ~* x = 0, 1, 2, . 
E[£(x)] = 7.7107, Var[£(x)] = 1.765211 

9 27 1 

3.11. a. - for each b. — for each c. - - 

4 16 3 

3.12. a. 5 q 0 = 0.01505 is more than 10 times 5 q 5 = 0.001503 
b. 55{5 q 25 = 0.156729 

3.15. 1,436.19 

111 

3.18. a. - b. — 0 c. - log 2 d. 0 

c c l c 

fZ 

3.19. a. te~' 211 b. ^ 

„ n (100 ~ x) (100 - xf (100 - x) 

3.20. a. b. — c. 

2 12 2 
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3.23. 



a. e v = 10 „ x = 0, 1, 2, 



2 

9 - x 



jc = 0, i, 2, . . . , 9 



3.24. 



a. w(0) = e~\ 

b. w(0) = (1 - 



3.25. 

3.28. 

3.29. 
3.30. 
3.31. 



a. w(0) = 0 

b. w(0) = 0 



d(x) 

£(*) 
d(x) 



CM _ 
c(x) _ 

rf(x) 

1 

1 + I 



0, 

0, 
1 

rf(x) 
1 

d(x) 



1 

d(x) 

1 

d(x) (x + 1)(1 - p) 



X + 1 

(n - x)p 



1 + i 



Uniform distribution: 0.989709 

Constant force: 0.989656 

Balducci: 0.989602 

a. 77.59 b. 29.11 

a. 0.044 b. 0.04421 





Uniform uistribution 


Constant Force 


Balducci 


a. 


0.012696 


0.012616 


0.012537 


b. 


0.013676 


0.013770 


0.013865 


c. 


0.013770 


0.013770 


0.013770 



3.35. a. 



b. 



<o - x a + 1 
a. 0.00142 b. 0.99867 
a. 0.317 b. 0.140 
0.97920 



3.36. 
3.37. 
3.39. 

3.40. log( 1 - 
3.41. 
3.43. 



log(l - q [x] ) 



1 + Be' 



a. 



1 + B 



-A/(Blog c) 



3.44. a. — b. 77.2105 

3.45. b. -log(l - q x ) c. 



1 



(1 - q x )lo E (l ~ q x ) 45 



3.49. 
3.50. 



0.0055547, <7 40 = 0.0027812 



Check value e 40 = 35.367 



3.51. e 20 = 46.038, e 40 = 28.366, e 60 = 13.264, e so = 3.889, e 100 = 0.503 

3.52. Check value °e i0 = 35.867 

3.53. Starting value e y $ = 0, Check value e 25m = 19.369 

3.54. Starting value e w . M = 0, Check value e 4oYa = 9.809 

3.55. <? 15; ^ = 24.610 

Chapter 4 



4.5. b. Al-, = 



** +n A^ c. - 



d. n 



8 + [K x + n 

log 2 



(Aj..^) 2 , where n satisfies (b) 



, min Cov(Z 1 , Z 2 ) — 



|x + 8 

4.6. a. 0.237832 b. 0.416667 

4.7. a. 0.092099 b. 0.055321 



4(n + 8) 



4.8. a. 



20 


3(100 - 


x) 


20 




7(100 - 


*) 


20 





1 - 



20 



120 



4.10. a. 



3(100 - x) 



1 - 



20 



120 - x 



f 20 
[3(100 - x) 



20 



10 



_ J^] 1 - aoo - *>f^M 



120 - x, 

3" 



\120 - x/ 



\lzu - x/ 



b. (jl 



> + 28) 3 (ii + 8) 4 



4.11. a. 0.407159 b. 5.554541 

4.13. a. 0.5 b. 0.05 

4.14. b. (IA)^ = (IA)l^ + mA^ 

cc m — 1 

4.15. a. b . Af> = E v k+l kPx 2 (! + if^ )lm] 

4.23. A x + A\^ 

4.24. ^4,007.85 
9,100 



4.26. a. 



14 - k 



b. l,000,000[ 2 Ai - (A.^) 2 ] + (/ctt) 2 [ 2 A^ - (A^) 2 ] - 2,000 for A^ A x; 
where tt is the net single premium in (a) 

4.27. a. 0.307215 



4.34. a. A^ = 0.01827 

2 A 2 l m = 0.01143 
b. 110,933,83 

4.35. b. A^ = 0.0 
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4.36. a. 3.06569 b. (L4) v = (A^ + vp x A x+1 ) + vp x (IA) X+U 

c. (M), = [(M)i :T1 + v Px A v+1 ] + v Px (IA) X+U (JAh = o 

d. (1A) X = (d/h)[q x + p x A x+ ,\ + vp x (1A) X+]I 



i - 8 



v Px (IA) X 



4.38. b. A^ = 1 c. A A 



^45:65^ = 0.34743 
4.39. mean = 38,056.82, variance = 42,337,224.63 



Chapter 5 

5.1. a. 16.008, 12.761, 5.397 b. 3.137, 10.230, 9.523 

5.2. a. 0.111, 0.251, 0.572 b. 0.0251 
5.4. -Var(^) = -( 2 A X - A 2 ) 



5.6. a. F y (y) = \ 

b- F y (y) 

c F y (y) = \ 

d- F y (y) = < 



1 - (1 - Sy)^ 8 0 < y < - 
1 8 

(l - (1 - 8y)^ 8 0 < y < as. 



1 - (v" - Sy'f" 0 < y < 



0 < y < ^ 
(1 - 8y)^ 8 a^<y<\ 



1 



< v 



n = 1, 2, . . . 
x = 0, 1, . . . 

fl^ = fl^.j] which equals 1 / 2 by the trapezoidal rule 



5-7. fl x: ^ = fl x: ii - y" n p x + up x a x+1:5 | 



5.8. n] a x = v n n p x a x+n .^ + up x A a x+X 



x = 0, 1, . . . 
n = 0, 1, 2, . . . 



5.9. fl T:5j = y" „p x fl I+B:T | + ^(1 - vp x ) + vp x a x+1 .^ 



5.14. - ta^ - 2 a^\ - 2 a„ 

5.15. A, 



5.16. 



2 v""" mnP. 



1 



( y-x)ni - 1 



T + - s ^ 

m „=,„ 



D. a(m) - p(m)(i —vp x ) 



r- r(v\ = n(in\ — CK(m\(~\ — itn \ r!(v\ — nil = 0 

^ ■ "v-" 1 / "V"'/ i~v-/\~ ~rx/' -v-/ ~rx' ",y:ui 



5,17. fl' □ - 



m - 1 

2m 



(1 nfix 



^ E 
2m 



5.22. a. a(m) - 



1 



F 

40^25 



1 b. (i) 15.038 (ii) 196.380 



5.23. a. Y = i 



5.24. a. Y = < 



yr ■■■. ("') 



. (m) 
(iJfl) K+/+1/ ,„| 



a. y 



5.25. 

5.31. a. ^ + 0.03(Ja 



•■("!) 

" a K + l+l/t: 



K = 0, 1, . . . , n - 1, / = 0, 1, . . . , m - 1 

K = n, n + 1, . . . 

K = 0, 1, . . . , n - 1, / = 0, 1, . . . , m ~ 1 
K = «, n + 1, . . . 

K = 0, 1, — 1, / = 0, 1, . . . , m - 1 

K = n, n + 1, . . . , J = 0, 1, . . . , m - I 



b. ^ (1.03) fc y fc t /? x = fl'r evaluated at interest rate i' 



i - 0.03 

1 



5.32. (« - 0 y' tPx dt 



/„(12) -|_ -,(12) , O „(12) , r „(12) _ i n .(12) 

5 33 1 2001 ior3o ^ J 2or3o ^ ^ 3or3o 1U 4or30 

V 40^30 

5.34. %5 : 25] ~ 25P35 ^25l 

5.35. a x .^ - „p x 



1- _?5 f 

^2 flr: 25l 25 r 



5.36 

5.38. v 2 » nVx (1 - nPx ) i? x+n + n p 
5.41. 



2 A _ 42 

.•2 1 ,,2n „ x + n -"-x + n 



m 2 - 1 . 2m 4 — 5m 2 + 3 _ 
a. a(m) = 1 + _ „ 8 2 + 8 4 + 



12m 2 



720m 4 



P(m) = 



m — 1 
2m 



m + 1 0 m(m + 1) . (m + l)(6m 2 - 4 e , 

1 + — 8 + . „ ; 8 2 + 1 -77— ~ 8 3 + 

360m 3 



3m 



12m 2 



1 1 
b. a(oo) = l+ ~ 8 2 + — 8 4 + 
v ; 12 360 



P(c 



1 1,1, 
,+ 3 6 + 12 8 + 60 S ' + 
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5.44. g + ( / 



( 2 A X A 2 X 



5.45. a. 14.353 b. 13.350 c. 1.002 

5.51. a. 488.23 b. 700.48 c. 531.77 

5.53. a 55 . m = 7.45735 

5.54. a 55m = 7.19783 

5.56. a 55 . m = 7.19783 

5.57. a 60 . M = 6.46348, Var(X) = 1.82621 

RRR ^i 2 ' = 1D 13343. Vai-m = 16.87662 

„ b;> . -„ v - , 

5.59. 10.40189 

Chapter 6 

6.1. 0, 0.1779 

6.3. 0.303598 

6.4. a. 0.02 b. 0.00857 c. 0.02885 



6.6. 
6.10. 



_ 2 



a + 25 



Annual Premiums for (35) 





Fully 




Fully 


Insurance 


Continuous 


Semicontinuous 


Discrete 


10-Year endowment 


0.075128 


0.072885 


0.072810 


30-Year endowment 


0.015371 


0.014894 


0.014751 


60-Year endowment 


0.008913 


0.008621 


0.008374 


Whole life 


0.008903 


0.008611 


0.008362 


30-Year term 


0.005117 


0.004958 


0.004815 


10-Year term 


0.002669 


0.002589 


0.002514 



6.12. A, = 



1 



1 + i - r 
1 + i 



1 - r 
1 + i' 



"* 1 + i-r' 

VL -A\ (1 - r)r 



{da\f 1 + 2i + i 2 - r 
6.13. 0.019139 

6.15. 0.032868 

6.16. 0.0413 

6.17. With the common (A 40;25 ) omitted from the premium symbols, 

P < P< 2 > < P< 41 < P 112 ' < P 
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6.18. 



100 
99 



6.21. P(A'l^) where A'L.^ is the actuarial Dresent value of a 20-vear term insur- 
ance on (45) under which b k+1 = 

6.22. a. 11.5451, 20.4106 b. 6.3099, 25.6458 



6-24. 25 P 60 



6.25. b. P< 12) (aS' 2) ) + d< 12 > 

65:T0j 



6.26. 



100,000 



(1.1 s m - 0.1 

5 35:30] ; 

6.27. 0.008 

6 2g 11,000 A x + 25 d x . M 



6.29. 2 A25 



A !— , 
-^25:101 



2 d 



25:40! 



— a 



25:10] 



b.M. L 



V 



6.31. a. -0.08 b. 0.1296 c. 0.1587 

6.32. K 



2fl v 



:5l 



6.33. 20 P |m| (4) " 2 0 P (m) (^x) = 20%) ' ^ 



(m) 
^x:20| 



„ Jin) 



6.35. a. 



8w + P 



6.36. a. 



8u + P \ 8 + P 
0 

1 



P 



- § < W <1 
elsewhere 



V3 
b. 0.02 



Chapter 7 



7.1. 




0.15111 


2 v = 


0.30809 


,v = 


0.47118 


*V = 


0.64067 


7.2. 


,v = 


0.14925 


2V = 


0.30492 




0.46741 




0.63712 


7.3. 


iV = 


1.2871 


2 v = 


2.6996 


,v = 


4.2553 


,v = 


5.9748 


7.4. 




0.15064 


2 v = 


0.30730 


,v = 


0.47025 


,v = 


0.63980 
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7 - 5 ' a - 1 = I [e^ 'i^-^ dt where 8 = , og(1 06) 



/if 4 

.V = 1fi l^n- I _ I „o.iri.ofi-'n+p/Ri-D/xi 
b. P = 0.388380, -V = 0.182825 
76 L = f vU ~ P(A x -3<) am U<n- t 

7.7. E[,L] = a x+t .^, Var( f L) = ^'-"^ ~ A z r+f .^ 
-log(4) 



.. \ 

flt y where P and 8 are <» i n ( a ) 



7.9. a. w 0 = 

7.10. 41.7524 

7.11. F tL (y) = 0 



- b. 23.2476 



y < v"~' - P(A^) fe 



f L(y) = 



1 - f WO 



7 -i2- F lL (y) = 0 



Fr(y) 



°\ 8 g 8 + P(^) 



1 - F m (t) 

7.14. A 50 - 20 P(A 40 ) W [l0 P(A 50 ) - 20 P (Ao)] w 



^50' 2oP(^4o) S 40.Tg _ 10*40 



loP(^5o). 

7.15. A 5om - P(A 4om ) a 5om , [P(A 5om ) - P(A 4om )] a, m , 



I _ P(-^4Q:20l) 
P(^50:10l)_ 



^50:1^/ P(^40:2^) S 40:i ^ - 10 fc 4Q , 



"40:201 



Ws0:10|) + 8 ' 1 - A 



L 40:20l 



7.16. P( 30{ a 35 ) s 35: 2oi 
7.18. (7.3.3) 



7.19. A 50 - 20 P 40 ^ ( io p so _ 2Q p 4o) ^ ^ _ A ^ 

V 10* 50/ 



20P40 ^40:101 10^40 
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7.20. ^50:10] ^40:20] %0:U)| ' (^50:10] ^40:20l) %0:10!' 



A ^ P._^ q...^, - .J-.„ 

"^UK)!' * 41KZU1 "4U:Ll)| Hl"4U' 



#50:10] -^50:101 ^40:201 ^50:To] ^40:20] 
^40:21)1 ^50:T0| + ^ ^ _ ^40:20] 



7.22. 

7.23. 



Insurance 


Fully 
Continuous 


Semicontinuous 


Fully 
Discrete 


30-Year endowment 


0.17530 


0.17504 


0.17407 


Whole life 


0.08604 


0.08566 


0.08319 


30-Year term 


0.03379 


0.03370 


0.03273 



7.24. (b) and (c) 

7.26. All but (d) 

7.27. All 



7.30. 0.240 

7.31. a. 0.005527 

b. 0.051255 

c. 0.946122 

d. 0.132109 

7.32. a. 0.0241821 b. 0.0189660 
Chapter 8 



5.1. a. 
b. 



8.2. 



f 

Jo 



1 - r 

1 + i 

(1 - r){l + i + r) 
(1 + i)(l + i-r) 

b t v' ,p x M0 dt 



w(t) v< t p x dt 



5.3. a. 
b. 



8 + (x 
8 + |x 
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8.5. a. (P x+ , - vq x+h ) h p x vq x 

b. (P x+1 - vq x+h ) h p x (v p x <] x+i + fix 

„ W p . - 7, fl < 0. then Cov(C„ C„) < 0 for all j < ft 

8.6. If 1 - 1%,,, fel < 0- *en Cov(C,, C„) < 0 for all j < h 

8.13. (A, m ) is omitted from the reserve and premium symbols 

. ._ c I V 4- - . t7 4- - PI21 

e. Dame as ^; i. ^ 20" ' 3 21 ' ' 3 " 

8.14. 0.05448 

8.17. b. Var(L) = 0.076090 

8.18. a. 0.0067994 b. 0.1858077 c. 0.2012024 
d. 0.0275369 e. 0.0255406 

8.21. - p,[8 ,V(A X ) + P(A X )} 

8.22. a. t p x [ir, + 5 f V - b, M01 

u 7.Ttt. + n...(t) N - b, ix v (01 

C. U* r p x K - b, lL x (t)] 

8.26. a. and b. 1,491.03 c. 343.84 d. 0 

8.27. a. 1,490,915 

b 6 450 962; 1,495,093, which is 1.00280 times the reserve 

c 5 311 375; supplement is 3,791, which is 0.00254 times the reserve 

d For b.: 645,096,250; 149,133,281, which is 1.00028 times the reserve 

Fo r c- 53 ,137,500; supplement is 37,911, which is 0.00025 toes the 



reserve 



8 28 a 1,104,260 is the reserve for these policies 

b 6 450 962- 1,108,438, which is 1.00378 times the reserve 

c" 5 Sll^ supplement is 3,791, which is 0.00343 times the reserve 

d For b • 645,096,250; 110,467,781, which is 1.00038 times the reserve 

For c • 531,137,500; supplement is 37,911, which is 0.00034 times the 



reserve 

8.29. 5,000[ 10 V(A 30 ) + P |11 (A 30 ) + 11 V > (A 30 )] 

8.30. a. 0.2 b. 0.25 c. 0.7584 d. 0.27 
8.32. 0.081467 

8.34. a. 355.6563 
b. 2,614.2511 



